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Abstract
We study the groups of isometries for Hilbert metrics on bounded open convex
domains in R” and show that if C is such a set with a strictly convex boundary,
the Hilbert geometry is asymptotically Riemannian at infinity. As a consequence of
this result, we prove there are no Hausdorff quotients of C by isometry subgroups
with finite volume except when OC is an ellipsoid.
AMS classification: 58B20, 52A20

Introduction

Let C be a bounded open convex domain in R* with boundary dC and || - || be the canonical Euclidean
norm in R™. It is then possible to define a distance d¢ on C, the so-called Hilbert metric (discovered by
D. Hilbert in 1894), as follows. Given two distinct points p and ¢ in C, let a and b be the intersection
points of the straight line defined by p and ¢ with 9C so that p =ta + (1 — t)b and ¢ = sa + (1 — s)b
with 0 < s <t < 1. Then d¢(p,p) = 0 and d¢(p, q) = In[a, p, q,b], where [a,p,q,b] = % X 2= >1is
the cross ratio of the ordered collinear points {a,p,q,b}. The fact d¢ is a distance comes from basic
properties of the cross ratio and the metric space (C,d¢) thus obtained is a complete non-compact
geodesic metric space whose topology is the one induced by the canonical topology of R* and in which

the affine open segments joining two points of the boundary are geodesics isometric to (R, | -|). On

the other hand, the distance d¢ is associated to the Finsler metric F¢ on C given for p € C and

v € T,C = R"* by Fe(p,v) = ||v||(||p_1p_|| + ||p_1p+”), where p~ (resp. p™) is the intersection point of the
half line p+ R~ v (resp. p+R"v) with OC. For further information, we refer to [3], [4], [6] and [9] for an
introduction to the subject. In the present paper, we study the subgroups I' of the group Isom(C,d¢)
of isometries of (C,d¢) with proper actions on C (i.e. such that the quotient topological space C/T is

Hausdorff) and prove the following rigidity result:

Theorem. Let C be a bounded open conver domain in R™ whose boundary 0C is a hypersurface of
class C® which is strictly conver (in the sense the Hessian is positive definite). Then if OC is not an

ellipsoid, any subgroup of the isometry group Isom(C,d¢) whose action on C is proper is finite.

We then deduce an important consequence involving the volume measure associated to the Finsler

metric F on C which is defined by up(f) = / f(p)o(p)dp for every continuous function f : C — R
¢

with compact support, where o(p) is the Finsler density for the metric F¢. Recall here that for any

Finsler manifold (F, M) the density function o over M is defined as following: given an arbitrary



Riemannian metric g on M, for all p € M the value o(p) is equal to the square root of the ratio of
the Euclidean volume of the ball {v € T,M : g(p)-(v,v) < 1} by the Euclidean volume of the ball
{v € T,M : F(p,v) < 1} in the Euclidean vector space (T, M, g(p)). This definition does not depend
on the choice of g and it generalizes the well known Riemannian density (indeed, if F' is Riemannian,
then o is nothing else than the famous y/det(g;;) ). For more information about the Finsler density

and some problems related to this notion, one can have a look at [14].

Corollary. Let C be as above. Then if OC is not an ellipsoid, (C,d¢) does not allow quotients of finite

volume (and thus compact quotients) by subgroups of Isom(C, dc) whose actions on C are proper.

Hilbert metrics are important objects people have been interested in for many reasons. First of all,
they give a range of basic and rich enough examples of geodesic metric spaces (see the investigations
of H. Busemann in [3] and [4]). They next generalize in Finsler geometry the Riemannian hyperbolic
spaces which are obtained in the case OC is an ellipsoid and correspond to Klein’s model (see [3],
[4]). On the other hand, Hilbert geometries are considered in affine geometry from the ‘projective
transformation groups’ point of view (see [9] and the recent preprint of Y. Benoist [1]). The question
we are dealing with in the present paper has already been tackled in the literature for the compact case.
Namely, the non-existence of compact quotients has been proved in the framework of affine geometry
by J.-P. Benzécri in [2] (see also the illuminating Lecture Notes of W. M. Goldman [9]). Using a
dynamical systems approach, a proof of this result has also been given by D. Egloff ([5], Theorem 3.59)
in dimension two and by P. Foulon in higher dimensions as a consequence of a more general rigidity
theorem (see [7], [8]). The situation when the boundary of C is no longer strictly convex has been
investigated in [5] (Proposition 3.2), [9] and [10], and it is known that if C is for example a triangle,

there ezist co-compact subgroups of Isom(C, d¢).

The starting point of the present paper was to know whether there are quotients of Isom(C,d¢) with
finite volume and the strategy we use here to prove that in general such quotients do not exist involves
very basic tools in metric and Finsler geometry. Indeed, the key idea of the proof consists in showing
that the closer to OC we are, the less the metric d¢ on C is different from a Riemannian one (this is
given by Proposition 1.3 below). Therefore, if an infinite group of isometries for d¢ had a proper action
on C, then every point would be sent to the boundary dC and the Hilbert metric would be as close as
desired to a Riemannian metric and thus Riemannian itself. Then we conclude OC is an ellipsoid by

combining results due to different authors ([3], [11]) in the following general statement:

Theorem. Let C be any bounded open conver domain in R™. If the metric dc is Riemannian, then 0C

is an ellipsoid.

To be complete let us point out that in December 1999 we discussed a first version of this work (see
[15]) with Edith Socié-Méthou who proposed to use an approach for this problem that is different from
ours and that she later developed in her Ph.D. thesis ([12]) and in [13].



1. Geometry at infinity

In this part, we give two independent technical lemmas before proving that for a bounded open convex
domain C C R™ with a strictly convex boundary of class C? the Hilbert metric d¢ is asymptotically
Riemannian at infinity (i.e. when moving to the boundary dC). Our approach for doing this consists
in a local approximation of dC by a parabola (Lemma 1.1) in order to show the geometry of (C,d¢)
behaves near 9C as if it were Klein’s geometry in the Euclidean unit ball near its boundary (Lemma

1.2). We then give Proposition 1.3.

Throughout the section, the canonical Euclidean norms in R?~! and R” will be both denoted by | - ||
and the open ball in (R* 1, - ||) centered at 0 with radius r > 0 by B(0,7). On the other hand,

(e1,...,en) will be the canonical basis in R” and (-|-) the canonical scalar product.

The first lemma shows that for each point w € 9C there is a ball in (R, || - ||) with center w and radius
independent of w in which the boundary of C can be written as the graph of a function defined in R*~!
(after an appropriate coordinate change depending on w) having the property that its value at z lies
between (1 — M||z||)||z||?> and (1 + M]||z||)||z||?, where M > 0 is a number which does not depend on

w but only on C:

Lemma 1.1. Let C be a bounded open conver domain in R® whose boundary OC is a hypersurface of
class C3 that is strictly conver (in the sense the Hessian is positive definite) and denote N : C — R"

the normal vector field over OC pointing inwards.

Then there are positive constants 0 < M and 0 < p < 1/M with a family (T,,)wecac of affine isometries
in (R™,|| - ||) together with a family (f,)weac of functions defined in B(0, p) C R*™1 such that for each
w € 0C we have:

(i) Tu(w) =0 and ?w-N(w) = ep, where ?w is the linear part of Y.
(i) For all (z,2z) € B(0,p) xR, z= f,(z) = (z,z) € T,(C).

(iii) For all x € B(0,p), (1—M|z|)llz]® < fu(=) < (1+ Mllz[)]=].

ac
z ‘ T.,(0C)
| 'l
z = fu(),
: Y., (0C)
w
€n
v v xr
—p R




Proof. For each w € OC let us define the ‘shape’ S, (C) of C with respect to w as the orthogonal
projection of C onto the affine tangent space T,,(0C) and denote e(w) > 0 the Euclidean distance from
w to (S, (C)). If there were a sequence of points (wg)k>o in OC such that limy_,; . e(wx) = 0, by
compactness of dC we could find w in this boundary with e(w) = 0. But this is not possible because
OC is differentiable at w. So there is a constant r > 0 such that e(w) > 2r for all w € 9C.

Moreover, if we introduce the ball B, = {m € T,,(9C) : |m — w|| < 2r} in T,(9C), the intersection of
the full open cylinder {m + sN(w) : m € B,,s € R} with 9C has exactly two connected components
one of which contains w and that we will denote U,,. We then immediately get from the convexity of
C that for each m € B,, there is a unique s = ¢, (m) € R such that m + sN(w) € U, and so we get a
map @, : B, — R of class C3.

Let us now fix an open set W in R” such that ' = W N 9dC is non-empty and parallelizable.

We can then find a family (Y,)yer of affine isometries in (R, || - ||) depending smoothly on w € T" such
that T, (w) =0 and ?w-N(w) = ep.

Since C is a star-shaped set with respect to one (arbitrary) of its point and has a boundary which is
a hypersurface of class C3, there exists a function F' : R* — R with the same smoothness such that
OC = F~1(0) and the family (F,),er defined by F,, = F o T thus satisfies T,,(8C) = F;(0).

Next define for each w € T the function g, : B(0,7) C R*~! — R by g,,(u) = ¢, (Y, (u,0)); as we have
F,(u,g,(u)) =0 for all u = (uy,...,up_1) € B(0,2r), we get by differentiation that all the partial
derivatives of third order for g, with respect to uq,...,u,_1 are rational expressions of the partial
derivatives for the function F, : (u,z) € R* = R* ! x R~ F,(u,z) with respect to uy,...,u, 1, 2
computed at the point (u,z) = (u, gu(u)).

Therefore, by continuity of these partial derivatives with respect to both uw and w, if O is an open set
in R" whose closure is in W, there is a constant A > 0 such that for all w € O©NAC and all u € B(0,r)

(closed ball) we have from the Taylor expansion

n—1 n—1
D Ailw)uf — Alull® < gu(w) < Y Aiw)ui + Allul?,
i=1 i=1

where Aj(w),...,A\y—1(w) are the principal curvatures of dC at the point w € OC.

The strict convexity and the compactness of dC together with the continuity of Aq,..., A, 1 over 0C
implies there exists & > 0 such that 0 < \;(w) < 1/a? for all w € 8C and all i € {1,...,n — 1}; so we
can define f,(z) = gw(\/mxl, ey mg:n_l) for each w € ONAC and all z = (z1,...,T,-1)
in B(0,p) C R* ! where p = min{ra,a3/A} > 0. We then get a family of functions (f.,)wconac that
satisfies (%) and (iii) of Lemma 1.1 with M = A/a? > 0.

Finally, as dC is compact, it can be recovered by a finite number of open sets like O above and this

proves Lemma 1.1. O

The aim of the second lemma is to give us an estimate of the value F¢(mg,v) of the Finsler metric
F¢ at a point mgy € C for a vector v € R" in terms of the Euclidean distance from mg to dC and the

direction of v.



More precisely, let us consider a bounded open convex domain K in R? such that there exist positive
numbers M > 0, 7 > M + 2 and a function £ : (—r,7) — R which satisfies Graph(¢) C 0K together
with

b(r)t? forall |[t| <, (1)

>~ =

Lar)? <) <

where a(r) =1— M/r > 0 and b(r) = 1+ M/r > 0. For each ¢ € R denote by P, the parabola in
R? whose equation is y = 7ct?. Then define H(r) € R so that the point (r, H(r) + 1) is in Pa(ry and
let h(r) € R so that h(r) + 1 is the second component of the intersection point between Py,y and the
straight line passing through mg = (0,1) and (r, H(r) + 1). Hence,

H(r) = ia(r)ﬁ “1 and  h(r)= ig)(g (H() + VECE +50772)

Asr > M + 2, we have H(r) > 0 and h(r) > 0, which implies the point mg is in K by (1) and the

convexity of K.

For 6 € (—n/2,7/2) we can therefore consider Fg (my, ug), where ug = (cosf,sin@), and control this

quantity in terms of r € [M + 2, +00) uniformly in 6:
Lemma 1.2. For all 0 € (—7/2,7/2) we have

p(r) < Fx(mo,ug) < 9p(r),

where @ and 1 are functions with the property that 11111 o(r) = lim 4(r) =1.
T o

r—-+00

Remark. This result asserts that the bigger r is (and then the closer is K to the parabola with
equation y = %tQ within (—7,7) X R), the closer to the unit canonical Euclidean sphere is the Finsler

sphere {v € R? : Fg(mg,v) = 1} at the point my.



Proof. For § € (—m/2,7/2) introduce the half lines Ay = mg + Rt ug and A, = mg + R™uy and
let A\f(r,0) (respectively A, (r,0)) be the Euclidean distance between mg and the intersection point
A NPy (respectively Ay N Pyy). Define XS (r,0) (respectively A; (r,0)) in a similar way for Py,
and denote by A1(6) (respectively A~ (6)) the Euclidean distance between mg and the intersection
point AJ N OK (respectively Ay N 9K).

1 1
Using these notations, we then have Fi(mg,ug) = ) + 0 from the definition of Fk (see
Introduction) and a straightforward computation gives
2 2
A (r,0) = and A, (r,0) = (2)

\/sin? 0 + a(r) cos? 6 — sin @ \/sin? 0 + a(r) cos? 6 + sin @

with the analogous formulas for A (r,8) and A, (r,6) by changing a(r) into b(r).
There are now three cases to be considered.

e First case: |tanf| < H(r)/r.

In this situation the half line AJ (respectively Ay) cuts K on the curve {(¢,£(t)) : |t < r} and we
have by (1)
Ay (r,0) <A (0) < A, (r,0) and )\2—(7‘, 6) < AT(0) < A (r,0)

which implies
1 1 1 1 1 1

+ < + < + .
Aa(r0)  Ap(r,0) T AT(0)  AT(0) T Mg (r0) NS (r,6)
Since 0 < a(r) < b(r), we then have by (2) the inequality

1 n 1
X8 | X, (r0)

> 4/sin? 0 + a(r) cos? @ = /1 + (a(r) — 1) cos2 0 = /1 — (M cos2 ) /r

and thus

! > /alr (4)

A (r,0) )\ (T 0)
On the other hand,

\/sin20 + b(r) cos? 0 = \/b(r) + (1 = b(r)) sin® 0 = \/b(r) — (M cos20)/r < \/b(r)

which leads to

Finally, from (3), (4) and (5) we get




e Second case: tan@ > H(r)/r.

The convexity of K and (1) imply the intersection point Ay NAK lies in [0, +00) X [A(r) + 1, +00) and
therefore AT() > h(r). As the point A, N @K is still on the curve {(t,£(¢)) : [t| < r}, we can write
by condition (1) that A, (r,8) < A7(8) < A, (r,0) in order to get

1 1 1 1 1 1 1 1

< < + < + < + . 6
Ay (r,8) = A=(0) = A=(0)  AT(O) — A=(0)  h(r) ~ Xa(r,0) h(r) (6)
1
From tan@ > H(r)/r (together with 8 € (—7n/2,7/2)), we have sinf > and then
(r)/r (tog (~n/2,7/2) ——
1 1 <sin9 + 4/sin? 8 + b(r) cos? 9) > sinf > ! (7)
Ay (r,0) 2 = 1+ Hr)?2/r2

On the other hand,

1
Aa (r,0)

= % (sin& + 4/sin? @ + a(r) cos? 0)
1
< 5(1+\/1+(a(7“)—1)00529):

Hence, (6), (7) and (8) imply

(8)

(1 +/T— (M cos? 0)/7‘) <1.

N =

1 < 1 1 1
T+ H(r)2/r2 = A=(0)  XH(@O) —  h(r)

e Third case: tanf < —H (r)/r.

Applying the same arguments as previously (where the roles of A; and A; have been exchanged), we

also get here
1 1 1 1

1+ H(r)2/r? = AT(O)  AT(©) T h(r)

Conclusion:

1

1
NS ook a(r)} and 1(r) = max {1 + ) b(r)}, the three

cases above say that for all # € (—n/2,7/2) we have

If we define ¢(r) = min

1 1
p(r) < 0 @) = Fi(mo,ug) < 9(r),
which proves Lemma 1.2 since Tgrlloogo(r) rggloow( r)= O

Considering a convex set C as described at the beginning of the present section, we are now able to
prove the key idea of this paper which states that the closer to dC we are, the less the metric d¢ on
C is different from a Riemannian one. In other words, we show the closer to dC a point p € C is, the
closer to an ellipsoid centered at p is the unit sphere {v € R" : F¢(p,v) = 1} of the norm F¢(p,-) in
T,(C) = R™:



Proposition 1.3. Let C be a bounded open conver domain in R* whose boundary OC is a hypersurface

of class C3 that is strictly convex. For any p € C let §(p) > 0 be the Euclidean distance from p to OC.

-

Then there exists a family (€p)pec of linear transformations in R™ such that

FC (pa ’U)
5p)0 |2, (v) |

= 1 uniformly in v € R"\{0}.

Remark. The proposition means that the unit sphere of the norm F¢(p,-) approaches the ellipsoid

defined by the unit sphere of the Euclidean norm || - || o E_;, in R” as §(p) goes to zero.

Proof. Let p € C sufficiently close to 9C such that § = é(p) < p (see Lemma 1.1) and that there is a
unique w € JC satisfying ||p — w|| = 6.

Define &, € GL(R") by ®,(z,2) = (X,Z) = (22/V$,2/8) from R*1 x R to R*~! x R; it sends
Y., (p) = de, to myg = (0,...,0,1) and changes inequality (%) in Lemma 1.1 applied to w into

i(l—M\/gllelﬂ)llXIIQwa(\/gXWS (1+ MVE|X[/2)|X|? forall X € B(0,1/5%).

NI

Hence we deduce

%(1 — M§3)||X|2 < £,(VOX)/6 < >(1+ M54)||X|? forall X € B(0,1/51). (9)

EN

Now introduce r = 1/(5%, fix k € {1,...,n — 1} and consider the function &(t) = f.,(V/dtex)/d for
t € (—r,r); in restriction to the 2-plane Iy = {tey + Ze, : (t, Z) € R?}, condition (9) means

b(r)t? forall |t| <, (10)

where a(r) =1 — M/r and b(r) =1+ M/r.
If we then define £, € Aff(R") by £, = &, 0T, and focus on the convex set K = 9(¢,(C)) NIIj, we are

exactly in the situation of Lemma 1.2 (where condition (1) is given by (10) above) which implies
o(r) < Fp(mo, cos ey + sinfe,) < (r) forall 0€ (—m/2,7/2),

where F, is the Finsler metric associated to £,(C) and ¢, 1 are functions such that liﬂ_n o(r) =
7—+00
lim r)=1.
rﬂ+oo¢( )
As Fp(my,+) is a symmetric, continuous and positive homogeneous function over R", the last inequal-
ities mean

o(r)llvll < Fp(mo,v) <¢(r)llv] forall v € Tly.

But k € {1,...,n — 1} has been chosen arbitrarily and we actually get
o(r)[[vll < Fp(mo,v) < ¢p(r)llv]| forall veR" (11)

because ¢(r) and 1(r) do not depend on k.
Since £, is an affine transformation, it is an isometry from (C,dc) to (£,(C),dy,(c)) or equivalently an
isometry from (C, F¢) to (€,(C), Fp), that is Fp(ép(m),ﬁz,(v)) = Fe(m,v) for all m € C and all v € R",

where é_;, is the linear part of /.



Therefore, with £,(p) = my, we finally obtain
o(N)18 ()| < Fe(p,v) < $(r)[[fp(v)]| forall veR"

and Proposition 1.3 follows since r = 1/(5i — +o0asd—0. O

2. Proof of the theorem

We give in this section the proof of the central rigidity result announced in the Introduction as a
consequence of Proposition 1.3 for a bounded open convex domain C in R" with a strictly convex

boundary of class C3:

Theorem 2.1. If OC is not an ellipsoid, then any subgroup T' of the isometry group Isom(C,d¢) with

a proper action on C is finite.
Before showing this result, we establish the following lemma:

Lemma 2.2. Let C be any bounded open strictly conver domain in R™ and I' any subgroup of
Isom(C,dc) with a proper action on C. Then if there is a point in C with a finite orbit, T' has to
be finite too.

Proof of Lemma 2.2. We will consider C in P(R"*!) via the classical imbedding R? < P(R"*1!)
(see for example [9], section 2). Then the strict convexity of C implies that Isom(C, d¢) < PGL(R"*!)
according to [10], Proposition 3. Let pg € C with a finite orbit I pg and pick n+1 points p1,...,pp4+1 in
C such that (po,p1,---,Pnt1) is a projective frame. Next define the sequence (I';)o<j<n+1 of subgroups
inI" by

['g = Stabr(pg) and T'; = Stabr,_, (p;) for all j € {1,...,n + 1},

where Stabg(z) denotes the stabilizer of the point z under the action of the group G. We therefore
have T'y11 < -+ < Ty < Ty < T with T,y 1 = {Idc} because T'y 11 < PGL(R"T!) fixes the projective
frame (po, p1,---,Pn+1)-

As for each j € {0,...,n} we have dc(pj, v-pj+1) = dc(pj, pj+1) for all v € ', the orbit I'j-p; 41 lies in
a compact set and thus if it were infinite, it would have an accumulation point; but this is not possible
because the action is proper. Hence, I'j-p;1 is finite for all j € {0,...,n}.

Since I'/Tg = T'-py and I';/Tj11 = T'j-p;41 (as sets) for all j € {0,...,n}, we finally get that all the
indexes [I' : Tg], [To : I'1],..., [y : Tpy1] are finite. So, I' is finite. O

Proof of Theorem 2.1. Consider an infinite subgroup I' of the isometry group Isom(C, d¢) whose action
on C is proper and choose a point p in C. As I is not finite, the orbit I'- p is infinite by Lemma 2.2 and
thus if it where contained in a compact set, it would have an accumulation point which is not possible

since the action is proper. So the Euclidean distance between I'- p and OC is zero, which means there



exists a sequence (y)x>0 in I' such that the limit of the Euclidean distance between py = ;-p and oC

is zero as k goes to infinity. Then, from Proposition 1.3, there is a sequence (E_;c) k>0 € GL(R™) which

satisfies
F, T,
C_gpk’ b % (0) = 1 uniformly in v € R"\{0},
k=too || £ (Tp, vk ()]
where || - || still denotes the canonical Euclidean norm in R".

But since vy, € Isom(C, dc), we have F¢(pg, Ty, vk (v)) = Fe(p,v) and the equality above writes
klhf |ILk(v))|| = Fe(p,v) uniformly in v € R"\{0}
— 100

with L = é_;c o Ty, Vk-

As this limit is uniform in v, the sequence (Lj)r>o is bounded in L(R™) (the space of linear endo-
morphisms of R" endowed with the operator norm associated to || - ||) and we can therefore assume it
converges to a limit £ € L(R"). We then obtain F¢(p,v) = ||£(v)|| for all v € R” (hence £ € GL(R")),
which means the Finsler metric F¢ is Riemannian at the point p € C (the norm || - || o £ is indeed
Euclidean in R™) and since this is true for every choice of p, we get that F¢ (or equivalently the

corresponding Hilbert metric d¢) is a Riemannian metric on C.
At this stage, recall the following fact (see for example [3], page 85):

Theorem 2.3. (E. Beltrami, 1866) Let a connected open set X of the projective space P(R"!) be
metrized so that the metric is Riemannian and the geodesics lie on projective lines. Then the sectional

curvature of this Riemannian metric is constant.
Using this, we deduce the very useful result:

Theorem 2.4. Let C be any bounded open convexr domain in R™. If the metric d¢ is Riemannian,

then OC is an ellipsoid.

Proof of Theorem 2.4. From Theorem 2.3 with X = C, the sectional curvature of the Riemannian
metric d¢ is constant and thus non-positive since the space (C,d¢) is not compact. Then, by a theorem
of H. Busemann ([3], p. 269, Theorem 41.6), the metric space (C, d¢) has non-positive curvature in the
sense of Busemann (see [3], p. 237 for the definition) and this finally implies 9C is an ellipsoid from a

result due to P. Kelly and E. Straus ([11]). O
This ends the proof of Theorem 2.1. [

Remark. Although Theorem 2.4 seems generally to have been accepted, we are unaware of any proof

in the literature.
We now determine whether there are quotients of Isom(C, d¢) with finite volume:

Corollary 2.5. Let C be as in Theorem 2.1. Then if OC is not an ellipsoid, (C,dc) does not allow

quotients of finite volume by subgroups of Isom(C,dc) whose actions on C are proper.

10



Proof. The volume here is the one y associated to the Finsler metric F¢ on C and described in the
Introduction. Now if a subgroup I' of Isom(C, d¢) has a proper action on C, it is finite since 9C is not
an ellipsoid according to Theorem 2.1. So, if there where a fundamental domain D C C with u(D)

finite, we would get that u(C) = Z p(y-D) is finite too; but this is not true. (If we indeed use Lemma
vyl
1.1 and Lemma 1.2 over the intersection U of C with a small enough ball in (R™, || - ||) centered at any

given point in OC, we can get an estimate of the Euclidean volume of the ball {v € R" : F¢(p,v) <1}
and compute that u(U) = +o0.) O

Acknowledgment. The first author would like to thank Y. Benoist and W. M. Goldman for their
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