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Abstract

We give a description and some algebraic properties of groups obtained as limit
of Baumslag-Solitar groups marked with a canonical set of generators. We discuss

other examples of converging families of marked groups with parameters.

Introduction

The set of marked groups on k generators (see section 1 for definitions) was given a natural
topology which turns it to a compact totally disconnected space. This topology received
several names: “topology on marked groups”, “Cayley topology”, “Grigorchuk topology”. ..
The principle is that two marked groups are close if there are large balls of their Cayley
graphs which are isomorphic.

This topology has been used for several purposes. Let us cite the following examples :

e Stepin [Step93] used it to prove the existence of amenable but non elementary

amenable groups.

e To prove that every finitely generated Kazhdan group is a quotient of some finitely
presented Kazhdan group, Shalom proved in [Sh00| that Kazhdan’s property (T)

defines an open subset of the space of marked groups.

e In [CGO4|, Champetier et Guirardel gave a characterization of limit groups of Sela

in terms of the topology on marked groups.
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There also exists several papers about questions whose formulation involves the topology

on marked groups language. Let us cite the following ones :

e In [Ch00], Champetier showed that the quotient of the space of marked groups on
k generators by the group isomorphism relation is not a standard Borel space. He

also studied the closure of non elementary hyperbolic groups.

e In [St05], the second author gave an almost complete characterization of convergent

sequences among Baumslag-Solitar groups.

We are interested in the closure of Baumslag-Solitar groups and its elements, which we
study for their own right. Theorem 6 of [St05] allows us to define the following elements
of the closure (Definition 1.6):

BS(m,§) = lim BS(m, &)

where m € Z*, £ € Z,,, &, is any sequence of integers such that &, — £ in Z,, and

|&0| — 00 (for n — 00).

Outline of the paper and description of results Section 1 contains the material
we want to recall and the definitions of the main groups appearing in the article.

In the spirit of [St05], we treat in Section 2 the problem of convergence of Torus knots
groups. The solution happens to be simpler, for the one-parameter sequences are all
convergent (Proposition 2.1). We also discuss the cases of Baumslag-Solitar groups with
changing markings (Theorem 2.4) and other Baumslag’s one-relator groups (Proposition
2.5).

Section 3 achieves the characterization, which was not complete in [St05], of convergent
sequences of Baumslag-Solitar groups (Theorem 3.7) and gives a necessary and sufficient
condition for marked groups BS(m, &) and BS(m,n) to be equal (Corollary 3.10).

In Section 4, we show that the map Z,, — Ga;& — BS(m, &) is continuous and injective
on Zy,.

It is well-known that a Baumslag-Solitar group acts on its Bass-Serre tree by automor-
phisms and on Q by affine transformations. Section 5 is devoted to construct actions of
BS(m,€). First BS(p,€) acts affinely on Q, when p is a prime (Theorem 5.1). Second,
we construct an action of BS(m, &) by automorphisms on a tree which is in some sense a

“limit” of Bass-Serre trees (Theorem 5.3).



The tree action allows us to prove in Section 6 that the BS(m,¢)’s are extensions of
free groups by the wreath product Z ! Z (Theorem 6.2), so that they have the Haagerup
property (Corollary 6.4).

We finally deal in Section 7 with presentations of the BS(m,¢)’s. We show first that
almost none of them is finitely presented (Proposition 7.1). Second, we exhibit a presen-

tation, which is again related to the tree action (Theorem 7.4).
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1 Definitions and preliminaries

1.1 The ring of m-adic integers

Let m € Z*. As seen in [St05], the ring of m-adic integers Z,, is the projective limit (in
the category of topological rings) of the system

= Z/mM — T m" T — . — T/mP T — T/mZ

where the arrows are the canonical (surjective) homomorphisms. This shows that Z,,
is compact. We collect now some easy facts about m-adic integers which are useful in

following sections.

Proposition 1.1 Let m be a nonzero integer and let m = iplfl x -p';’f be its decomposi-

tion in prime factors:

(a) One has an isomorphism of topological rings Z.,, = Z,, & ... ® Z,,. In particular,

for m not prime, the ring Z,, has zero divisors.
(b) The group of invertible elements of Z,, is given by

2} =Zn \ (01Znm U ... UppZLpy) ;

(¢) Any ideal of Z,, is principal. Moreover any ideal of Z,, containing a nonzero integer

can be written pzf . -pé‘Zm with iq1,...1p € N.
(d) Assume |m| > 2. For any iy,...i, € N, one has ZOpt -/ Ly, = pit - pif L.
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PROOF. Notice first that statements (a)-(d) are trivial in case |m| =1 (i.e. £ =10). We
assume then |m| > 2 in what follows.

(a) Consider the following commutative diagrams (for h > 2):

Z/m"Z. Z.)m" 17

- -

4 4
QLML —~ DL /T

Passing to projective limits gives Z,, = Z,, ® ... D Zy,.

(b) For any prime p, it is well known that the group of invertible p-adic integers is
L) = 7y \ PZy. In view of (a), the conclusion follows obviously.

(c) Let I be an ideal of Z,,. It corresponds by (a) to an ideal of Z,, & ... ® Z,,, which
has to have the form I & ... ® I, where [, is an ideal of Z,_. Since it is well known, for
any prime p, that the nonzero ideals of Z, are exactly the p"Z,’s for h € N, one gets, for
every s, Iy = pZ,, or Iy = 0. Set £ = (&,...,&) with & = pi if [, = p“Z,, and & =0
if I, =0. Set e; = (1,0,...,0),...,e,=(0,...,0,1). The ideal I is obviously generated
by ei&, ..., e, hence by £. Consequently, I is a principal ideal.

Assume now that I contains a nonzero integer k. Since k does not vanish in any Z,_, one
has I = pi'Z,, ®. . .@pyzm withdy,...,i, € Nand € = (p¥, ... ,péz). Setting 1, = H#Spit,
we obtain an invertible element 1 = (11, ...,n) such that n§ = pi* ---p,/ - (1,...,1). This
implies I = p' - - ~pé‘Zm.

(d) The inclusion D is obvious. To show the converse, take n € Z N p'' - - piZ,,. For

any s, consider the following sequence of (canonical) morphisms
L — Loy — L)M>7 — L[ p=Z

whose composition is the canonical projection Z — Z/p'sZ. Since n is in [ARE -p?Zm, it

is in the kernel of all those maps and thus in p?' - - -pZ‘Z. a

Definition 1.2 Let m be an integer such that |m| > 2 and let py,...,p; be its prime
factors. If E is a subset of Z,, containing a nonzero integer, the greatest common divisor
(gcd) of the elements of E is the (unique) number p' - - - pif (with iy, ..., i, € N) such that
the ideal generated by E is p' - - -péZZm.

If |m| = 1, we set by convention ged(Z,) = 1.



Lemma 1.3 Let m € Z* and let m' be a divisor of m. Let us write m' = ip{l . -pzf'
and m = +pf' .- pi* their decomposition in prime factors (¢ < ¢ and j, < k, for all
s=1,...,0'). Let 7 : Zy,, — Zyy the morphism induced by projections Z/m"Z — Z/m"Z

(for h > 1). Then the following holds:

(a) One has w(n) = n for any integer n;

(b) For any d = +p"' - -pz‘,"/ with i1,...,ip € N, one has 7= (dZy) = dZy,.

PROOF. Assertion (a) is obvious. The morphism 7 corresponds by Proposition 1.1 (a) to

the projection
¢ v
Dz. -~ Dz
s=1 s=1

For any d, one has then clearly

v v ¢
T N d L) = 771 (EB pi‘*Zpé) = @pszps @ @ Lo, = ALy,
s=1 s=1

s=0'+1
which proves (b). 0

1.2 Marked groups and their topology

Introductory expositions of these topics can be found in [Ch00] or [CG04]. We only recall
some basics and what we need in following sections.

The free group on k generators will be denoted by Fy, or Fg (with S = (s1,...,%))
if we want to precise the names of (canonical) generating elements. A marked group on
k generators is a pair (I',.S) where I' is a group and S = (s1,...,s;) € I'* is a family
which generates I'. A marked group (I', S) comes always with a canonical epimorphism
¢ :Fs — T, giving an isomorphism of marked groups between Fg/ker ¢ and I'. Hence a
class of marked groups can always be represented by a quotient of Fg. In particular if a
group is given by a presentation, this defines a marking on it. The nontrivial elements of
R := ker ¢ are called relations of (I',S). Given w € Fj, we will often write "w =1 in I'"
or "w = 1" to say that the image of w in I' is trivial.

Let w = x7' - - 25" be a reduced word in Fg (with z; € S and ¢; € {+1}). The integer
n is called the length of w and denoted |w|. If (I",S) is a marked group on k generators,
and v € I' the length of v is

Ylr == min{n:y=s---5, with s; € SUS™ '}
= min{|w|: w € Fg, ¢(w) =~} .
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Let Gy be the set of marked groups on k generators (up to marked isomorphism). Let
us recall that the topology on Gj comes from the following ultrametric: for (I'y,S;) #
(Ty, S9) € G we set d((I‘l, S1), (Ty, Sg)) := e~ where ) is the length of a shortest element
of F; which vanishes in one group and not in the other one. But what the reader has to

keep in mind is the following characterization of convergent sequences.

Lemma 1.4 [St05, Proposition 1] Let (G,)n,>0 be a sequence of marked groups in Gy.
The sequence (Gy,)n>0 is converging if and only if for any w € Fy, we have either w = 1

in G, for n large enough, or w # 1 in G,, for n large enough.

The reader could remark that the latter condition characterizes exactly Cauchy se-

quences. Another useful statement we will use in the paper is the following:

Lemma 1.5 [CG04, Lemma 2.3] If a sequence (G,,)n>o in Gy Is converging to a marked
group G € G, which is given by a finite presentation, then, for n large enough, G, is a

marked quotient of G.

We address the reader to the given references for proofs.

1.3 Notations and conventions

We give now some notations and conventions which hold in the whole paper. First, recall

that we define the Baumslag-Solitar groups by
BS(m,n) = <a, b ’ ab™a "t = b"> (m,ne€Z) .
Then, we define a new family of groups in the following way:

Definition 1.6 For m € Z* and & € Z,,, one defines a marked group on two generators
BS(m, &) by the formula
BS(m, &) = lim BS(m,&,)

n—oo

where &, is any sequence of integers such that &, — £ in Z,, and |§,| — oo (for n — o).

Notice that BS(m,€) is well defined for any & € Z,, by Theorem 6 of [St05]. Note
also that for any n € Z*, one has BS(m,n) # BS(m,n). Indeed, the word ab™a~'b~"

represents the neutral element in BS(m,n), but not in BS(m,n).



When appearing as marked groups, the free group Fy = F(a,b), the Baumslag-Solitar
groups and the groups BS(m, ¢) are all (unless stated otherwise) supposed to be marked
by the pair (a,b).

Another group which plays an important role in this article is

L =TxZ[t,t | = Zx, EPZ
Z

where the generator of the first copy of Z acts on Z[t,t~!] by multiplication by ¢ or,
equivalently, on @, Z by shifting the indices. This group is assumed (unless specified
otherwise) to be marked by the generating pair consisting of elements (1,0) and (0, °).

The last groups we introduce here are I'(m,n) = Z x Z[%EE((;”Z))] (m,n € Z*) where the

gem(m,n)
lem(m,n)

generator of the first copy of Z acts on Z| ] by multiplication by ™. This group

is assumed (unless specified otherwise) to be marked by the generating pair consisting of
elements (1,0) and (0,1). The latter elements are the images of (1,0) and (0,°) by the

gem(m,n)
lem(m,n)

homomorphism Z1Z — Z x Z]| ] given by the evaluation ¢t = : they are also the
images of the elements a and b of BS(m,n) by the homomorphism defined by a — (1,0)
and b — (0,1). Notice last that the group Z x Z[%] acts affinely on Q (or R) by

(1,0) -z =2z and (0,y) -z =2 +y.

We introduce the homomorphism o, : Fo — Z defined by o,(a) = 1 and o,(b) = 0.
It factories through all groups BS(m,n), BS(m, &), Z 12,7 X » Z[%srri((zg))] The induced
morphisms are also denoted o,. To end this section we define the homomorphism™: Fy —
F, given by @ = a and b = b~'. Note that it is compatible with quotient maps and
also defines homomorphisms ~: BS(m,n) — BS(m,n) for m,n € Z* and~: BS(m,§) —

BS(m, &) for m € Z*,& € Zy,.

2 Converging sequences of some marked one-relator

groups with parameters

2.1 Limits of torus knots groups
We define the groups
T = (a,b | @™ =0") and T,, = (a,b| [a™,b] = 1), m,n € Z*.

When m and n are relatively prime, the group T, , is the fundamental group of S*\ K, ,,

where K, ,, is the knot drawn on the torus T? ~ R?/Z? obtained as the image of the map
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t — (mt, nt). Given with their natural ordered set of generators (a,b), the groups 1), ,,

and T, are marked groups of Gs.

Proposition 2.1 i) The limit of T, ,, in Gy, when m and n tend both to infinity, is

the free group Fy =< a,b > marked with its natural set of generators.

i1) Assume now that m is fixed. The limit in Gy of T,,,, as n tends to infinity is T,,.

PROOF. Notice first that T),,, is the free product of (a) ~ Z by (b) ~ Z with amalgam-
mation over (™) ~ 7Z and (b") ~ Z (see |LS77|, Ch.IV for definition).

Let us prove 7). It suffices to show that for any freely reduced word w on {a,b}*, there
is some integer L = L(w) such that

(1) w=1=w = 1forallm,n>1L,

Fo Tm ,n

(2) w#1=w # 1forall m,n> L.
Fa Tonon

As (1) is trivial, we only need to prove (2). Let w be a freely reduced word on {a,b}=.
By the normal form theorem ([LS77], Ch.IV, Th.2.6,pp 187) for free products with amal-
gammation, the image of w in 7T, , is trivial for all m,n > |w| if and only if w = 1, which
completes the proof of 7).

Let us show the statement ii). By Dycke’s theorem, the map a — a,b —— b induces
an epimorphism of 7;,, onto 1), ,, for all n,m € Z. It suffices to show that for any reduced

word w on {a,b}*, there is some integer L = L(w) such that

(1) w=1=w = 1foraln>1L,

m Tm,n

(2) w# 1=w # 1lforaln>L.

T’rn T‘rn ,n

As (1) is trivial, we only need to show (2). Let w = a®b ... a%b% be a freely reduced

word. We claim that we can write

w = a*v  with s € Zandv=1orv=b%a"%. .  b1q% (2.1)
where 3} is a non-zero sum of some 3;’s, oy € {1,...,m—1} forall j € {2,...,t—1} and
a; € {0,...,m — 1}. We call such a decomposition a suitable decomposition of w. We

show (2.1) by induction on [. The case [ =1 is clear.



We can write for each i € {1,...,l}, oy = ¢;m + r; with r; € {0,...,m — 1}. We set
ol = r;. Hence, w = w' = @i 6mpPgh L pPegop Tf r; > 0 for all i € {2,...,1},
then the last decomposition is suitable. If not we have then w = w” where w” is the free
reduction of w’ and we apply the induction hypothesis to w”. "

Assume that n > |w| and let w = a®v in T}, with s € Z,v = 1 or v = b1a®2 .. . bPia™
be a suitable decomposition. We have |5} < S8l € Jw| < m, forj =1,...,t. By
the normal form theorem for free product with amalgammation, the image of w in 7,,,
is trivial only if s = 0 and v = 1. In this case, the image of w in T}, is also trivial, which

Fo
proves statement (2). O

Proposition 2.2 The groups T,, and T,,, are isomorphic if and only if |m| = |m/|.

PROOF. We begin by proving that the center Z(7,,) of T, is the cyclic group C,, =
(a™). Obviously, C,,, < Z(T,,). The presentation <a,b ’ a™ = 1> is a presentation for
the quotient 7,,,/C,,. Thus T,,/C,, is isomorphic to the free product Z x Z/mZ. As non
trivial free products are centerless, we have Z(7,,/C,,) = {1}. Since the quotient map
T,, — T,,/C,, maps central elements on central elements, we have then Z(7,,) = C,,. If
the groups T,, and T, are isomorphic, then T,,/Z(T,,) ~ Z x Z/mZ and T, /Z (Tp) ~
Z x Z/m'Z. are also isomorphic. This can occur only if |m| = |m/|.

Conversely, if m’ = —m, we check easily that the map a — a™!,b —— b induces an

isomorphism between T, and T, . O

2.2 Limits of Baumslag-Solitar groups with changing markings

Let us note I'(m,n) = Z x n Z[%] (these groups are defined in Section 1.3). No-
tice that I'(1,n) = BS(1,n). It is known from [St05] that the limit of the sequence
(BS(1,n))n>1 in Gy is the marked group Z!Z. Let ¢ be the endomorphism of F
induced by the map a —— a,b —— b™. We notice that it induces endomorphisms

¢ : BS(m,n) — BS(m,n) of Baumslag-Solitar groups.

Remark 2.3 The morphism ¢ : BS(m,n) — BS(m,n) is an epimorphism if and only
if m and n are relativeley prime integers. More precisley, Im ¢ N (b) = (b94mn)) (see
Lemma A.30 of [Sou00] for a proof). Hence, if gcd(m,n) = 1, the image of (a,b) under
¢" is the generating set (a,b™) of BS(m,n).

Let us fix a nonzero integer m.



For any n € Z* and any ¢ € N, we denote by I',, , the subgroup of BS(m,n) generated by
a and b™ (We use the latter two elements as marking). Note that if m and n are coprime,
then for any ¢ € N one has I',,, = BS(m,n) (as groups). The result we are aiming at is

the following.

Theorem 2.4 Let m € Z*. The following statements hold:

(a) For any n and for { — oo, one has I'y,, — I'(m,n) =Z xn Z[‘fgg’(%g))],

(b) For |n| — oo and ¢ — oo, one has I, , — Z 1 Z.

Result (a) was known by Baumslag in [Bau76]. He proved also that I'(2,3) is the
metabelianization of BS(2,3) and that it is not finitely presented but has trivial Schur
multiplicator. This convergence was used in [ABT03] to prove that BS(m,n), for m and
n relatively prime, is not uniformly non-amenable and in [Os02] to show that BS(m,n)
is weakly amenable.

PRrROOF. The morphism ¢ : F; — Fy defines marked epimorphisms I',,;, — I'), o1 for all
n € Z* and ¢ € N. Consequently, for all n € Z*, / € N and w € F5, one has

=1 < ¢ = 1. 2.2
w The ¢ (w) BS(m,n) ( )

Let us now take w € Fy. Thanks to (2.2), it is sufficient to prove that:

(i) For any n, one has w - 1 = ¢ (w) S 1 for ¢ large enough;

(ii) For any n, one hasw # 1 = ¢‘(w) # 1 for £ large enough;
F(m,n) BS(m,n)

iii) One h =1 = ¢ = 1f d/1 h;
(iii) One has w = ¢t (w) S or |n| and ¢ large enough;

(iv) One has w # 1 = ¢*(w) # 1 for |n| and ¢ large enough.
YAY/ BS(m,n)

We write w = a™b%1a=" - - - a*b*a~*a’. Up to conjugate, we may assume that we have

i1y...,1% = 0. Set now £, = max(iy,...,i). For all £ > ¢, and n € Z*, one has
ng(w) - Gilbme’gla_il . (Iikbme’gka_ikao
T N
BS(m,n)

— bmzEi’ﬂﬁs(%)isa‘7 .
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Proof of (i). Fix n € Z*. The equality w = 1 in ['(m,n) implies 3-*_, 3, (%)25 =0 and
o = 0. Consequently, one has ¢*(w) =1 in BS(m,n) for all £ > £,

Proof of (i). Fixn € Z*. In the case o # 0, one would have ¢*(w) # 1in BS(m,n) for all
¢ € N. Thus we assume ¢ = 0 and the inequality w # 1 in I'(m, n) gives lezl B, (%)“ +

0. Consequently, for any ¢ > /,,, one has

¢ myk B )"
¢ (w) BS(Tn,n) pm Temr e(3) Bszémn) 1.
Proof of (iii). The equality w = 1 in Z ! Z implies ¢ = 0 and Zle Bt = 0 (as
polynomials). Consequently, one has ¢*(w) = 1 in BS(m,n) for all £ > {,, and n € Z*.
Proof of (iv). In the case o # 0, one would have ¢‘(w) # 1 in BS(m,n) for all £ € N and
n € Z*. Thus we assume o = 0 and the inequality w # 1 in Z 1 Z gives 215:1 Bt # 0
(as polynomials). The polynomial Zle Bst% having only finitely many roots, one has
S B (%)Z # 0 for |n| large enough. Consequently, for any ¢ > ¢, and for |n| large

enough, one has

4 _ ml Zkz ﬁs(ﬂ)zs
w) = b = Plm 1.
¢ (w) BS(mn) Bsfn,n)

This completes the proof. O

2.3 Limits of other Baumslag’s one-relator groups

We denote by BS(m,n,l) the group defined by the presentation
<a,b | (ab™b e = 1> with m,n,l € Z~.

This family of one-relator groups with torsion was introduce by Baumslag in [Bau67|. He
proved there that such groups are residually finite if |m| # 1 # |n|, n and m are coprime

and [ > 1

Proposition 2.5 Consider the family of marked groups BS(m,n,l) (endowed with the
canonical marking (a,b)) with m,n € Z* and | > 2. One has BS(m,n,l) — Fy in G,

whenever |m|, |n| or |l| tends to infinity.

PROOF. This is a straightforward corollary of the following result of B.B. Newman [LS77,
Ch. 5, Pr. 5.28]. If X is a set of letters and w is any word on X* which is trivial in the
one-relator group with torsion <X ’ rk = 1>, then the length |w| of w with respect to the
word metric induced by X is not less than (k — 1)|r|. O
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3 A necessary and sufficient condition for the conver-
gence of sequences of marked Baumslag-Solitar
groups

Proposition 3.1 Let m,d € Z* and (§,)n>0 be a sequence of integers such that |,| — oo.

If (&,)n>0 defines a converging sequence in Z,, then the sequence of marked groups
(BS(md, §,d)),,, converges in Gy

We get this proposition by adaptating quite readily Theorem 6 in [St05]. Nevertheless,

we give a proof based on the following lemmas.

Lemma 3.2 Let w € Fy. Under the hypothesis of Proposition 3.1, the following alterna-
tive holds :

(a) either w = b in BS(md,&,d) for n large enough;
(b) or w is in BS(md,&,d) \ (b) for n large enough.

We recall that the map a — (2 — 2x),b — (2 = x + 1) defines an homomorphism
n : BS(m,n) — Aff(R).

Lemma 3.3 [St05, Lemma 7| Let w = b*a® ... a*"b* with ¢; = +1 and «; € Z. We
have either v, (w) = 1 for |n| large enough or 1, (w) # 1 for |n| large enough. Moreover,

if Yy(w) =1 for some || > |ag| + || - - + |anl|, then ¥, (w) =1 for all n.

The proof of Lemma 3.2 relies on a corollary of Lemma 5 in [St05]. Before to state it,

we recall the following statement, whose notations will be used :

Lemma 3.4 [St05, Lemma 4] Let m,n,n’ € Z* and h > 1. If n = n’ (mod m"), there

eXiSts Sg, ...y Sh; Shy -« -sSh; Ty .., Th, Which are unique, such that:
(i) 0 <y <mVi; sop=1=sy;
(ii) si-in=sim+r; and s,_yn' = ssm+r; V1 <i < h;
(iii) s; = s} (mod m"~") V0 < i < h.

The reader is addressed to the reference for the proof.

12



Lemma 3.5 Let m,n,n’,d € Z* and h >t > 1. Assume that n = n' (mod m") and let
a = /{70 + kmd + kgSlnd + -+ Ii'tSt,lTld

o =ko+ kin'd+ kosin'd+ - + kys,_n'd
where |ko| < min(|nl,|n’|) and so, ..., Sn; Sh, - .., S}, are given by Lemma 3.4. Let us also

take ri,...,r, as in Lemma 3.4.

(1) We have a = 0(modmd) if and only if ' = 0(modmd). If it happens we get
ab®a™t = blandab®a”! = b with
BS(md,nd) BS(md,n'd)

B =hnd+lesind + -+ liy15nd

B =hn'd+ lLsin'd+ -+l sn'd

and .
ll = —(kf()—Fk’l?"l—'—"'—Fk't’l“t),li:]{37;_1 fOI"QSZSt—'—l
m

(11) We have @ = 0(modnd) if and only if o/ = 0(modn'd). If it happens we get
a'b*a = blanda'b¥a = b with
BS(md,nd) BS(md,n'd)

ﬁ = lod + llnd + lgslnd + -+ lt,lst,gnd

B =lod+ lin'd+ lasin'd+ -+ 1,15, _on'd

and
l() = k:lm — k’g’l"l — e = ktrt_l,li = ki+1 for 1 S 1 S t.

In particular the [;’s depend only on the common congruence class of n and n’ modulo

mh. The case d = 1 corresponds to [St05, Lemma 5].

PrROOF OF LEMMA 3.5. (i) By Lemma 3.4 which ensures that s; = s, (mod m) for all

i=1,...,t—1, we have « = o/ (modmd ). Assume now that
a=0=d (modm™").
We set @ = ¢ and @ = %. We have then

d

a=ko+kin—+kosin+ -+ kisi_n

13



o = ko + kin' + kosin' + -+ kpsp_qn/

where kg = 2. By Lemma 5 (i) [St05], we have the following identies
ab®a”' = ab®@a ' = b7 =% in BS(md,nd)
ab”a = ab™a ' =07 = b7 in BS(md,n'd)
with
B=pfdand f=lLn+lsin+---+ lyr18m
p = B/d and B/ =ILn/ 4+ lpsin’ + -+ Laspn’
and

1
ll = —(k[)‘l‘klrl‘l'"""ktrt),li:kfi_l for 2 SZSt—l—l
m
which comes from the proof of [St05, Lemma 5|. Hence (i) is proved.
(17) As |n| > |ko| and |n/| > |ko|, we have a = 0 (mod nd) if and only if kg = 0 if and
only if @/ = 0 (mod n'd). Suppose now that it is the case. By Lemma 5 (i7) [St05], we

have then
a 0% = a= b = v = b® in BS(md, nd)
a b a = ab™ % =07 =" in BS(md,n'd)
with
5 = Bd and B = lo + l1n + lgSln —+ -4 lt_lst_gn

3 =Fdand B =1y +Ln' + losin’ 4+ -+ + 115, o0’
and

l() = klm—kgrl — —k:trt_l,lz- = ki—i—l for 1 S 1 S t
which comes from the proof of [St05, Lemma 5|. Hence (i) is proved. 0

PROOF OF LEMMA 3.2. We define I';, = BS(md, &,d). Let us write
w = b¥afrb* ... ab* with ¢; = £1 and «; € Z, reduced in the sense that o; = 0 =
g, = giy1 for all i € {1,...,h — 1}. We assume (b) not to hold, i.e. w = b* in T, of
infinitely many n’s. Then the sum & + - - - + ¢, has clearly to be zero (in particular h is
even). We have to show that w = b* for n large enough.

For n large enough, we may assume that |£,| > |a;| for all j € {0,...,h} and the ,’s are

all congruent modulo m”. We take a value of n such that moreover w = o™ in T, (there
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are infinitely many ones) and apply Britton’s Lemma. This ensures the existence of an
index j such that ¢, =1 = —¢;41 and o; = 0 (mod md) (since |,d| > |a;| for all j). For

all n large enough, Lemma 3.5 implies

w = b0 .. afi1pi- Pt g e

n

with 8, = 11£,d = ;> (depending on n). Hence we are allowed to write

w = baz),nal‘sllball,n - aal}Lbea;szn

'y
for n large enough, with ¢} = 1 and o}, = kg, + Kk} ;€ud, where the &i’s and k;;’s do not
depend on n.

Now, for n large enough, we may assume that |{,| > [kp,| for all 0 < j < h —2 (and
the &,’s are all congruent modulo m”). Again, we take a value of n such that moreover
w = b in T', and apply Britton’s Lemma. This ensures the existence of an index j such
that either ¢, = 1 = —¢’,; and o}, = 0 (mod md), or ¢, = =1 = —¢,, and o, =0

(mod &,d). In both cases, while applying Lemma 3.5, we obtain

" " " " "
w = ba(),nasl bal,n . aEh—4bah—4,n
F’!L
% 7

for n large enough, with &/ = +1 and of,, = k; + kY ;§nd + K5 ;81,€nd, where the €s and

ky';’s do not depend on n.

/

And so on, and so forth, setting A’ = g, we get finally w = Beom in I',, for n large enough,
with
afl) = k) + kD €ad + kS s10ud + -+ K s1_1 080

where the k;%)’s do not depend on n. It only remains to set \,, = aé}fg. O

PROOF OF PROPOSITION 3.1. It is easy to show that a word w is equal to 1 in BS(m,n)
if and only if it is in the subgroup generated by b and 1, (w) = 1. Let w € Fy. Lemmata
3.2 and 3.3 immediately imply that either w = 1 in BS(md,&,d) for n large enough or
w # 1 in BS(md, &,d) for n large enough. O

Corollary 3.6 Let m,d € Z* with |m| > 2 and let § € Z,,. We fix n € Zq such that
w(n) =&, where  : Zyg — Ly, is the map defined in Lemma 1.3.

Let h > 1 and w = b*af1b*t ... a%2rb*2 € Fy with ¢; = £1 reduced in the sense that
a;=0=¢ =¢;4y foralli e {1,...,2h —2}. Weset Ky = |ag| + |as + -+ + |aan|. We
fix an integer n such that n = & (modm"Z,, ) and |nd| > Ko(h+ 1)!|m|""".

Then w = 1 in BS(md, nd) if and only if w = 1 in BS(md, nd).

Hence, the word problem is solvable in BS(md,nd).

15



PROOF. Reasonning as in the proof of Proposition 3.1 and related lemmata, we see that

if w=11in BS(md,nd) then there is a sequence of h cancellations for w

(0) w = b a1 b ... afhbh¥2h,
(1) w = b¥ngfip®in aaliLbea;Lme,

n_ ol e 1ol el a”7
(2) w _bO,na 1b l,n”‘ah—4bh4,n7

(h) wh = pabin — 10 — 1.
which occurs in all BS(md, nd) provided that
nd| > |ay], [k$)] for 0 < j < 2h, 1 <t < h,0<i<2h—2t (3.1)
where the k;((fl)»’s are the integers appearing in the proof of Lemma 3.2 and
n = ¢ (mod m"Z,,). (3.2)
Conversely, if w = 1 in BS(md, nd) for some n satisfying both conditions (3.1), (3.2) and
[nd| > |ag| + o] + - -+ + [azn| = Ko (3.3)

a repeated use of the Britton’s lemma in the same way as in the proof of Proposition
3.1 and related lemmata gives rise to a sequence of h cancellations of w leading to the
trivial word. By Lemma 3.5 and Lemma 3.3, all these cancellations still occur in any
BS(md,n'd) whenever n' satisfies (3.1) and (3.2). Hence, w = 1 in BS(md,nd).

We set kéoi) = |oy| for i = 0,...,2h and K = max |k:(()i)| . Because of (3.1)
’ 0<s<t,0<i<2h—2s

and (3.3), it suffices to bound roughly K := K® by K©p!|m|".
For all t =0,1,...,h — 1, there is a choosen index c¢(t) € {1,...,2h — 2t — 1} such that
either O‘S(?:),n is congruent to 0 (mod md) (case i) or to 0 (mod nd) (case i) for all n

satisfying (3.1) and (3.2) . We have the identities :

) if0<i<c(t)—2
(t+1) t t o
Xip = O‘ﬁ(i)—m + Beqry + ai(z&)-&—l,n if i =c(t) -1 (3.4)
o, if c(t) <i<2h

with al()) , = k2 kD nd+ kS st and+ kD s and and By = lod+ 1151 4nd+
< +lip18 nd where lo, Iy, .. ., [ are given by Lemma 3.5 and sy, S2., - - . , St are given
by Lemma 3.4. By Lemma 3.5, we know that the integers [y,...,l;;; don’t depend on n

and we have the following identities :
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(case i)

1 .
= 0,1 = — (k) + kil + o k) = kY g for2< i<t 41 (3.5)
( case i)
lo=k{ym — k) yr = — kD b= kY gy for 1< i <t — 1 =y =0,
(3.6)
with 7r,79,...,7 € {0,...,m — 1} depend only on the class of n modulo m"Z,,.
Finally, we get from (3.4) :
kj(tz) if i <c(t) —2
(t+1) _ () (t) e
ki = kjowy1 Ttk ifi= c(t) —1 (3.7)
k:](]?Jr2 ifc(t) <i<h

We deduce from (3.5),(3.6) and (3.7) that for t € {1,..., h — 1} either K¢+ < K® 4
|—71n||m|(t +DK® + KO (case i) or KD < KO 4+ mtK® + K® (case ii). Hence

KD < (Im]t + Q)K(t) for t > 1 and KM < 2K (©)

because the first cancellation is of type (i). We get then K < KO (h + 1)!|m|"".
O

Theorem 3.7 Let m € Z* and (§,)n>0 be sequence of integers such that |§,| — oo.
The sequence (BS(m,&,))n>0 converges in Gy if and only if the following conditions both
hold :

(1) there is some integer d such that gcd(m,&,) = d for all n large enough;
) (%”)nzo defines a converging sequence of Zm.
First, we need the following lemma :
Lemma 3.8 Let m;,d;, k; € Z* for i = 1,2 such that
midy = mads, |keds| # 1, gcd(me, ko) = 1 and dy doesn’t divide ds.

Then, the distance between BS(mydy, kidy) and BS(mads, kads) in Gy is not less than
e® with § = 10 + 2d;m?.
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PROOF OF LEMMA 3.8. Consider r = a20"™iq2h and let w = r7. On one hand, we
have r = b™*+1 in BS(mydy, kidy), which implies w = 1 in BS(mydy, kidy). On the
other hand, r = ab™9%*q~1h in BS(mady, kady). As my and ky are coprime integers,
we notice that mods divides mydsks if and only if d; divides do. Under the assumptions
of the lemma, the writing ab™%*2q=1bab=™192%24=1p~=1 is then a reduced form for w in

BS(madsy, kads). By Britton’s Lemma, w # 1 in BS(mady, kady). As |w| = 10 + 2dym?,
we get the conclusion. a
PROOF OF THEOREM 3.7. Notice that Theorem 2 of [St05] shows the theorem in the
case m = £1. We assume then |m| > 2.

Let us show first that (i) and (i) are necessary. If (i) doesn’t hold, we can find two
subsequences (&,)n,>0 and (£!),>0 of (&.)n>0 such that ged(m,&) = dy, ged(m, &) =
do, €] > 1 for all n and d; doesn’t divide dy. Then Lemma 3.8 clearly shows that
(BS(m,&,))n>0 is not a converging sequence in Gs.

To show that (i7) is necessary, we assume now that (BS(m,&,))n>0 converges and that
there is some d € Z* such that ged(m,&,) = d for all n large enough. The marked
subgroup ¢, 4 of BS(m,&,) generated by (a,b?) is equal to BS(%,%) endowed with
its canonical ordered set of generators (a,b). The sequence of the BS(%,>*)’s is then
also converging in G,. By Theorem 3 [St05], the sequence of integers (%), defines a

converging sequence in Zm.

Finally, we see by Proposition 3.1 that (i) and (i) are also sufficient. O

Remark 3.9 Theorem 3.7 still holds if we replace BS(m, &,) by BS(m, &,) where (&,)n>0

is any sequence in Z,, and if we write (m(%2)),,> instead of (2),,>¢ in (ii) where 7 : Z,, —

Zrm is the map defined in Lemma 1.3.
Corollary 3.10 Let m € Z* and let £, n € Z,,. The equality of marked groups
BS(m,&) = BS(m,n)

holds if and only if there is some d € Z* such that gcd(§,m) = ged(n,m) = d and

m(5) = (%) in Zm.

Proor or COROLLARY 3.10.

Choose a sequence of integers (&,),>0 such that

Son —— & Conr —— 1 and |€,] — 00 as n tends to infinity.
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One has BS(m,£) = BS(m,n) if and only if the sequence BS(m,¢&,) converges. By
Theorem 3.7 it is equivalent to have ged(m,§,,) = d for n large enough (for some d € Z*)
and the sequence ﬂ(%) converges in Zm. Finally, it is equivalent to have ged(m,§) = d =

gem(m, ) and ’/T(%) =m(3). O

Corollary 3.11 Letm € Z* and let £, € Z,, with £ # 1. If no prime factor of m divides
both ¢ and 1), then one has BS(m, &) # BS(m,n).

PROOF OF COROLLARY 3.11. We may suppose that ged(m,§&) = ged(m,n) = d by
Corollary 3.10). Then d = 1 by assumption and 7 (§) = £ # n = m(n). By Corollary 3.10,
one gets BS(m, &) # BS(m,n). O

Lemma 3.12 Let m,d € Z* and ¢ € Z,,g. The marked subgroup of BS(md,&d) gen-
erated by (a,b?) is equal to BS(m,n(§)) where 7 : Zyg — Zp, is the map defined in

Lemma 1.3.

PROOF OF LEMMA 3.12. Let (§,)n>0 be a sequence of integers such that |, —
00, &, P ¢ as n tends to infinity. Since BS(md,&,d) is converging to BS(md,&d) as
md

n tends to infinity, the marked subgroup G,, of BS(md, &,d) generated by (a,b?) is con-
verging to the subgroup G of BS(md,£d) generated by (a,b?). As G, = BS(m,&,), we

have G = BS(m,w(€)). 0

4 'Topological inclusion of Z in G

In this section, we are to show that the parameterization of the limits of Baumslag-Solitar
groups by the m-adic integers is coherent with the topology inherited from G,. Precise

statements are as follows:

Definition 4.1 For m € Z*, let us define the following subsets of Gs:

Y. = {BS(m,n) : neZ} ;
Zyw = {BS(m,&) : £€ Ly} .

Theorem 4.2 For all m € Z*, the application
BS,, ¢ Ly — Zyy 3 €+ BS(m, €)
is continuous, onto and injectiv on 7).
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For |m| > 2, note that if we endow Z with the m-adic ultrametric, the analogue map
7" — Yy ; n— BS(m,n)

is not continuous anywhere. Indeed, one has n+p* — n for k — oo, while BS(m, n+p*) —
BS(m,n). (We recall that one has BS(m,n) # BS(m,n), since the word ab™a~'b™"
defines the trivial element in BS(m,n) but not in BS(m,n).)
PROOF OF THEOREM 4.2. Let us fix m € Z*. Surjectivity of BS,, is obvious. As Z,, is
compact, we only have to show that BS,, is continuous and injective.

Continuity: Let (£,), be a sequence in Z,, which converges to . A standard diagonal

argument shows that for all n, there exists &, € Z such that:
(i) 1€l = n;
(i) dm(&n &n) < 33

(ili) d(BS(m,&,), BS(m,&,)) < L.

n

In view of (ii), the sequence (&), is convergent with limit £ and we get
BS(m,&,) — BS(m,€) due to (i). We finish by combining this with (iii) to obtain

n—oo
BS(m, &) — — BS(m,¢§).
([
We now "particularize to the case of invertible elements" and show that, in this case,

the BS groups form the boundary of the BS groups. Precise statements are as follows:

Definition 4.3 For m € Z*, we define:

X = {BS(m, n) . n Is relatively prime to m} ;
zy = {BS(m,¢) : £€ly}.

By convention, we say that Z}, is empty.

Corollary 4.4 For all m € Z*, the boundary of X,,, in Gy is Z)%. It is homeomorphic to

the set of invertible m-adic integers.

PROOF. Theorem 3 of [St05] implies that the elements of X,, are the BS(m,n)’s with n
relatively prime to m and the BS(m, &) with ¢ € Z. One sees easily that the BS(m,n)’s
are isolated points in X, (consider the word ab™a~1b~"). The equality 0X,, = ZX follows

immediately. The second statement is a direct consequence of Theorem 4.2. O
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5 Actions of limits of marked Baumslag-Solitar groups

[t is well known that, being a HNN-extension of Z, a Baumslag-Solitar group BS(m,n)
acts naturally on its Bass-Serre tree [Se77|. Also well known is the affine action of
BS(m,n) on the real line given by a -2 = Xz and b-z = x + 1. The purpose of
this section is to give similar actions for the groups BS(m,¢). The affine action will
not be used in the paper but the tree action will be of interest to prove that the groups

BS(m, &) have the Haagerup property and to exhibit presentations.

Affine action. We restrict to the case where m is a prime number, which we denote by
p. Let £ € Z, and let (&,), be a sequence of integers such that |§,| — oo and &, — &. For
n € N, we set
BS(p.&) —  Aff(Q)
Un = Vg, a — (xl—>%x)
b — (x—ax+1)
where Q,, is the field of fractions of Z,. These actions are are well defined exactly for the

same reasons as the above affine actions on R.

Theorem 5.1 Let p be a prime number and let { € Z,,, £ # 0. There is an affine action
of BS(p,€) on Q, defined by
Ve a — (r— %x)
b — (r—ax+1)

PRroor. It is sufficient to show that the affine action of Fy on Q, given by

F, — Aff(Q,)
(R a — (x— %3}')

b — (z—xz+1)
satisfies 1)(w) = id for all w such that w = 1 in BS(p, &).

Take (&,)n a sequence of integers such that |, — oo and &, — £ For n € N, we
denote again 1, the action corresponding to the above action of BS(p,¢,). We have that
Pp(a)(z) = %”x — Y(a)(z) and ¥, (b)(x) =z +1 — P((b)(z) for n — o0 (v € Q,). It
follows easily that ¢, (w)(z) — ¥(w)(z) for all w € Fy. Now, if w = 1 in BS(p,§), it
implies w = 1 in BS(p,&,) for n sufficiently large. For those values of n, the equality
n(w)(x) = x holds for all z € Q,, so that we get ¥ (w) = id. 0
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Remark 5.2 The Z-action by translations on R is proper, but the Z-action by trans-
lations on Q, is not. In particuler, the action of BS(p,€) on Q, is not proper, even if

restricted to the subgroup generated by b.

Tree action. We are to produce a tree on which the group BS(m,¢) will act in a
reasonable way. This tree will be constructed from the Bass-Serre trees of the groups
BS(m,&,). Tt will be shown that the tree we construct does not depend on the auxiliary
sequence (&, )n.

We recall that BS(m,n) is the fundamental group of the following graph of groups (G,Y’)
[Se77, Section 5.1].

Notice that, a is the element of m1(G,Y, P) associated to the edge y. To be precise, we
set the Bass-Serre tree of BS(m,n) to be the universal covering associated to (G,Y),
the maximal subtree P and the orientation given by the edge y [Se77, Section 5.3]. We
choose the edge y instead of y to minimize the dependence on n of the set of tree edges.

Denoting by 7" the Bass-Serre tree of BS(m,n), one has:

V(T) = BS(m,n)/(b) ; E(T) = BS(m,n)/ny UBS(m,n)/nz ; wnry

::lUFﬁ

<

where 7; = (b™) = m;. The origin and terminal vertex are given by:
olwrg) = wa ') ; tlwry) = wb);
olwrz) =  wd) ; tlwr;) = wa ' {b) .
We choose an orientation on T which is preserved by the BS(m,n)-action by setting

E.(T)= BS(m,n)/mz = BS(m,n)/{b"™) .

Given m € Z*, £ € Z,, and (&), a sequence of integers such that |£,| — oo and &, — &
in Z,,, we denote by H,, (resp H™) the subgroup of BS(m,¢,) generated by b (resp ™)
and by T,, the Bass-Serre tree of BS(m,¢&,). We set

vo— (mve)) i~ = (I Bsee)m) )~

neN neN

vr = (M Em)/~ = (I Bstme)/my) )~

neN neN
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where ~ is defined by (z,)n ~ (Yn)n < Ing Yn = ng : x, = y, in both cases. We now
define an oriented graph X = X, ¢ by

V(X) = {zx €Y :3Jw e F, such that (z,), ~ (wWH,),}
E (X)) = {yeY™:3weF,;such that (y,), ~ (WH}"),}
0((wH7T)n) = (wH,), = (o(ng"‘))n
t((@UHvT)n) = (wa™'Hy), = (t(erT))n
The map o is well defined since (vH™), ~ (wH™), implies (vH,), ~ (wH,),. In the
other hand, the map ¢ is well defined since (vH™),, ~ (wH™),, implies v~'w € H™ for n
large enough, whence (va™1) ! (wa™!) = av"'wa™! € H, for those values of n. It follows
that (va™*H,), ~ (wa™'H,),. The graph X is thus well defined and the free group
[Fy acts obviously on it by left multiplications. The statement we want to prove is the

following;:

Theorem 5.3 Let m € Z*, £ € Zy, and (&), a sequence of integers such that |,| — oo
and &, — & in Zy,. The graph X = X,,¢ (seen here as unoriented) has the following

properties:
(a) It is a tree;

(b) It does not depend (up to equivariant isomorphism) on the choice of the sequence

(gn)n;

(¢) The obvious action of Fy on X factors through the canonical projection Fy —

Before the proof, we state an immediate consequence of [St05, Lemma 6]:

Lemma 5.4 Let (vH,), and (wH,), be two vertices of the graph X. If vH,, = wH,, for
infinitely many values of n, then (vH,), = (wH,), in X.

PROOF OF THEOREM 5.3. (a) Let us show first that the graph X is connected. We
show by induction on |w| that any vertex (wH,), (w € Fs) is connected to (H,),. The
case |w| = 0 is trivial. If |w| = ¢ > 0, there exists * € {a®!,b*'} such that wz has
length ¢ — 1. By induction hypothesis, it is sufficient to show that (wH,,), is connected
to (wrH,),. If = a, then the edge (wxH™), connects (wxH,), to (WH,),, if v =a™?,
then then the edge (wH™), connects (wH,), to (wrH,), and if z = b*!, then one has

even (wH,), = (wxHy,),.
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Second, we show that X has no circuit. We assume by contradiction that X has a circuit

whose vertices and edges are

(UOHn)n7 (le:L>n7 (UlHn)nu ) (weHgl)Tu (UZHn)n = (UOHn)n .

(The formulas (wyH™), # (weH™), and (w1 H™), # (w;H™), are assumed to hold.)

For any n, the sequence

m m
UOHn7 le 7U1Hn7 s ,QUZH 7U€Hn

n n

forms a path in the tree 7,,. For infinitely many values of n, we have moreover w; H]" #
W, w1 H" # m and v H, = vgH, by construction of X. We have obtained a
circuit in some 7,,, in contradiction with the fact it is a tree.

(b) We show now that X does not depend (up to equivariant isomorphism) on the choice
of the sequence (,),. Take another sequence (k/), satisfying both |k/ | — oo and k!, — &

in Z,, and consider the associated tree X’. We construct the sequence (k),, given by

k% if n is even

.y ifnis odd
2

" o__
k, =

which satisfies again both |k!/| — oo and k! — & in Z,, and the associated tree X”. There
are obvious equivariant surjective graph morphisms X” — X and X” — X’. We have to
show the injectivity of these morphisms, which we can check on vertices only, for we are
dealing with trees. But Lemma 5.4 precisely implies the injectivity on vertices.

(c) Take w € Fy such that w = 1 in BS(m,&). We have to prove that w acts trivially
on X. As X is a simple graph, we only have to prove that w acts trivially on V(X).
Let (vH,), be a vertex of X. For n large enough, we have w = 1 in BS(m,&,), so that

wvH, = vH,. Hence we have w - (vH,), ~ (vH,),, as desired. a

Remark 5.5 The action of BS(m, &) on X is transitive and the stabilizer of the vertex
(Hp)n is the subgroup of elements which are powers of b in all but finitely many BS(m, &,).
It does not coincide with the subgroup of BS(m,¢) generated by b, since the element

ab™a~! is not in the latter subgroup, but stabilizes the vertex.

We end this section by statements about the structure of the tree X,,¢. The first one is

the analogue of Lemma 5.4 for edges.
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Lemma 5.6 Let (vH]"), and (wH!"), be two edges of the graph X. If one has vH" =

wH™ for infinitely many values of n, then (vH™),, = (wH™),, in X.

PROOF. By assumption, one has vH, = wH, and va~'H, = wa~'H, for infinitely many
values of n. By Lemma 5.4, we get (vH,), = (wH,), and (va 'H,), = (wa™'H,),. The
edges (vH!™), and (wH]"), having the same origin and terminal vertex, they are equal,

since X is a simple graph. O

Proposition 5.7 Let m € Z* and § € Z,,. Each vertex of the tree X,, ¢ has exactly
|m| outgoing edges. More precisely, (given a sequence (&), of nonzero integers such
that |£,] — oo and &, — &) the edges outgoing from the vertex (wH,), are exactly
(WH™),, (WbH™),,, ..., (wb™=1H™), .

PROOF. Tt suffices to treat the case w = 1. The edges (H™),, (bH™),,. .., (B™=1H™),
are clearly outgoing from (H, ), and distinct. Let now (vH]"), be an edge outgoing from
(H,)n. In particular, we have (vH,), = (H,)n, so that v = b* in BS(m,&,) for n large
enough. There exists necessarily A € {0, ..., |m| — 1} such that we have A, = A (mod m)
for infinitely many values of n, so that vH™ = bV H™ for infinitely many values of n. By

Lemma 5.6, we get (vH™),, = (b*H™),, and we are done. 0

6 A structure theorem

We recall that Z x » Z[%] act affinely on R and that it is a marked quotient of both

BS(m,n) and Z1Z (see Section 1.3).

Proposition 6.1 For any m € Z%st amd ¢ € 7Z,,, the morphism of marked groups
q :Fy — ZUZ factors through a morphism q,,¢ : BS(m, &) — Z1 Z.

PRrROOF. Take (&,),>0 a sequence of integers such that one has |§,| — oo and &, — ¢
n—oo n—oo

in Z,,. One has the following diagram

BS(m, kn) == BS(m,¢)

|

T(m, k) 2= =727

by Definition 1.6 and Theorem 2.4. Given w € Fy with w = 1 in BS(m, £), it is now clear
that w =1 in Z ! Z, so that the proposition holds.
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We now are able to state the main results of this section, which are the following:

Theorem 6.2 Consider the exact sequence (where N,, ¢ is the image of N in BS(m,¢))

Am,¢

1 — Npe — BS(m, &) =5 Z1Z — 1.

For any m € Z* and § € Z,y,, the group N,, ¢ = ker q,,, ¢ is free.

Remark 6.3 The second derived subgroup of BS(m,§) is then a free group. Thus
BS(m,€) enjoys the same property as the generalized Baumslag-Solitar groups [Kr90,
Corollary 2|

Corollary 6.4 For any m € Z* and & € Z,,, the group BS(m,&) has the Haagerup

property and is residually solvable.

PROOF OF COROLLARY 6.4. Looking at the exact sequence

1 — Npe — BS(m, &) 7227 — 1,

we see that the quotient group is amenable (it is even metabelian) and the kernel group
has the Haagerup property by Theorem 6.2. We conclude by [CCT01, Example 6.1.6]. As
a free group is residually solvable, BS(m,¢) is then the extension of residually solvable
group by a solvable one and hence is residually solvable. O
PROOF OF THEOREM 6.2. Take m € Z*, £ € Z,, and (§,), a sequence of integers such
that |£,| — oo and &, — £ in Z,,. Set X to be the tree constructed in section 5. By [Se77,
Section 3.3, Theorem 4], it is sufficient to prove that N,, ¢ acts freely on X, i.e. that any
w' € N which stabilizes a vertex satisfies w = 1 in BS(m, &).

Let us take w' € N and (vH,), a vertex of X which is stabilized by w’. Thus w = v~ w'v
stabilizes the vertex (H,),, i.e. w is a power of b in all but finitely many BS(m,&,)’s. On
the other hand, as w € N, Proposition 6.1 implies that the polynomial P, associated to

w is zero. Hence, (5) implies ¢¢, (w) = id for all but finitely many &,’s. Together, these
two facts imply w = 1 (and w’ = 1) in BS(m, €). O

7 Presentations for the groups B—S(m, £)

7.1 Infinite presentability of the groups BS(m,¢)

Our first goal in this Section is to prove:
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Proposition 7.1 For any m € Z* and & € Z,, \ mZy,, the group BS(m, €) is not finitely

presented.

Notice that the Proposition excludes also the existence of a finite presentation of a
group BS(m, &) (€ € Zy, \ mZy,,) with another generating set. See for instance [dIHO0,
Proposition V.2|. By Corollary 3.10, there is only one remaining case, the case £ = 0,
where it is still unknown wether BS(m,0) is finitely presented or not. We nevertheless

make the following remark.

Remark 7.2 For |m| = 1, the limits BS(+1,£) are not finitely presented.

PROOF. The result [St05, Theorem 2] implies BS(+£1,£) = Z 1 Z for the unique element
¢ € Z4y and the result [Bau6l]| of Baumslag on the presentations of wreath products
ensures that Z Z is not finitely presented. O

Lemma 7.3 Let m € Z* and £ € Z,, \ mZ,. Let { be the maximal exponent in the

decomposition of m in prime factors and set d = ged(m, &), my = m/d.
(a) There exists a sequence (&), in Z* such that for all n > 1 one has |§,| > |§,-1| and

&n =& (mod m"Zy,) ;
& ¢ (mod m"tdZ,,) .

(b) This sequence satisties |,| — oo, &, — & and

Sn = Sr (IHOd m”) Vr>n ;
& # Cnpr (mod mi™'d) Vn .

PROOF. (a) Let p be a prime factor of m; (there exists one, for £ € mZ,). The
sequence (&,) is constructed inductively. We choose for &, any nonzero integer such that
& — & € mZ,,. At the n-th step, we begin by noticing that the exponent of p in the
decomposition of m" (respectively m!{"*'d) is at most fn (respectively at least fn + 1).
Hence, mﬁ”“d is not a multiple of m", so that there exists a € Z with £ = a (mod m™)
but ¢ # a (mod m{"d).

Notice now that we may replace o by any element of the class a + m™m{""'dZ, so that
it suffices to choose &, among the elements [ in the latter class which satisfy |3| > |£,-1]

(b) The properties &, = £ (mod m"Z,,) and |&,,| > |&,—1| imply clearly &, — &, |£,| — o
and &, = & (mod m™) for r > n (for the latter one, Proposition 1.1 (d) is used).
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Finally, combining the properties &,41 = ¢ (mod m‘*+'Z,,) and &, # ¢ (mod m{"*'dZ,,)
gives &, Z £y (mod mi"d). O
PROOF OF PROPOSITION 7.1. The hypothesis ¢ € Z,, \ mZ,, implies m > 2. Take
¢,d,m; and a sequence (&,) as in Lemma 7.3. One has then BS(m,&,) — BS(m,§). It
is thus sufficient by Lemma 1.5 to prove that the BS(m,&,)’s are not marked quotients
of BS(m, &) (for n large enough).

Notice now that (for n large enough) one has ged(m, §,) = d since &, = £ (mod mZ,,)
holds. Set the words

w, = a" e e e T T T T

Part (b) of Lemma 7.3 combined with Lemma 3 of [St05] give w, = 1 in BS(m,¢,) for
all r > n, hence w, = 1 in BS(m, ) (for n large enough). On the other hand we get
Wiy # 1 in BS(m,&,) the same way, so that BS(m,&,) is not a marked quotient of
BS(m, &) (for n large enough). O

7.2 Defining a presentation for BS(m,¢)
For m € Z* and £ € Z,,, we define the set R = R, ¢ by

Rm,f = {wu_} LW = abal . e abaka_lbak+1 . a/—leQk

with k e N o, € Z (i =1,...,2k) andw-vozvo}

where vy is the favoured vertex (H,,), of the tree X,, ¢ defined in Section 5.

Recall that the stabilizer of the vertex vy consists of elements which are powers of b in all
but finitely many BS(m,&,), where (,), is any sequence of integers such that |§,| — oo
and &, — £ in Z,, (see Remark 5.5). It follows that we have w - vy = vy & W - vg = vy.

The aim of the present Section is to prove the following statement.

Theorem 7.4 For all m € Z* and & € Z,,, the marked group BS(m,&) admits the
presentation <a,b ‘ Rm,§>.

Set I = (a, b | Rome) for this Section. It is obvious that the elements of R, ¢ are trivial
in BS(m,¢), so that one has a marked (hence surjective) homomorphism I' — BS(m, €).

Theorem 7.4 is thus reduced to the following proposition, which gives the injectivity.

Proposition 7.5 Let w be a word on the alphabet {a,a™',b,b='}. If one has w = 1 in
BS(m, ), then the equality w = 1 also holds in T.
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Before to prove Proposition 7.5, we need to introduce some notions what can give rise

to geometric interpretations.

From words to paths. Let us call path (in a graph) any finite sequence of vertices such
that each of them is adjacent to the preceding one. Let w be any word on the alphabet
{a,a™,b,b7'}. Tt defines canonically a path in the Cayley graph of I' (or BS(m,¢))
which starts at the trivial vertex. Let us denote those paths by pr(w) and pgg(w). The
map I' — BS(m, ¢) defines a graph morphism which sends the path pr(w) onto the path
pps(w).

The word w defines the same way a finite sequence of vertices in X,, ¢ starting at vy and
such that each of them is equal or adjacent to the preceding one. Indeed, let f be the map
V(Cay(BS(m,§), (a,b))) — V(Xyne) defined by f(g) = g - vo for any g € BS(m,€). If
g, ¢ are adjacent vertices in Cay(BS(m, &), (a,b)), then f(g) and f(g') are either adjacent
(case ¢ = ga™!), or equal (case ¢’ = gb*'). The sequence associated to w is the image by
f of the path pgg(w). Now, deleting consecutive repetitions in this sequence, we obtain
a path that we denote by px(w).

It follows that if the word w satisfies w = 1 in BS(m, €) (or, stronger, w = 1 in T), then

the path px(w) is closed (i.e. its last vertex is vp).

Height and Valleys. Recall that one has a homomorphism ¢, from BS(m, ) onto Z
given by 0,(a) = 1 and 0,(b) = 0. Given a vertex v in X,, ¢, we call height of v the number
h(v) = 04(g) where g is any element of BS(m, &) such that g - vy = v. It is easy to check
that any element ¢’ of BS(m, ) which defines an elliptic automorphism of X,, ¢ satisfies
a.(g’) = 0, so that the height function is well-defined. It is clear from construction that
the height difference between two adjacent vertices is 1.

Given L > 1 and k > 1, we call (L, k)-valley any path p in X,, ¢ such that one has:
e p=(vg,v1,...,V =V, V,...,V o), Where vy is the favoured vertex;
e h(vg) =0 = h(vg) and h(vy) = —k = h(va);

e h(v) < 0 for any other vertex v of p;

® Uy = V.
Given a (L, k)-valley p = (vo,v1,...,vp = 1,4, ..., Vo), the subpaths (v, ..., v,) and
(Vg - - ., o, = 1) have to be geodesic, for the heigth difference between 1y = o, and vy
is k. Thus, one has vy = vor_1,...,Vp_1 = Vgy1-
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Lemma 7.6 Let w be a word on the alphabet {a,a™",b,b7'} such that the path px(w)
is a (L, k)-valley, say px(w) = (vg,v1,...,v = Vo, V1,...,Vor). There exists a word w'

such that the equality w' = w holds in I and the path px(w') is (vg, vy, ..., vp).

ProoF. We argue by induction on L.

Case L = 1: In that case, one has k = 1, px(w) = (vg,v1 = vy, v1,12). Up to replacing
w by a word which defines the same element in Fy (hence in T') and the same path in X,
we may assume to have w = b®a"'b™ ab’1a"1b%. Set r = ab " Pra b ab’a" b . Since
v and v are equal, the subword ab®a~! (of w) defines a closed subpath in X, so that we
obtain ab=a"1b~* . vy = vy. Consequently, we get r € R, whence r = 1 in I'. Inserting

r in next to last position, we obtain

w = bao+ﬁ1a—1ba1+ﬁz —w .
I

This equality also implies that the paths px(w) and px(w') have the same endpoint.
Hence one has px(w’) = (vo, 2) = (vo, v1) and we are done.
Induction step: We assume L > 1 to hold. Up to replace w by a word which defines

the same element in Fy (hence in I') and the same path in X, we may write
w = ba" ™ - afLbL - abP - abPraT DR T
with €; = £1 and «; € Z for all .. We distinguish two cases:
(1) the vertex vy is higher than vy, (i.e. e, = —1);
(2) the vertex vy_q is lower than vy (i.e. e = 1).
Case (1): Set

r o= ab P, qh PrglpBr-1 . g g P gL

ab+/62k—1 . ab+ﬁka—1b+ﬁk—1 . a—1b+ﬁla—1b+aL ]

Since vy and vy, are equal, the subword ab® - - - ab®*a=1b%+1 ... q71p%k-1471 (of w) defines
a closed subpath in X, so that (when considered as a word on its own right) it stabilizes

the vertex vg. Inverting it, we get

ab Per-1 . qhPrg TR Ty g = g
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It implies r € R, whence r = 1 in I'. Inserting 7 in next to last position, we obtain

W= w* = bHOgEper...gfL-1peL—1+02%-1
r

abﬁzkfz . abﬁka—lbﬁkﬂ . a—lbﬁl .

a~tper +Ba2k

We write w* = w”a"1b*2+2+. Since the words w and w* begin the same way and since

one has w = w* in ', the path px(w*) has the form

(UO, U1y...,Vp—1 = Wo, W1, ... ’W2k—27UL) .
Since vy,_1 is higher than vy, we have h(vy_;) = —(k — 1). Contemplating w*, one sees
that we have h(wi_1) = 0, h(wax_2) = —(k — 1), so that the subpaths (wp,...,wr_1) and
(Wk—1, -, wak_2,vr)) are geodesic. On the other hand, the geodesic between wy_; and vy,

passes through vy, = wy, so that we have wor_o = vy 1. It follows that px(w”) has the
form (vg,vy,...,vp_1 = wo,w1,...,wsk_o = vr_1), so that it is a (L — 1,k — 1)-valley. We
apply the induction hypothesis to w” and get a word w” such that w” = w" holds in "
and px(w”) = (vg,...,vr_1). It suffices to set w’ = w”a="1b*+P2+ to conclude.

Case (2): In this case, we have h(vy) = —k and h(v,_1) = —(k + 1), so that the
edge linking these vertices goes from vy to vy_;. By Proposition 5.7, there exists \ €
{0,... |m| — 1} such that wb*a™ - vy = vy_1. Set w* = wb*a™! and w' = w*ab™?, so
that w = w’ holds in I'. The path px(w*) is a (L — 1,k + 1)-valley, so that we may
apply the induction hypothesis to w*. This gives a word w” such that w” = w* in I" and

px(w”) = (vo,...,vr_1). We conclude by setting w’ = w”ab™. O

PROOF OF PROPOSITION 7.5. Let w be a word which defines the trivial element in
BS(m, €). Up to replacing w by a word which defines the same element in Fy (hence in

I'), we may write

w = ba1p* ... qfthM

with ¢, = +1 and «; € Z for all i. The path px(w) is closed and has length ¢. We argue
by induction on /.

Case ¢ = 0: In this case, one has w = b*, so that b* = 1 in BS(m,§¢). Tt follows
ag =0, hence w=11in T

Induction step (¢ > 0): Let us write px(w) = (v, v1, ..., 01,0 = v9). Up to replace

the word w by a cyclic conjugate, we may assume (without changing ¢) that h(v;) < 0
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for all 4. Denote by kg =0 < k; < ... < ky; = { the indices such that h(vy) = 0. We now

distinguish two possibilities:

(1) The path px(w) turns back at some v, (i.e. 3 with 1 < ¢ < s — 1 such that

Vg 41 = Uk,—1-)

(2) The path px(w) does not turn back at any v, (i.e. Vi with 1 <i < s—1 one has

Uk;+1 # Uki—l-)

Case(1): Let i be an index (with 1 < i < s — 1) such that vy, 1 = vg,_1. The subword
w = @it pMRiatt L g%k h%i Rt defines by construction a (k; — k;_; — 1, 1)-valley in
the tree X. Lemma 7.6 furnishes then a word w” such that w” = w’ holds in I" and the
path px(w”) is strictly shorter than px(w’). We construct a word w* by replacing w’
by w” in w. The path px(w*) is strictly shorter than px(w) and one has w* = w in T
Applying the induction hypothesis to w*, we get w* =1 1in I', hence w =1in I'.

Case (2): Suppose first that s = 1. All vertices of px(w) but vy and vy, have strictly
negative height. It follows that oy = —ay, for we have w = 1 in Z{Z by hypothesis. Since

we also have ¢y = —1 and ¢, = 1 by construction, we get
ab™®wb™a ! = b1 a2p22 . . @b =
r

Since the path px(w’) is strictly shorter than px(w), we may apply the induction hypoth-
esis to w’ and we obtain w’ = 1, hence w =1, in I.

The case s = 2 is impossible, for it would imply that the path px(w) turns back at vy, ,
which is incompatible with case (2).

From now on, we suppose s > 3. There exists some i in {1,...,s— 2} such that one has

Uk, = Uk,,, (think at the vy, which is at most far from vy). We set

w¥ = qfRitIpYki+1 L ki1 p PR —1 g F ki

(it is a subword of w). Let us now fix a sequence (&,), of nonzero integers such that
|&0| — 00 and &, — & in Z,,. Then, we consider the morphisms v, : BS(m,§,) — Aff(R)
given by 1, (a)(z) = £ and ¢, (b)(z) = 2+1. The word w* stabilizing vy by construction,
we get w* = b in BS(m,&,), which implies ¥, (w*) = x + A, (with \, € Z), for n large

enough. In the other hand, seeing the word w* itself, we get
kit1—1 £ h(v;)
M= D0 (a)
Jj=ki+1
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for those values of n. Then, taking absolute values, this gives

kiy1—1 h(vj;) kiy1—1
m
e Sl (2) 1< Y el
Jj=k;+1 j=k;+1

It follows that |A,| < 1 holds for n large enough, since |&,| tends to co. For those values
of n, we get w* = b° = 1in BS(m,&,). Consequently, we get w* = 1 in BS(m,€).

By construction (we use the assumption ¢ € {1,...,s — 2}), the path px(w*) is strictly
shorter than py(w), so that we apply the induction hypothesis to w* and get w* = 1 in

I'. Erasing, w* in w, one gets
W= 1w = bMagfrp™ . .. g%k p¥hi T ki1 gfRip1H LY+ L gfepe
r

Applying the induction hypothesis to w’, we get w =1 in T a
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