THE BASS CONJECTURE FOR GROUPS OF
SUBEXPONENTIAL GROWTH
ANDERS KARLSSON AND MARKUS NEUHAUSER

Abstract. We connect Bass’s conjecture on the vanishing of the Hattori–
Stallings rank to growth inside groups and deduce that every group of subexponential growth satisfies this conjecture. The latter is however already known
by more general results of Berrick–Chatterji–Mislin obtained from quite different considerations.

Let G be a finitely generated group and k·k the word length corresponding to
a finite set of generators (we refer to [dlH00] for the definitions of word lengths,
growth, etc.). For an element g ∈ G, the function
n 7→ kg n k
contains more information about g than just its order and is of basic importance in
the case g is of infinite order. An element g is a u-element if it is of infinite order
and there is a constant C > 0 such that
kg n k ≤ C log n
for all n > 1 (cf. [LMR00]).
Lemma. Assume that g ∈ G is an infinite order element such that g = ag k a−1 for
some k > 1 and a ∈ G. Then g is a u-element.
Pm
Proof. Given n > 1, write it as n = i=0 bi k i where 0 ≤ bi ≤ k − 1 and m =
blog n/ log kc. Now we have
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On the other hand, any u-element has finite order in every quotient G/G(n) ,
where G(n) are the subgroups in the lower central series of G. This is because a
homomorphism always semidecreases the growth behavior of kg n k and nilpotent
groups have no u-elements (see the proposition below). Note also that the property
of being a u-element is a conjugacy invariant.
By the CG-Bass conjecture we mean the assertion that the Hattori–Stallings rank
rP , which is a certain conjugacy invariant function G → C associated to a finitely
generated projective CG-module P , vanishes on every infinite order element. We
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refer the reader to [B 76], [E 01], and [BCM02] for more information. In [B 76] Bass
established his conjecture for linear groups and showed that the conjecture implies
the idempotent conjecture for torsion-free groups. Moreover, in that paper it is
explained that if rP (g) 6= 0 for an infinite order element g, then g is conjugate to
n
g p for some n > 0 and almost all primes p. (Similar divisibility conditions appear
in an earlier work of Formanek [F 73] in the context of the idempotent conjecture.)
In view of this and the lemma, we have the following sharpened formulation of
Theorem 9 in Eckmann’s paper [E 01]:
Theorem 1. The CG-Bass conjecture holds for every finitely generated group without u-elements. (If the group in addition is torsion-free the idempotent conjecture
holds as well.)
As is pointed out in [E 01], it is known that semihyperbolic groups (biautomatic
groups: Fn , word hyperbolic groups, braid groups; CAT(0)-groups: Zm , Coxeter
groups, etc.) have the property that kg n k is either bounded or of linear growth in
n for each element g (due to Alonso and Bridson in this generality). Let us also
mention that, automorphism groups of trees, groups of isometries of a Busemann
non-positively curved space (e. g. the symmetric space associated to a C ∗ -algebra)
for which every non-trivial element has positive displacement, mapping class groups
([FLM01]), and certain groups of symplectic diffeomorphisms ([P 02]), also do not
contain u-elements.
Proposition. If G contains a u-element, then it is of exponential growth.
Proof. Since a u-element g is of infinite order, all g n s are distinct. Therefore the
number of elements of length at most r is at least er/C , for some C > 0.
We hence have:
Corollary. Every group of subexponential growth satisfies the CG-Bass conjecture
(and the idempotent conjecture as well provided the group is torsion-free).
Note that every group of subexponential growth is amenable and that it was already established by Berrick, Chatterji, and Mislin in their recent paper [BCM02]
that any amenable group satisfies Bass’s conjecture. Indeed, they prove that the
Bost conjecture implies (a stronger version of) the Bass conjecture and then they
rely on results of V. Lafforgue on the Bost conjecture. Somewhat earlier the class
of all elementary amenable groups (which in particular excludes the groups of intermediate growth) was treated by Farrell and Linnell. To further put things into
perspective we mention that BS (1, k) = g, a : g = ag k a−1 is an amenable group
containing a u-element, and that groups of intermediate growth (first constructed
by Grigorchuk in the early 1980s) are not linear.
Considerations of growth of individual elements are useful in other situations.
For example, as it is known from [CK84] that SL (m, Z), for m ≥ 3, is boundedly
generated by u-elements (the elementary matrices) one can quickly deduce:
Theorem 2. Any homomorphism from SL (m, Z), m ≥ 3, into a group of subexponential growth (or a semihyperbolic group, or the mapping class group of a surface,
or the automorphism group of a tree etc.) must have finite image.
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