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Abstract

We consider strict and complete nearly Kihler manifolds with the canonical Hermitian connec-
tion. The holonomy representation of the canonical Hermitian connection is studied. We show
that a strict and complete nearly Kéahler is locally a Riemannian product of homogenous nearly
Kahler spaces, twistor spaces over quaternionic Kihler manifolds and 6-dimensional nearly Kahler
manifolds. As an application we obtain structure results for totally geodesic Riemannian foliations
admitting a compatible K&hler structure. Finally, we obtain a classification result for the homoge-
nous case, reducing a conjecture of Gray to its 6-dimensional form.
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1 Introduction

Given an oriented Riemannian manifold (M", g) a fundamental piece of data is en-
coded in his holonomy group, to be denoted by Hol(M, g). Indeed, the condition that
Hol(M, g) be different from SO(n) has strong geometric implications at the level of
the geometric structure supported by M (see [29] for an account). The search for
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new geometric structures supporting (for example) Einstein metrics motivated the
introduction by A. Gray of the concept of weak holonomy [11]. However, in the case
when the weak holonomy group of a manifold acts transitvely on its unit bundle it
was shown [11] that only three groups, namely

U(n), Gy and Spin(9)

can potentially produce new geometric structures. This is certainly the case for weak
holonomy G5 (see [7]), where many homogenous examples were constructed. Also,
it is now known that every 7 dimensional 3-sasakian manifold carry a metric with
weak holonomy G9 and, furthermore, there no scarcity of such manifolds (see [3]).
Very recentely, the case of Spin(9) was undertaken by Friedrich [8]. In this paper
we will be concerned with the study of manifolds with weak holonomy U(n). These
manifolds are called nearly Kahler and also appear as one of the sixteen classes of
almost Hermitian manifolds [14]. Many properties of this class of manifolds are now
known (see [10, 12, 13]). Note the 6-dimensional case stands out because of the
existence of Killing spinors (fact that is in this dimension equivalent to being nearly
Kéhler [15]) and because of carrying Einstein metrics.

Nearly Kéhler manifolds can also be caractherized as almost Hermitian manifolds
admitting a metric Hermitian connection whose torsion is parallel and totally skew.
From this point of view they are interesting in theoretical physics [9]. Manifolds car-
rying a connection with totally skew-symmetric, parallel, torsion were use by Cleyton
[4], as a point of departure to propose a framework somewhat parallel to weak holon-
omy, formulated in terms of G-structures (see [33] for a brief account). He obtained
classification results for these structures under irreducibility (mainly) and other alge-
braic assumptions.

The main result of our paper is a classification result of nearly Kihler manifolds,
which is as follows.

Theorem 1.1 Let (M?*,g,J) be a strict and complete nearly Kdihler manifold. Then
M 1is a Riemannian product whose factors belong to at least one of the following three
classes :

- 6 dimensional nearly Kdhler manifolds ;

- homogenous nearly Kdhler spaces of type LILIII or IV;

- tunstor spaces over quaternionic Kdhler manifolds with positive scalar curvature,
endowed with the canonical nearly Kdhler metric

The homogenous spaces of type I and II and described in sections 2 and 3 and those
of types III and IV in sections 5 and 6. The latter are generalized ”twistor spaces
"7 that is Riemannian submersions whose (totally geodesic) fibers are compact and
simply connected Hermitian symmetric spaces and whose base spaces are compact
and simply connected symmetric spaces.

Hence, weak holonomy U(n) does not produce any new geometric structure, except
possibly in real dimension 6. But even in this case, the only known examples are
homogenous.

The proof of our theorem goes as follows. In view of the results of [4] we are mainly
concerned with the case when the holonomy of the canonical Hermitian connection



is reducible. Then, our point of departure is to show that one can suppose that the
holonomy representation is of special algebraic type, that is it has strong algebraic
properties related to the torsion tensor of the Hermitian connection. This will be done
in section 3. In the case of special algebraic torsion, we show in section 4 that the
manifold M is the total space of a fibration whose (totally geodesic ) fibers are com-
pact and simply connected Hermitian symmetric spaces. It turns out that for such
fibrations we can prove an analogue of the DeRham decomposition theorem, in the
sense the one can always suppose that the fiber and the base space are irreducible, in
the usual Riemannian sense. After develloping some facts related to the Ricci tensor
in section 5 we finally prove the classification result in section 6. It reposes on the
observation that the torsion tensor points out in a nice way to the Riemannian holon-
omy group of the base manifold, hence allowing the use of the Berger classification
theorem.

As a corollary of theorem 1.1 we show how one can use the classification of nearly
Kéhler manifolds in order to study geometric structures on Kahler manifolds.It was
known for a long time that that a K&hler submersion has integrable and totally
geodesic horizontal distribution, hence zero curvature [35, 17]. The same conclu-
sion holds for nearly Kahler and almost Kéahler submersions [6]. In twistor theory,
one search for a non-holomorphic fibration whose total space and fibers are complex
manifolds. A reasonable way to see this objets arise is from Riemannian foliations.
Unfortunately, the following result shows that it cannot happen in the presence of a
Kahler metric, except for a few special cases.

Theorem 1.2 Let (M,g,J) be a simply connected Kihler manifold supporting a foli-
ation F such that (M, g, F) becomes a totally geodesic Riemannian foliation. If the
leaves of F are complex manifolds then (M, g) is a Riemannian product whose factors
belong to one the following three classes :

- twistor spaces over quaternionic Kdahler manifolds of positive scalar curvature ;

- compact homogenous Kahler manifolds corresponding to nearly Kdhler manifolds of
types III and IV;

- Kdhler manifolds.

Furthermore, the foliation F is obtained in a canonical way from the above decompo-
sition.

This is not a very surprising result, as geometric structures on Kahler manifolds
are rather rare. As an example which parallels theorem 1.2 we cite the result that
a complex contact manifold with a Kahler-Einstein metric is the twistor space of a
quaternionic Kdhler manifold of positive sectional curvature [19]. The main ingredient
of the proof of the theorem 1.2, given in section 7, is the observation that Kahler
manifolds admitting a Riemannian foliation as above have a canonical nearly Kahler
metric. Next we use the results leading to the proof of theorem 1.1.

Finally, in section 8 we study homogenenous nearly Kahler manifolds using the-
orem 1.1. A classification result involving the previously defined spaces of type
I,II,III 1V is obtained. As a consequence, we recover by geometric means the
classification of naturally reductive Riemannian 3-symmetric spaces, which was ob-
tained in his general form in [12] using Lie theory. We are also able to reduce Gray’s



conjecture relating to nearly Kahler homogenenous spaces to its 6-dimensional ver-
sion.

The author wishes to thank A.Swann for usefull discussions during the preparation
of this work and also A. Valette for explanations on representation theory.

2 Preliminaries

A nearly Kihler manifold is an almost hermitian manifold (M?", g, J) such that
(VxJ)X =0

for every vector field X on M (here V denotes the Levi-Civita connection associated
to metric g). It is called strict if VxJ # 0 whenever X € TM, X # 0.

Recall that the tensor VJ has a number of important algebraic properties that
can be summarized as follows : the tensors A and B defined for X,Y, Z in TM by
AX,Y,Z) =< (VxJ)Y,Z >and B(X,Y,Z) =< (VxJ)Y, JZ > are skew-symmetric
and have type (0,3) + (3,0) as real 3-forms. Another object of particular importance
is the canonical hermitian connection defined by

- 1
VxV = VxY + o (VxJ)JY.

It is easy to see that V is the unique Hermitian connection on M with totally
skew-symmetric torsion (see for example [9]). Note that the torsion of V given by
T(X,Y) = (VxJ)JY vanishes iff (M, g, J) is a Kéhler manifold.

Let us define ® € A3(M) by ®(X,Y, Z) =< (VxJ)Y,Z > whenever X,Y, Z are in
TM. A fact of crucial importance for us will be that the form ® is parallel by respect
to the canonical Hermitian connection, that is :

2.1 Vo =0.
This can be deduced from the V parallelism of the tensor VJ which was proven in
[1]. This particularly implies that the holonomy group of V is contained at each point

in the U(n)-stabiliser of the three form ®. The following decomposition result shows
that one can restrict attention to strict nearly Kdhler manifolds.

Proposition 2.1 [22] Let (M, g, J) be a complete and simply connected nearly Kdhler
manifold. Then M is a Riemannian product My X My where My and My are Kdhler
respectively strict nearly Kdahler manifolds.

We discuss now briefly some properties of the Ricci tensor of nearly Kahler mani-

folds. Recall that it was shown in [22] that if (M, g, J) is complete then it has positive
Ricci curvature. The Ricci-x curvature is defined by :

2n

1
Ric*(X,Y) = 5 Y R(X,JY,e;, Je;)
i=1

where R is the curvature tensor of (M, g) and {ei,...,es,} a local frame field. The
difference of the Ricci and Ricci-x curvature tensors, to be denoted by r, is given by



the formula (see [13]) :

2n
<rX,Y >=) " < (Ve )X, (Ve )Y > .

=1

Then r is symmetric, positive and commutes with J; furthermore we have Vr = 0
(see [22]). Tt is well known [13] that if the tensor 7 has a single eigenvalue then (M, g)
is an Einstein manifold and furthermore the first Chern class of (M, J) vanishes.

From now on we will work with a strict and complete nearly Kahler manifold
(M?*",g,J). The torsion tensor of the canonical Hermitian connection can be used to
defined a vector product on 7'M by setting

XeY =T(X,Y)

whenever XY belong to T'M. The algebraic properties of the torsion tensor T'
tranlate into analogous ones for the previous defined vector product. If V.W are
distributions of 7'M we will usually denote by V e W the linear span of {z ey : z €
V,y e W}.

Let us recall that the first Chern class of (M, JJ) is represented by the closed 2-form
v defined by 8771 (X,Y) =< CX,JY > for all X,Y in TM. Here C denotes the
symmetric endomorphism Ric —5Ric*. It was has been proven in [22] that the tensor
C is V-parallel. As v, is a closed form we obtain easily

2.2 —C(XeY)=Xe(CY+CXeY
for all X and Y in T'M.

Remark 2.1 A basic fact about C is that if E; and E; are eigenspaces of C' with
corresponding eigenvalues \; and \; then —(\;+X;) is an eigenvalue of C if E;0E; # 0.

Proposition 2.2 Suppose that M s simply connected. If C' has a single eigenvalue
then it splits as a Riemannian product whose factors are strict nearly Kdhler manifolds
such that their corresponding tensors C' and r have ezxactly one eigenvalue.

Proof :

For the inverse implication see [13]. Let us suppose now that C has a single eigenvalue.
Then C = 0 by (3.1) and more, Ric = 3r. We recall now the expression of the Ricci
curvature of (M, g) we obtained in [22]. If V;,1 < i < p are the eigenspaces of r
corresponding to the eigenvalue \; then

p
2.3 Ric(X,Y) =2 < X,V > +L > A, < r(X),Y >
Y s=1

where the tensors 7°,1 < s < p are defined by < r*(X),Y >= —Try,(VxJ)(VyJ).
Let us now suppose that the eigenvalues of r are ordered as follows: 0 < A; < ... < A,.

p p
Then, on V, we must have )\, = /\i > Ar®. As r = ) r® this implies easily that
P =1 s=1

p—1
7 =0,1<s<p-—1onV,. In other words, V, e H = 0 where H = @ V; and it
s=1

follows that V, eV, C V, and H e H C H. Hence, the distributions V}, and H are



V-parallel, thus by DeRham’s decomposition theorem M is a Riemannian product
My x M,. It easy to show that M, M, are strict nearly Kahler manifolds and M;
has the property that the corresponding tensors r and C' have exactly one eigenvalue.
Now we aplly the same procedure to the manifold M, and we conclude by induction
[ |

Remark 2.2 (i) Note that a result analogous to proposition 2.1 was already proven
by different means in [34] under the assumptions of Riemannian irreducibility and
constant scalar curvature. Note that the latter is now known to hold for all strict
nearly Kdhler manifolds. By the work in [31], proposition 2.1 continues to hols if we
replace the vanishing of the Chern form with the vanishing of the Chern class.

(i1) Manifolds with C = 0 and r with a single eigenvalue are automatically Finstein.

In the rest of this section we will set up some facts concerning the holonomy represen-
tation of the canonical Hermitian connection. We begin with the following elementary
result in representation theory. We also include its proof as we were unable to find it
in the litterature.

Lemma 2.1 Let (V*",g,J) a real vector space equipped with a scalar product g and
a compatible complex structure J. Let VC the complex vector space obtained from V
by defining the complex multiplication to be i.v = Jv. Let m be a real representation
of a group G on V respecting the inner product and the complex structure. Let €
be the complex representation of G on VC induced by 7. If it is irreducible then the
following possibilities may occur :

(i) 7 is irreducible;

(i) there exists an irreducible G-submodule of V', to be denoted by V, such that V =
V& JV, a orthogonal direct sum.

Proof :

If 7 is irreducible then we are in the case of (i). Suppose now that the representation
of G on V is real reducible. Let V be a proper invariant subspace. Then YV N JV is
preserved by J and G-invariant so it follows that ¥ N JV = 0. The same argument
gives us that we have the direct sum decomposition V =V @ JV. We will show now
that the representation of G on V is irreducible. Indeed, if £ C V is non-zero G
module then as before ENJE =0and £ ® JE =V, hence E and V have the same
dimension and thus £ = V. It remains to show that the sum V & JV is orthogonal.
Using Riesz’s representation theorem we obtain the existence of a skew-symmetric
endomorphism of V,,, to be denoted by F', such that :

<v,Jw >=< Fv,w > for all v,w in V.

Of course, F' must be G-invariant. We extend F' to a endomorphism f of V', by setting
f(Jv) = J(Fv) for all v in V. Obviously this is complex linear and G-invariant, so
using the irreducibility of V¢ and Schur’s lemma we obtain that f = z1,c for some
complex number z. The definition of f and the skew-symmetry of F' imply now the
vanishing of /'l

Before applying this to our geometric context let us recall the following important
result.



Theorem 2.1 [/] Let (M™, g) be a simply connected Riemannian manifold equipped
with a metric connexion V' whose torsion tensor, to be denoted by T is V'-parallel
and totally skew. If the Lie algebra of the stabiliser of T in so(n) acts irreducibly on
some tangent space, then M is a homogenous space with irreducible isotropy unless
Stabsom)T equals Gy or SU(3) acting as usually on R” and R® respectively.

Remark 2.3 The two exceptions in theorem 2.1 are weak holonomy structures, pre-
cisely nearly parallel Go and siz dimensional nearly Kdahler manifolds. The basic in-
gredient for the proof of the previous result is a structure theorem for the space of
algebraic curvature tensors of a Lie algebra preserving a three form. The homogenous
structure on M is obtained by proving that V' is an Ambrose-Singer connexion, that
is V'R = 0. Also, it would be interesting to have a differential geometric proof of this
result.

This remark motivates the setting, in the nearly Kahler case of the following definition.

Definition 2.1 A strict nearly Kdihler manifold (M®*,g,J) with n > 4 is said ho-
mogenous of type I if the holonomy representation of the canonical Hermitian con-
nection s real irreducible.

By the previous discussion, V is a Ambrose-Singer connexion and moreover, M is
isotropy irreducible. We can now use the previous preliminaries in order to distinguish
nearly Kédhler manifolds by holonomic means, as follows.

Proposition 2.3 Let (M?", g, J) a strict, complete and simply connected nearly Kdhler
manifold. Then the following possibilities may occur :

(i) M is homogenous of type I, unless M is of dimension 6 ;

(ii) we have a V-parallel, orthogonal, decomposition TM =V & H with H = JV ;
(1i) the holonomy representation of the canonical Hermitian connection is complex
reducible.

Proof :
We use that the torsion of canonical Hermitian connection is parallel and totally skew.
In particular, this implies that if the holonomy representation of V is real irreducible
then the same is true for representation of the so(2n)-stabilizer of the three form &.
We conclude by lemma 2.1 and theorem 2.1 W

Notice the difference with the classical Riemannian case, where there is no scarcity
of holonomy irreducible structures. We mention apart the coresponding version of
proposition 2.3 in six dimensions. We set first the following

Definition 2.2 Let (M, g, J) be a 6-dimensional nearly Kéhler manifold. It is called
Hermitian irreducible if the holonomy representation of the canonical Hermitian con-
nexion is irreducible in the real sense (and hence the Hermitian holonomy equals

SU(3)).

Corollary 2.1 Let (M,g,J) be a complete and simply connected nearly Kdhler 6-
fold. The following cases may occur :

(i) (M, g,J) has irreducible Hermitian holonomy;

(ii) we have a V-parallel, orthogonal, decomposition TM =V & H with H = JV ;



(iii) (M,g,J) is one of the spaces PC3,F® equipped with its canonical nearly Kdihler
metric.

Proof :
Follows immediately from proposition 2.3 and [1] (see also [22]) B

Thus, in order to achieve the classification of strict nearly Kahler manifolds it
remains to treat the cases when the holonomy representation of the canonical Her-
mitian connection is reducible, first in the real sense precised at the point (ii) of the
proposition 2.2 and next in the general complex sense. Of course, the problem of
classifying Hermitian irreducible nearly Kéhler 6-folds remains open.

3 Curvature properties and reducibility

In this section we will consider a strict NK-manifold (M?*", g, J) which is reducible
in the (real) Hermitian sense, that is the tangent bundle of M admits a V-parallel,

orthogonal, decomposition :
TM =V & H.

In the first part of this section we will show that it is always possible to suppose that
the previous decomposition is of special type, that is Ve) C V. This will be done by
a carefull examination of the curvature tensor of the canonical Hermitian connection,
to be denoted by R. We need first some preliminaries.

Lemma 3.1 Let X be in H,Y inTM and V,W wn V. We have :

R(X,Y,V,W) =< [VyJ, Vg JIX,Y > — < (Vx )Y, (Vy )W > .

Proof :
Let us recall the relation (see [13] page 237) :

R(X,Y,Z,T)=R(X,Y,Z,T) — 5 < (VxJ)Y,(VzJ)T > +
U< (Vxd)Z, (Vy )T > — < (Vx )T, (VyJ) Z >].
It follows by the first Bianchi identity that
R(X,Y,Vi,V3) + R(Y, Vi, X, V) + R(VA, X, Y, V&) = 0.
Or R(Y, Vi, X, V,) = 0 so by (4.1) we get
R(Y, Vi, X, Va) = 5 < (VyJ)V4, (VxJ)Va >
—H< (Vv DX, (T Vo > = < (Ve d)Va, (Vi )X >].

3.1

In the same manner we obtain an analogous formula for R(V;, X,Y, ;) and the result
follows easily l

Corollary 3.1 Under the conditions of (ii) in proposition 2.2 we have that (M, g, J)
s a homogenous nearly Kahler manifold.

Proof :
Let V;,1 <7 <4 be in V. Then using lemma 3.1 we get

8



3.2 R(‘/I: ‘/2: J‘/E’n J‘/;l) =< [Vvl‘]a VVQJ]‘/}H ‘/;1 >+ < (Vvlj)‘/Qa (VV3J)V21 >
Using now that R(Vi,Va, JVs, JVi) = R(Vi, Ve, V3, Vi) = R(JV4, IV, JV3, JVy) it
follows that (3.2) completely determines the curvature R on 7M. We recall now that

V(VJ) =0, a fact proven in [1], which is equivalent to
3.3 Vu((VxJ)Y) = (VxJ)VuX + (Vg, xJ)Y
whenever U, X,Y are in TM. Thus, derivating formulas of type (3.2) we get easily

that V R = 0, hence V is an Ambrose-Singer connection. As M is simply connected,
we have that (M, g, J) is an homogenous nearly Kéhler manifold (see [27]) B

It is convenient to distinguish now a second class of homogenous nearly Kahler
manifolds as follows.

Definition 3.1 A simply connnected, strict, nearly Kdhler manifold is homogenous
of type II iff the holonomy representation of V on TS (M) is complex irreducible and
satisfies the conditions of (ii) in proposition 2.3.

Remark 3.1 A typical example of nearly Kdhler manifold of type II is provided by
products G x G where G is a compact Lie group without center (see [12]). However,
it is not straightforward to see that these examples exhausts our class of spaces. This
problem is studied in [23].

Hence, when the holonomy represention of the canonical Hermitian connexion is com-
plex irreducible, (M, g, J) is a isotropy irreducible, homogenous nearly Kéhler space
or homogenous of type I, unless it is six -dimensional. Therefore, it remains to under-
stand the complex reducible case. In this situation, using parallel transport we get
case a V-parallel decomposition TM = V @ H which is stable by J. For this reason,
all the distributions we will consider from now on will be preserved by .J.

Now, let us state and prove the following important consequence of the lemma 4.1.

Corollary 3.2 Let X,Y be in H and V,W be in V respectively. Then :

(1) (VxJ) (Vv )W =0;

(i) (VxJ)(VyJ)Z belongs to H whenever Z belongs to H;

(111) (VyJ)(VwJ)X belongs to H;

(v) (VxJ)(VyJ)V belongs to V.

Proof :

(i) We use that R(JX,JZ,V,W) = R(X,Z,V,W) for all Z in TM, lemma 3.1 and
the algebraic properties of the tensor VJ (see Section 2).

(i) Reversing the roles of V and H we obtain that (VyJ)(VxJ)Y = 0 for all X,V
in H and V in V. Taking the scalar with Z in H gives now the result.

(iii) We choose Y = V; where V; belongs to V in lemma 3.1. Since R(X,V;,V,W) =0
we get by (i) that [V J, Vi J]X belongs to H. But [VyJ, VywJ|JX = ={VyJ,VwJ}X
is equally in H and the result follows.

(iv) It suffices to interchange the roles of the distributions V and H B

We can now show the following result which mainly asserts that the tangent bundle
of a reducible nearly Kahler manifold contains a integrable distribution.

9



Proposition 3.1 Let (M?",g,J) be a complete, strict nearly Kihler manifold and let
us suppose that M is reducible and simply connected. Then M splits as a Riemannian
product Z x N where Z and N are complete and strict nearly Kdhler manifolds and the
tangent bundle of N contains a proper NV -parallel distribution with V with V eV = 0.

Proof :

We will show first that one can find a V-parallel distribution ¥ in TM such that
VeV C V. Indeed, the reducibility of M implies the existence of a V-parallel
decomposition M = E® F'. Let Fj be the distribution generated by elements of the
form (vew)y where v, w belong to E and the subscript denotes orthogonal projection
on F. Using corollary 3.2, (i) we get

(ij)(VYJ)(U ow)E + (VxJ)(Vyj)(UO w)p =0

whenever X, Y are in F'. But the first term of this sum belongs to E by corollary 3.2,
(iv) while the second is in F' by corollary 3.2, (ii). It follows that each term of the
previous sum vanishes and this implies easily that F' e Fy = 0. As Fj is contained in
F we get that Fy e Fy = 0. Obviously, Fy is V-parallel (one uses (3.3)) hence we may
take V = Fy when Fy # 0. If Fy then F'e¢ E C E and we set V = F.

Therefore, let us consider a V-parallel decomposition TM = V & H, such that
VeV C V. Let ry : V — V be the tensor defined by < m V,W >= —Try(VyJ)(Vw J)
for all VW in V. Then r; is parallel with respect to the unitary connection induced
by V in the bundle V thus we have the decomposition V = V, @V, with Vy = Ker(r;)
and V; the orthogonal complement of V, in V. Since the corollary 3.2, (i) implies that
(VxJ)riW =0 for all X in H and W in V it follows that H eV, = 0. Thus, we have
the V parallel decomposition

TM =V, & H,

where H; =V, @ H. Since the very definition of V, implies that )V e}, = 0 it is now
easy to establish that H, e H; C H{,V,e); C V; and V; e H; = 0. It follows that the

distributions V; and H; are in fact V-parallel and we conclude by the decomposition
theorem of de Rham M

Remark 3.2 In the case when C # 0 (see section 2 for definitions) proposition 8.1
can be given a simple algebraic proof. Let A\;;1 < i < p be the (pairwise distinct)
eigenvalues of C' ordered such that (M| < ...|\|. If E;,1 < i < p are the correspond-
ing eigenspaces using the remark 2.1 it follows that E, e E, = 0.

Nevertheless, in the case when C' = 0 (which implies that M is Finstein) the geometric
arguments of the proof of the proposition 3.1 are needed.

We will show now that the class of nearly Kéhler manifolds apearing in the second
part of proposition 4.3 leads to another class introduced by the following definition.

Definition 3.2 Let (M?",g,J) be a strict and complete nearly Kahler manifold. It
1s said to have special algebraic torsion if there exists a V-parallel decomposition
TM =YV ®H withVeVY=0and He H =Y.

Remark 3.3 A strict nearly Kihler manifold (M,g,J) admitting a V-parallel decom-
position TM =V @& H where VeV =0 et He HCYV is of special algebraic type. To
see this, let us set Vo = H ® H and let V; be the orthogonal complement of Vy in V.

10



By the definition of Vi we must have V; « H = 0 hence V; @« TM =0 as Vo) = 0.
The fact that M 1is strict implies now that V1 = 0, thus H e H =Y. Using a similar
argument one can also prove that V e H = H.

Proposition 3.2 Let (M?",g,.J) be a nearly Kdihler manifold equipped with a V-
parallel distribution V' satisfaying V ¢V = 0. If M is simply connected, it splits as a
Riemannian product Z x N where both factors are strict nearly Kdhler manifolds and
N has special algebraic torsion.

Proof :

Set Hy =V e H which is obviously contained in H. If H; is the orthogonal comple-
ment of Hy in H we get a J invariant, V-parallel decomposition H = Hy @ H,;. Then
Ve Hy C Hyand Ve H; C Hy by the definition of Hy. But then ) e H; is orthogonal
to Hp hence V @ H; = 0. Using corollary 3.2, (iii) we obtain that H ¢ Hy C V and
since }V @ H; = 0 we must have Hye H; = 0. So Hy e Hy C V and it is now easy to
see that H; @ H; C H;. Hence the decomposition TM = E, & E, is V-parallel with
E, e B, C E;;1 = 1,2, F; e F5, and we conclude using the de Rham decomposition
theorem and the previous remark W

The results of this section leads easily to the following theorem, a first analogue of
the DeRham decomposition theorem for nearly Kahler manifolds. It classifies strict
nearly Kédhler manifolds up to those having special algebraic torsion.

Theorem 3.1 Let (M?", g, J) be a complete, simply connected and strict nearly Kihler
manifold. Then M decomposes as Riemannian product whose factors belong to at least
one of the following three classes of strict nearly Kahler manifolds :

-homogenous spaces of type I and II;

-6-dimensional manifolds;

-manifolds with special algebraic torsion.

4 Special algebraic torsion

Let (M, g,J) be nearly Kihler with special algebraic torsion. Thus, we have a V-
parallel decomposition TM =V @& H with VeV =0 and H e H = ). Our first
observation is that V being V-parallel with V ¢ V = 0 it is integrable. We would
like to establish that V induces on M the structure of a fibration, with base space a
smooth manifold. In order to do so we first prove the following result, showing that
the torsion tensor of the canonical Hermitian connection completely determines the

curvature in the V-direction.
Proposition 4.1 Let X,Y be in H and V1, V5,V3 in' V. Then :

4.1 R(VxJ)JY, Vi, Vo, Va) =< JY, [V J, [V, J, Vip I X > .
Moreover, we have VyR(V4, Va, Vs, Vi) = 0.

11



Proof :
Using the second Bianchi identity for the Hermitian connection V (see [21]) we obtain

(vXR)(Ya ‘/la ‘/2a ‘/3) + (VYR)(‘/I,Xa ‘/2a ‘/3) + (VVIE)(X, K ‘/25 Vv3)+

Since the distributions V and H are V-parallel we get (VxR)(Y, Vi, Va, V3) =
(VyR)(V1, X, Vs, V3) = 0 and using lemma 3.1 and (3.3) it can be seen that the term
(Vv R)(X,Y, Vs, V) also vanishes. Now, we compute the last two curvature terms in
the Bianchi identity using lemma 3.1 and the corollary 3.1, (i) and the result follows
by calculus. Let us prove now the second assertion. We first remark that formula
(4.1) can be given the form :

4.2 (VxJ)R(V1, Vo)V = [V, J, [V J, Vi, ]| X
Derivating this in the direction U in T M, we get using (3.3) that

< (ij) VUE(M,%,%) Y >=0

and we conclude using the special algebraic torsion assumptions, and the strictness
of M I

As H e H =V it follows that the restriction of the tensor R to the distribution V
is completely determined by the formula (4.1). We can now prove the following.

Proposition 4.2 There ezists a Riemannian manifold (N, h) and a Riemannian sub-
mersion with totally geodesic fibers w : M — N whose vertical distribution equals ).
With respect to the induced metric and almost complexr structures, each fiber is a
stmply connected, compact, Hermitian symmetric space.

Proof :

Consider the foliation induced by the distribution V. One can easily show that V
is totally geodesic hence we obtain by the second part of the proposition 4.1 that
each leaf is a He/rlllitian symmetric space. We now look at the Ricci curvature of
the leaves. Let Ric : V — )V be the Ricci curvature in the vertical direction. We
consider V be in V with V' # 0 and let {e;} be a local orthonormal basis in V. Taking
Vi=V3=-¢e;, Vo=V in (4.2), we obtain after taking the trace over H that :

r(Ric(V),V) =2 (Vv (Ve DI > 0

e; €V

(here, we considered that the norm of the linear operator A on T'M is given by
|A||> = Tr(AA*)). Now the tensor r preserves V and its restriction to V' is V-parallel
with strictly positive eigenvalues. It follows then easily that each leaf has positive
Ricci curvature and we use a result of [20] to obtain that the leaves are compact and
simply connected. The simple connectivity of the leaves implies that the foliation
has trivial leaf holonomy, so using the criterion from [32], page 90, we get a smooth
fibration w : M — N. The metric part of our statement is a standard one, which is

12



left to the reader W

We will refer to the fibration 7 : M — N as the canonical fibration of the nearly
Kéhler manifold with special algebraic torsion M. Its generic fiber will be denoted
by F. We are now going to prove that the standard de Rham decomposition of the
fiber induces a splitting at the level of the canonical fibration.

Theorem 4.1 Let (M, g,J) be a nearly Kdihler manifold with special algebraic tor-
ston. Then M is a Riemannian product

My x My x ... x M,

where each M;,1 < i < q, is a nearly Kdhler manifold with special algebraic torsion
and such that the canonical fibration has irreducible fiber.

Proof :

If the fiber F' is irreducible there is nothing to prove. Otherwise it decomposes as
F| x F;, and using parallel transport we obtain a V-parallel decomposition ¥V = V, @ V;.
Hence R((VxJ)Y,V,V1,V,) =0forall X,Y in H,V inV and V; in V* i = 1, 2. Using
(4.1) we obtain

4.3 Vv, [V, J, Vy,J]] = 0.

Taking V =V, we get :
(Vi 1) (Vi) + (Vi J) (Vs J)* = 2(Vis ) (Vi ) (Vg J).

We change V5 in JV, in the previous relation and we use that (V,J) = (V,J)J.
We get
(VD) (Vip D) + (Vi ) (Vi J)? = =2(Vy, J) Vi, J) (Vg J)

hence we must have
(Vi D)2 (Vi J) + (Vi J) (Vi J)? = (Vi J) (Vi ) (Vi J) = 0.

This implies that (Vy,J)*(Vy,) = 0 and since —(Vy,J)? is a nonnegative operator
we have that (Vy;J)?(Vy,J) = 0. We equally have (Vy,J)(Vy,J)?> = 0. It follows
that

(Vi) (Vi D)X = [[(Vv I)(Vip D) X[ =0
for all X in H, that is
4.4 (VieJ) (Vi J)) = (Vi J)(VipJ)) = 0
whenever V; and V5 belong to V; and V, respectively. We define now the subspaces
H' and H? of H by

H =V'eH, i=1,2.

Using (4.4) and the fact that V ¢ H = H (see remark 3.2) we easily obtain that
H = H' @ H?. After standard manipulations it follows that V! ¢ H? = V2 ¢ H! =
H' e H? = 0 and further that V' e H* = H! H'e H* = V' for i = 1,2. We are
going to show now that the four distributions Vi, V,, H', H? are V-parallel. Using
that V' ¢ H! = H! and (3.3) we establish that H' is V-parallel. For the parallelism
of V! we use that H'! @ H' = V! and the remaining cases are analogous. Now, the
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distributions E; = V' @ H' i = 1,2 are V-parallel. Since E; @ E; C E;,i = 1,2 and
FE, e E; = 0 they are in fact V-parallel and we conclude by the de Rham’s theorem,
as M is simply connected B

We can therefore admit without loss of generality that the fiber F' of the canonical
fibration is an irreducible Riemannian manifold. This assumption is to be made in
the rest of the present section.

Let us define a tensor R : H x H — End_(H) by

R(Xa Y) = R(X7 Y) + V(VXJ)Y

for all X,Y in H. Now, if X* denotes the horizontal lift of the vector field X of N,
using standard computations from [2], page 241, we get
4.5 R(X*,Y*)Z* = (RMX,Y)Z)*

whenever X, Y, Z are vector fields on N (here R" denotes the curvature tensor of N).

Lemma 4.1 We have
D Rei, (Vvd)e) = Vo d
e, €H

for all V in'V and all orthonormal basis {e;} of H.

Proof :
We compute the given sum using the base {Je;} and we take into account that

R(JX,JY)= R(X,Y) whenever X,Y belong to H R

Theorem 4.2 The Riemannian manifold (N, h) is irreducible.

Proof :

If (M, h) wasn’t irreducible its tangent bundle admitted a decomposition TN = E; &
E, parallel with respect of the Levi-Civita connection of &, to be denoted by V. We
obviously have H = H; & H, where

H;,={veH: (dr)v € E;}

for i = 1,2. Now, the operator R"(X,Y) preserves E; and E, for all X,Y in TN.
It follows by (4.5) that R(X,Y") preserves H; and H, whenever X and Y are in H.
Hence lemma 4.2 easily implies that V e H; C H; for i = 1, 2. It follows that H; e Hy
and V are orthogonal but the fact that H, e Hy CV gives that H, ¢ Hy = 0. We get
a decomposition
TM =V & H,

where V' = V' @ H;. This decomposition satisfies V' eV’ C V' and Hye Hy C V'. Let
us show now that it is also V-parallel.

As Vx.Y* = (VxY)* for all X,Y in TN it follows that VxY belongs to H;
whenever X is in H and Y is in H;,i = 1,2. It remains to see that VX belongs to
H; whenever X is in H;, V isin V and ¢ = 1,2. Indeed if X is in E; we know that
[V, X*]is in V so by the parallelism of H is follows that Vy, X* = —(Vy.J)JX* which
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is belonging to H; as we already shown that V e H; C H,. Thus, H; is V-parallel
and of course the same holds for H,.
Hence we may apply corollary 3.2, (i) for the distribution V' and we get

(VxJ)(Vy )W =0

for V,Win V' and X in H,. If we set V' = H;e H;,i = 1,2 it follows that V' e H, = 0.
Applying the same reasoning to the decomposition TM = V" & H, where V' = V& H,
we get V2 @ H; = 0. It is now routine to verify that V! and V? are orthogonal thus
Y = V'@ V% Since V', i = 1,2 are V-parallel (one uses the formula 3.3) by the
irreducibility of V we must have, say V! = 0. But this would imply H, eV = 0 and
further H; e TM = 0 a contradiction, since (M, g, J) is strict B

To summarize the results of this section, nearly Kahler manifolds with special
algebraic torsion have the property that up to Riemannian products of the total
space, the fiber (a compact, simply connected, Hermitian symmetric space) and the
base space of the canonical fibration are irreducible Riemannian manifolds.

5 Metric properties

In this section we will consider (M?™, g, J) a strict nearly Kahler manifold with special
algebraic torsion and decomposition TM =V @ H. We also suppose that the fiber of
the canonical fibration is irreducible. Let us define a tensor F': H — H by

F==3 (V)

e; €V

where {e;} is a local orthonormal frame in V. Our main objective will be to determine
the maximal number of eigenvalues of the tensor F'. This will be used for the final
classification result in the next section. This will also separate the nearly Kahler
manifolds with special algebraic torsion in two classes. Then, as C is V-parallel there
exists a real constant A such that C'= X on V. We have :

Proposition 5.1 The tensor C' has at most three eigenvalues.

Proof :

We know that —C'(VeX) =VeCX+CVeX forallVinV and X in H (see section 2).
As V is an eigenspace of C' with eigenvalue A this implies that S(VeX)+VeSX =0
whenever V, X are in V and H respectively, where S = C’—i—% = 7‘—,u+% on H. Let us
denote by L the projection of the Lie derivative £y on H. Taking into account that
52 is V-parallel it follows using the above algebraic property of S that £L£S52 = 0 for
all V in V. It is now an elementary exercise to see that S? projects on to a V?-parallel
endomorphism of N which has to be a multiple of identity by the irreducibility of IV,
hence proving our assertion B

Using the fact that H e H C V it is straightforward to show that rjz = 2F. Hence
when C' has a single eigenvalue, that is C' = 0 it follows also that F' has a single
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eigenvalue. We concentrate now on the cases when C has two or three eigenvalues.
We will need several preliminary results.

Lemma 5.1 We have :

(i)

5.1 Ric((VxJ)Y,V) = 1r(V,(VxJ)Y)+ <Y, F(VeX)+VeFX >
whenever X,Y are in H and V s in V.

(ii) The base manifold (N, h) is Einstein with Finstein constant p > 0 and further-
more

5.2 Ric+ 75 =p

on H .

Proof :

(i) is an immediate consequence of (4.2). To prove (ii), let X, Y be vector fields on

N. Then Ric"(X,Y)omr = Y R(X*e;,Y* e) =12 <r(X*),Y* > +Ricg(X*, V™)
e, €H

where {e;} is a local orthonormal frame in H. But Ricg = }(3Ric + Ric*) (see [13])

thus

1
2

Rich(X,Y) om =< (Ric + %)X*, Y* >

Recall that 7 is a V-parallel tensor, as well as Ric (see [22]). Hence, it is straight-
forward to see that Ric is V"-parallel and since (N, h) is irreducible, we must have
Ric® = p - h for some constant . That u > 0 follows by the fact that the Ricci
curvature of g is strictly positive. ll

We mention now without proof the following elementary result.

Lemma 5.2 Let Q be a V-parallel subbundle of H such that V ¢ Q = 0. Then there
exists a V*-parallel subbundle E of TN such that Q = 7 E.

We are now able to treat the cases when the tensor C' admits exactly two or three
eigenvalues. Let us denote the dimension of V by 2d.

Proposition 5.2 (i) If the tensor C has exactly two eigenvalues then F = k- 1y with
k > 0 constant. Furthermore, the eigenvalues and eigenbundles of each of the tensors
r,C, Ric are given in the following table.

Eigenvalue r Ric C FEigenbundle
5.3 M| 220k | 4;’(‘(,3ZL§<; V
n+2d n—
Ao | 2k df | =0 H

(ii) Suppose that the tensor C has exactly three eigenvalues. Then the tangent bundle
of M admits a V-parallel decomposition

TM=V®H &H,

with Hy « Hi = Hy @ Hy = 0 and H, @« Hy = V. Moreover, (M,g,J) must be a
homogenous nearly Kdahler manifold.
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Proof:

(1)Using the proposition 3.2 we obtain by algebraic considerations that the eigenvalues
of C are A and —3. Since by definition C = Ric—5Ric* we get by (6.2) that r = 218
on H hence F has a single eigenvalue.

(ii) Let A; and Ay be the eigenvalues of C' on H, and denote the corresponding
eigenbundles by H; and H,. Using lemma 6.2 we have that V - H; # 0, hence it
follows by (3.2) that —(A + A;) is an eigenvalue of C. It is different from A since
) e H; is orthogonal to V. Let us suppose that —(A + A;) = A;. It follows that
Ve Hy C H; and since M is of Kahler type we get that H, e ) is orthogonal ot
YV @ Hy, that is Hy @ V is contained in Hy. Again by lemma 6.2 we have Hy o)V # 0
and using (2.3) we find that Ay = —3 = \; an absurdity.

Hence —(\ + A\;) = Ay a fact which obviously implies by (2.3) that V e H; C
Hy,VeH, C Hy and H, e H, C V. Let us show now that Hye H; =0. If Hie H; #0
it produces the eigenvalue —2)\, for C'. Or H; @ H; is orthogonal to Hy and —2A; # A
(since Ay # X2). We get —2X\; = A\; hence \; =0 and H, e H; C H;. Weset V' = H;
and H' =V & H,. Then using (4.2) we obtain that (VxJ)(VyJ)Z belongs to H'
whenever X,Y arein V and Z isin Hi e Hi. AsVe (VeH;) CVeHy, C H we
obtain easily that Ve (H; @ H;) = 0 and we conclude by lemma 6.2. In the same way
it can be proved that H, e Hy = 0. Hence, we have three different splittings of special
algebraic type TM =V & HTM = H & (V& H2),TM = H, & (V & H,) each of
which being V-parallel. It follows that the restriction of the tensor ViR to either
V, H, or H, vanishes. Or this implies easily that V R = 0, so V is an Ambrose-Singer
connection hence (M, g, J) is a homogenous nearly Kidhler manifold [27] W

Hence the tensor F' gives us a new class of homogenous nearly Kahler manifolds
to be introduced by the following.

Definition 5.1 A nearly Kdhler manifolds is homogenous of type I11 if it has special
algebraic torsion and the tensor C' admits exactly three eigenvalues.

Remark 5.1 (i) In the case when C has exactly three eigenvalues, let di and dy be
the half dimensions of Hy and Hy respectively. Then the eigenvalues of the tensors
r, Ric, C" with their corresponding eigenbundles are listed in the following table.

FEigenvalue | r Ric C Eigenbundle
5.4 M| Bk (B+2+Dk | 43 -2 1) Y
' | k| (B+2 40k —4(%+2-2) H,
A3 | Bk | (B + -+ Dk | —4(% -2 +1) H,

Here, k is a positive constant and, moreover, the eigenvalues of the tensor F are k
and j—;k with eigenbundles Hy and Hy respectively. Since this fact is unecessary for
us the proof will be omitted.

(ii) The base space of the canonical fibration of a nearly Kdhler space of type III is
a symmetric space. this can be proven using the usual comparison between curvature
tensors of the total and the base space [2]

To summarize the results obtained so far in this section, one can reduce the study of
special algebraic torsion to the case when the tensor F' has a single eigenvalue. We
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will end this section with the following.

Proposition 5.3 Let (M, g,J) be a strict and complete nearly Kihler manifold with
spectal algebraic torsion and corresponding decomposition TM =V @& H. Define a
Riemannian metric g on M by g = 2gy ® gy where gy and gy are the restrictions of
the metric g to the distributions V and H respectively. We also define a new almost
complex structure J by setting Jy = —J and 7|H = J. Then (M,g,J) is a Kihler
manifold of positive Ricci curvature, and hence simply connected.

Proof :
The proof of the fact that (M,g,J) is Kihler is essentailly the same with the one
given in the 6-dimensional case in [1]. Let us denote by V the Levi-Civita connection
of the metric g. In the standard way we get

VxY = VYV, VxV = VxV — L(VxJ)JV

Vv X =Vy X, VyW = VW

whenever X,Y arein H and V,W in V. After a routine computation we obtain

Ricg = Ricy — é on H
Ricz = Ricy + 7 on'V

and of course Ricg(V, X) = 0 for V, X belonging to V and H respectively. Using (2.3)
we see that the Ricci tensor of g is strictly positive and by a theorem of Kobayashi
[20] M is simply connected W

5.5

6 The holonomy of the base manifold

We consider in this section a nearly Kahler manifold with special algebraic torsion
and let T'"M =V @& H be the corresponding decomposition. Furthermore, we suppose
that the fiber of the canonical fibration is irreducible and that the tensor F' has a
single eigenvalue, to be denoted by k.

Let m be a point of M. We define a vector subspace of so(H,,) by

pm = {VyJ 1 vin V, }.

The dimension of p,, equals that of V,, since (M, g, J) is strict. Let &, be the vector
subspace of so(H,,) generated by

{[Vod, V] :v,w €V}

Proposition 6.1 We have ¢, Np,, = 0. Then b, = &, & p,, is a Lie subalgebra of
so(H,p,).
Proof :
Let us prove first that [p,,, €,] C pn. Indeed, if Vi, Vs, V3 belong to V we obtain using
lemma 5.1, (i) that

Vv, [V, VigJ] = =V e, vy J
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and the assertion is proven. Consider now z in p,, N €,,. Then z = V,J with v in V
and [V, J, z] belongs to p,, for all z in p. In particular, there exists w in V such that
Vo,V 1,J] = VyJ, which implies 2(V,J)? = V 5,,J. The left side of this equality is
symmetric whilst the right is skew-symmetric. It follows that z = 0 and we proved
that ¢, Np,, = 0. Now, [Py, P C &, by definition and using the Jacobi identity and
(4.2) we obtain

[V, Vi J], [V J, Vi, J]l = [V J, Vs vovi ] + [Ves v, Vi J]

for all V; in V,1 <1 < 4. It follows that €, and b, are Lie algebras B

Remark 6.1 (i) We saw along the proof of the previous proposition that [P, pm] C
. and [Pm, tn] C P

(ii) Using E.Cartan description of symmetric spaces one can also relate the Lie alge-
bras Y., €, to the geometry of the fiber F,, through m.

We will now relate the Lie algebra b, to the holonomy group of the base mani-
fold. We define the Lie algebra hol,, as the Lie subalgebra of so(H,,) generated by
skewsymmetric endomorphisms of the form

7';1 o R(rv, Tew) o1

where v, w belong to H,,, c is a horizontal curve in M starting at m and 7, is par-
allel transport along ¢ with respect to the connection V. Using standard results in
holonomy theory we find that hol,, is in fact isomorphic with the Lie algebra of the
holonomy group of (N, k) through mm.

Lemma 6.1 The Lie algebra b,, is an ideal of hol,,.

Proof :
Let us first note that (3.3) gives us, after some computations
6.1 [R(Xa Y)a VVJ] = VE(X,Y)VJ

for all X,Y in H and V in V. It follows that [R(v,w), p] C by, and since [p,, pn] =
£, by the Jacobi identity we also get [R(v,w),¥t,] C b, for all v,w in H,,. Let
¢ be a horizontal path in M starting at m. Using (3.3) we obtain easily that
T, 0 VyJ = (V.J) o 7. whenever v belongs to H,,. The conclusion now follows
|

Let us consider now the bundle h whose fiber at a point m of M equals §,,. Note
that b can be identified, in a standard way, with a subbundle of A%2(H). We do this
identification tacitly in what follows. In the same way we obtain bundles € p. We
need now the following metric fact.

Proposition 6.2 We have p* = k("fd_d) on b where we denoted by p* the curvature
operator of R.
Proof:

That the claimed formula holds on p was proved in lemma 4.2 (see also table 3.2).
Let us show that it holds on ¢. Using (5.8) we must compute Y. R(e;,Ce;, X,Y)

e, €H

19



where e; is a local orthonormal basis in H and C = [V J, Vi J] with V,W in V. It

is easy to show that our quantity equals > R(e;,Ce;, X,Y) + V(v.,nce;J. Or
e;€H e;,€H

> (Ve J)Ce; = 0 (one uses the base Je;). Now, using the first Bianchi identity for

e, €H

the Hermitian connection V (see [21]) we get :

Z R(ei,Cei,X,Y)—F Z R(Cei,X,ei,Y) + Z R(X,ez-,C'ei,Y) =
e, €H

e;,€H e;€H

= TT'H[Vyj, ij]c

But Y R(Ce;, X,e;,Y) = > < [R(X,e;),Cle;, Y > +Ricg(X,CY) where Ricg
e;€H e;€EH

denotes the Ricci tensor of the Hermitian connection V. The use of (7.2) implies that

< [R(X, ez‘), C]ei, Y >=< [VVJ, VR(X,ei)WJ]ei’ Y > =< [VWJ, VR(X,ei)VJ]eia Y >.

Now using lemma 4.1, (i) we obtain after computing at some length that

ZH < [ij, Vﬁ(x’ei)wt]]ei, Y >=—< (ij)X, G(ij)Y) > —
[ZAS

—TTH(V)(J)(V)/J)(VvJ)(VwJ)

It follows that Z < [E(X, ei),C]ei, Y >= —TTH(VXj)(VyJ)C+ < (ij)X,G(ij)Y >
e, €H

— < (VwJ)X,G(VyJ)Y >. Since G = kly we obtain that

> R(e;,Cei, X,Y) + Ricg(X,CY) — Ricg(Y,CX) + 2k < CX,Y >=0.

e;€H

We conclude by the fact (see [13]) that Ricg = (3Ric + Ric*) on M and by using
the proposition 6.1 H

We are now ready to prove :

Theorem 6.1 Let (M, g,J) be a NK-manifold with special algebraic torsion and let
us suppose that the fiber of the canonical fibration is irreducible. If the tensor F has
a single eigenvalue and the base space of the canonical fibration is not symmetric
then M 1s the twistor space over a quaternionic-Kahler manifold of positive scalar
curvature.

Proof :
The base space (N, h) of the canonical fibration is an irreducible, Einstein manifold
of strictly positive scalar curvature. Then using the Berger holonomy theorem [29]
and the well known fact that metrics with holonomy SU(n), Sp(m), Gy or Spin(7)
are Ricci flat we find that that they are only three posibilities for the holonomy group
of (N, h), namely SO(2n),U(n) and Sp(q) - Sp(1) when n = 2¢q. We will now treat
each case separately.

If Hol(N,h) = SO(2n), then if n # 2 the Lie algebra so(2n) is simple and by
lemma 6.1 we get easily that h = A*(H) so (N, h) has constant scalar curvature
by proposition 6.2. Hence (N, h) is a symmetric space (in fact a round sphere), an
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absurdity. If n = 2 then so(4) has two simple factors, each of dimension 3. Thus if
h # A%(H) it has dimension 3 and it follows that  has dimension 2. We found that
(M, g,J) is 6-dimensional, Hermitian reducible nearly Kéhler manifold, hence (N, h)
is symmetric by [1].

We consider now the case when (V, h) has holonomy equal to U(n). Then (N, h)
is a Kahler manifold with associated complex structure I. The holonomy bundle of
(N, h) is then AM'(N). Denote by Ay (N) the space of traceless two forms of type
(1,1). Using lemma 4.1 we have either that h = 7*AbL(N) either h = 7*Ay" (N). As
the curvature tensor of a Kahler Einstein manifold is determined by its restriction
to A(l)’l(N ) it is easy to conclude using proposition 6.2 that (N, h) is symetric, a
contradiction.

Lastly, we suppose that n = 2¢ and Hol(N,h) = Sp(q) - Sp(1). Thus, (N,h)
is a quaternionic Kahler manifold and let us denote by () the 3-dimensional sub-
bundle of A?(N) giving the quaternionic structure. Then we have a decomposition
O?(N) = E, ® E, ® Q where fibers of F; and FE, are isomorphic in each point with
sp(q) and sp(1). Hence the holonomy bundle is contained in F; & F; and we use an
analogous argument as before, toghether with the caracterization of twistor spaces
from [22] B

To prove theorem 1.1 all we need is to investigate the case when the manifold
(N, h) is a symetric space. We begin with :
Definition 6.1 A simply connected, strict, nearly Kahler manifold with special alge-
braic torsion and with irreducible fiber is called homogenous of type IV if the tensor F
has exactly two eigenvalues and the base space of the canonical fibration is a symmetric
space.

Let us remark that the terminology ”homogenous” is not yet justified. However,
using the relation between the tensors R and R" given by O’Neill’s relations, one
easily gets that when N is symmetric, V is an Ambrose-Singer connection, hence M
is homogenous.

Now the proof of the theorem 1.1 is a consequence of the material previously
presented.

7 Nearly Kahler metrics from Riemannian foliations

The main purpose of this section is to give a proof of the theorem 1.2, stated in the
introduction. In order to do this let us consider a Kéhler manifold (M, g, J) toghether
with a Riemannian foliation F. Let V be the integrable distribution induced by F. We
recall that the metric g is bundle-like with respect to our foliation, that is £y ¢ vanishes
on H, the orthogonal complement of V, for every V in V. As in the statement of the
theorem 1.3 we make the assumption that the leaves of F are complex submanifolds
of M, which gives that JV C V.
We consider now the Riemannian metric on M defined by

1
§(X,Y) = Z9(X,Y) if X,Y € V,§(X,Y) = g(X,Y) for X,Vin H.
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The metric g admits a compatible almost complex structure J given by j‘y = —J and

j‘ g = J. This almost complex structure was introduced in [5] for the case of twistor
spaces over 4-manifolds.

A

Proposition 7.1 The manifold (M, g, J) is nearly Kihler. The distributions V and

A

H are parallel with respect to the canonical Hermitian connection of (M, §,J) which
thus has reduced holonomy.

Proof: Let A: TM xTM — TM be the O’Neill tensor of the Riemannian foliation
induced by V. As g is Kahler we must have AxJ = JAx for all X in TM. Using the
relations between the Levi-Civita connections of § and g given in [26] we obtain after
a standard computation :

(VxJ)V = —(VyJ)X = —Ax(JV)
(Vy YW =0, (VxJ)Y =24x(JY)

for every X, Y in V and V,W in H. It is now straightforward to conclude B

Corollary 7.1 The twistor space of a positive quaternionic-Kahler manifold of di-
mension 4k admits a canonical NK structure with reducible holonomy, contained in
U(1) x U(2k).

Proof :

We have only to recall [28] that such a twistor space is the total space of a Riemannian
submersion with totally geodesic fibers of dimension 2 and that it admits a compatible
Kahler structure B

Remark 7.1 If one drops the condition that the distibution V be totally geodesic, the
construction above produces only a quasi-Kdhler manifold.

We are now going to prove theorem 1.2. We remark that the nearly Kéahler manifold
(M, g, J) has the property that VeV = 0 and He H C V. Using the decomposition re-
sult of the proposition 2.1 we obtain that (under the simple connectivity assumption)
M is the Riemannian product of a Kéahler manifold and a nearly Kahler manifold
with special algebraic torsion. Hence by the structure results of sections 4,5 and 6
the de deRham decomposition of the second factor consists only of spaces of type
IIT and IV and twistor spaces over positive quaternionic Kahler manifolds equipped
with their canonical nearly Kahler metric. The proof of the theorem comes now by
reversing the construction done in the beginning of the section, and by using remarks

and definitions from the end of the section 5.

8 Homogenenous nearly Kahler manifolds

In this section we will investigate some properties of homogeneous nearly Kahler
manifolds that are introduced by the following definition.

Definition 8.1 Let (M?",g,J) a strict and complete nearly Kihler manifold. It is
called homogeneous if it admits a transitive action of a connected, closed subgroup of
the group of holomorphic isometries of (g, J).
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Let us now prove that what we called homogenous spaces of type LILIILIV are in
fact homogeneous nearly Kahler manifolds.

Proposition 8.1 Let (M?",g,J) be a strict and complete nearly Kdihler manifold. If
V R = 0 then (M,g,J) is a homogenenous nearly Kdihler space. In particular M
is naturally reductive and if moreover, M is simply connected, then (M,g,J) is a
Riemannian 3-symmetric space.

Proof :

In the terminology of [27], the V-parallel tensor TxY = £(VxJ)JY is a homogene-
nous structure. The theorem of Ambrose and Singer (see [27]) gives now an explicit
construction of M as a homogenenous space given in [27] and it is easy to conclude
using a result of Gray (see [12], proposition 5.5, page 358) B

Let now us give a corollary of theorem 1.1 relating to homogenous nearly Kahler
spaces.

Proposition 8.2 Let (M?",g,J) be a homogenous nearly Kihler manifold which is
also strict and simply connected. Then (M,g,J) is a Riemannian product whose
factors belongs to the following list :

-homogeneous 6-dimensional

-spaces of type LILIII or IV

-tunstor spaces over positive quaternionic Kdahler manifolds which are homogenous as
nearly Kdahler manifolds.

Proof :

It is not hard to see that each of the manifolds occuring in the decomposition of the-
orem 1.1 is irreducible in the usual Riemannian sense. Hence, that decomposition is
the deRham decomposition of the nearly Kéhler manifold (M, g, J) and by a result of
Hano [21] it follows that the connected isometry group of (M, g) is the direct product
of the isometry groups of the factors. Using that J preserves our decomposition it is
straightforward to conclude W

The rest of this section will be devoted to the proof of the following classification
result.

Theorem 8.1 et (M?",g,.J) be a homogenous nearly Kdihler manifold which is also
strict and simply connected. Then (M, g,J) is a Riemannian product whose factors
belongs to the following list :

-homogeneous 6-dimensional nearly Kahler manifolds

-spaces of type LILIIT or IV

As any Riemannian 3-symmetric space is nearly Kahler as soon as it is naturally
reductive the previous result yields a geometric version of the classification of naturally
reductive 3-symmetric spaces. Note that the general classification theory develloped
in [12] was obtained using quite involved Lie algebra arguments. It also follows
from theorem 8.1 that Gray’s conjecture that any strict homogenenous nearly Kahler
manifold is 3-symmetric holds true iff and only if holds in 6-dimensions.
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So in order to prove theorem 8.1 it suffices to show that if a twistor space with its
canonical nearly Kahler metric is homogeneous then the base quaternionic manifold
is symmetric. For, let us consider such a twistor space; it is a strict nearly Kéahler
manifold with special algebraic torsion (M, g,J) with decomposition TM =V & H
where V is of rank two and such the tensor F' has a single eigenvalue of the form
kk>0.

Let us set now the following notation. If (Z,h) is a Riemannian manifold we
denote by «(Z, h) the Lie algebra of Killing vector fields. Furthermore, if I is an
almost complex structure giving (Z, h) the structure of a almost complex manifold
we define «(Z, h, J) to be the Lie algebra of holomorphic Killing vector vector fields.

Our aim is to obtain a comparaison result between +(M,g,J) and +(M,g,J). To
begin with, let X =V + K be an element of +(M, g, J) split into its horizontal and
vertical components. We use the parallelism of the decomposition TM =V & H
with respect to the connection V in order to see that the Killing equation for X (the
skew-symmetry of VX) is equivalent with the following system of equations for its
components :

<VyK,Z >+ < V4K, Y >=0
8.1 <VwK,Y >+ <VyV,W >=0

< VWI‘/, Wy >+ < VW2W1 >=0
where Y, Z are in H and W, Wy, W, are in V. Using the same arguments the condition
that X be a J-holomorphic vector field projets onto the following two systems :

VivK — J(VyK) = =2(VyJ)V

8.2 ViV — J(VyV) = —2(Vy I K
and
8.3 ViwK — J(VwK) = =2(VwJ)K

ViwV —=J(VwV)=0

whenever Y and W are in H and V respectively. We will need now the following
auxiliary result.

Lemma 8.1 IfY and W are in H and V respectively, then :

(i) VwV = LIW where f = d*(JV),

(i) VwK = (Vi J)JK,

(i1i) VyV = (VyJ)JK.

Proof :

The proof of (i), an easy exercise, will be left to the reader. In order to prove (ii) let
{e;},i = 1,2 be a local orthonormal basis in V. Using the second equation of (8.1)
with W = e; and next deriving it in the direction of e; we obtain :

<V Ve K)Y >+ <V,K, V.Y >+ <V, VyV,e; >+ < VyV,V.e; >=0.

Using again the second equation of (8.1) for the second and third terms of the previous
sum we get that < Vme,Y > 4+ < Vii’YV, e; >= 0. But by the Ricci identity
Vii’yV = V;eiV — R(e;, YV + V(VY])JeiV and moreover R(e;, Y)V = 0 as e; is in
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VY and Y belongs to H. Now ,
_ —— 1
<Yy V,e >=<VyV,V Vg,  V,e; >= Y-S < Jeiei>=0

by (i). Hence < Vii’eiK, Y >+< V(VYJ)Jei‘/, e; >= 0 and using the second equation
of (8.1) (toghether with the fact that V., J is skew-symmetric and J-anticommuting)
we arrive at < Vi,eiK, Y >=< (V,J)JV,K,Y >. We define now
2
S = (Ve )V, K.
i=1

2

Then S = Y (Ve J)IV e, K and we use that (V;yJ)JT = —(VyJ)T for all U, T

i=1 ,
in TM and also the first equation of (8.3) to show that S = Y (V. J)?K = —£K.
i=1
2
Resuming, we have that > < Vme,Y >= —g < K,Y >. On the other hand, as

=1
V..e; = V.e; and by the second equation of the system (8.1) we obtain that

IVeK|? =i < Ve K, K > = < Vy, oK, K> - <V, KK >=
- [ei- <ViV,ei>— < VgV, Ve >|— < Vi,eiK, K >.

[— 2 [—
As the vector field VV is vertical, we obtain easily that >_ |V, K|? = &||K|]*+ d*«
i=1

where « is the 1-form of M dual to V V. By the previous considerations, this implies
that

2
D Ve K = (Ve J)JK|* = d*a
i=1

and the conclusion follows by integration over M. The identity in (iii) is a conse-
quence of (i) and of the second equation of (8.1). W

We can now prove the following.

Proposition 8.3 We have «(M,g,J) = 1(M,7,J).

Proof :

Let us prove that «(M, g,J) C «(M,g,J). If V-denotes the Levi-Civita connection of
(M, ) then we recall that VyY = VxV,VxV = VxV — (VxJ)JV,Vy X = VyX
and VyW = Vi W forall X, Y in H and V, W in V respectively. For, if X in (M, g, J)
it is easy to see, using the previous lemma that the equation VX = 0 follows from the
system 3.1 (of course we take into account that on a compact Kéhler manifold every
Killing vector field is holomorphic). The other inclusion can be proven, for example,
using the same technique, and will be left to the reader B
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It follows that Isom®(M,g,J) = Isom®(M,g,J), hence if (M, g,.J) is a homoge-

neous nearly Kéhler manifold then (M, g, J) is a homogeneous Kéhler manifold. Re-

call now that being a twistorial space (M, g, J) has a canonical complex structure (see
[28]) and this is not hard to see that it is in fact a homogenenous complex contact man-
ifold. It follows then by the results in [36] that the base quaternionic-Kéhler manifold
is in fact symmetric and this ends the proof of theorem 8.1.
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