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ABSTRACT. Using the unbounded picture of Kasparov’s KK-theory, we asso-
ciate a well-defined K-homology class to an unbounded symmetric operator
satisfying certain mild technical conditions. We also establish an “addition
formula” for the Dirac operator on the circle and for the Dolbeault operator
on closed surfaces. Two proofs are provided, one using topology and the other
one, surprisingly involved, sticking to analysis, on the basis of the previous
result. As a second application, we construct, in a purely analytical language,
various homomorphisms linking the homology of a group in low degree, the K-
homology of its classifying space and the analytic K-theory of its C*-algebra,
in close connection with the Baum-Connes assembly map. For groups classified
by a 2-complex, this allows to reformulate the Baum-Connes Conjecture.

Part I. Introduction
1. STATEMENT OF THE MAIN RESULTS

Given a separable C*-algebra A, our goal is to define certain classes in the
K-homology group K*(A) := KK,(A,C), using unbounded symmetric operators
(that are definitely not assumed to be self-adjoint). Not surprisingly, this will
force the operators considered to fulfill some technical conditions. The following
definition lists the properties we need (more details are provided in Section 4 below,
in particular concerning deficiency indices and invertibility of T*T + 1).

Definition 1.1. We call a triple (¥, 7, T) a symmetric unbounded Kasparov triple
of degree 1 for the separable C*-algebra A if it consists of the following data:

(a) an integer i € {0,1};
(b) a Hilbert space H ;
(c) a *-representation 7: A — B(H) of A;
(d) a densely defined closed symmetric operator T' on H with domain dom(T).
These data are required to fulfill the following conditions:

(i) the deficiency indices of T coincide and are finite;
(ii) the operator m(a)(T*T + 1)~ is compact for every a € A;
(iii) the operators [m(b),T] and [m(b), T*] are densely defined and [m(b),T™] is
bounded for every b in some dense subspace B of A.
(The subspace B is not required to be a subalgebra.) If ¢ = 0, we moreover require
‘H to be Z/2-graded, 7 to preserve the grading, and T to reverse it.
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Of course, this would define an unbounded Kasparov triple [H, 7, T] € KK;(A,C)
in the sense of Baaj-Julg [2], if T would moreover be self-adjoint. In fact, our two
main results read as follows.

Theorem 1.2. Let (H,n,T) be a symmetric unbounded Kasparov triple of degree i
for a separable C*-algebra A, as defined above. Then, there ezists, in the unbounded
picture of Kasparov’s KK -theory, a well-defined K-homology class

[H,n,T] € K'(A),

that is canonical, and coincides with the usual class in case T' is self-adjoint. More
precisely, given an arbitrary self-adjoint extension T of T — and at least one such
extension erists —, one has

[H’W’T] = [Hvﬂ"f] € Ki(A)’
independently of the choice of T.

As a consequence of this first result (more precisely of a generalization of it), we
will derive the following theorem.

Theorem 1.3. Let (H,m,T1) and (H,w,T>) be two unbounded Kasparov triples of
degree 1 for a separable C*-algebra A (in the usual sense of Baaj-Julg), with the
same Hilbert space H and the same *-representation w. Suppose that Ty and Ts
admit, as a common restriction, an operator T satisfying the two conditions
(a) T is densely defined;
(b) [m(b), T**] is densely defined and bounded for every b in some dense x-closed
subspace B of A.

Then, one has the following equality of K-homology classes :
[Haﬂ-aTl] = [Haﬂ-aTZ] € Kz(A) :

Furthermore, since Ty enters in an unbounded Kasparov triple, there exists a *-
closed dense subspace B' of A such that [w(b'),T1] is densely defined and bounded
for every b’ € B', and condition (b) above can be replaced by the next one while
keeping the same conclusion :

(b") [w(b'), T**] is densely defined for every b’ in B'.

In both theorems, the separability assumption is needed to apply Baaj-Julg’s
results [2] (see the proof of Proposition 2.3 therein). Recall, for later applications,
that for X a compact Hausdorff space, the C*-algebra C(X) is separable if and
only if X is metrizable (or equivalently, second-countable). For example, as is well-
known, a CW-complex is metrizable if and only if it is locally finite [16, Prop. 1.5.17].
At this point, let us mention that throughout the paper, we assume that all spaces
and maps between them are pointed.

Here is a description of the content of the paper.

One of our goals is to apply our results to establish an “addition formula” con-
cerning certain differential operators on closed manifolds of dimension one and two.
More precisely, we would like to study the behaviour under connected sum of the K-
homology class given by the Dirac operator in dimension one and by the Dolbeault
operator in dimension two. In fact, in dimension one, the situation is well-behaved
for the usual connected sum, but in dimension two, this leads to the introduction of
a variation of the connected sum. For both considered dimensions, we will present
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two proofs of each “addition formula”’, one using standard and well-established
tools from algebraic topology (in particular, “topological index theory”), and the
other one in a purely analytical framework on the basis of Theorem 1.3. One of the
interest of this latter approach is that the analytical proof is astonishingly involved.
The context will be explained in detail in Section 2, and the proofs are presented
later, in Section 7 for the topological proof, in Section 8 for the analytical proof in
dimension one, and in Section 9 for the analytical proof in dimension two.

In Section 3, we explain in detail the framework of our application of these
results in connection with the Baum-Connes Conjecture, which aims at computing
the K-group K.(C}T) for a group I' (see there for the notation and definitions).
The K-homology group K;(BI') and the homology group H,(I'; Z) will be involved
for j = 1,2. More precisely, for both values of j, we will construct two maps

BY: Hy(T;Z) — K;(BT)  and  B\: Hy(T;Z) — K;(C;T).
Our main concern will be to define these maps in a purely analytical language, i.e.
using the Baaj-Julg description of Kasparov KK-theory, and, as a major difficulty,
to prove that they are well-defined group homomorphisms, while sticking to this
analytical language. It turns out that the proof of this property will precisely
amount to the “addition formulae” for suitable differential operators as in Section 2,
hence the close connection with Theorem 1.3.

In Section 4, we state a general theorem, namely Theorem 4.1, that allows to
associate to an unbounded symmetric Kasparov triple (H,m,T) a “usual” KK-
theory class in some group KK;(A,C(U)), where U is a suitable non-empty compact
Hausdorff space depending on 7T'. Evaluation at an arbitrary point uw of U will
provide the K-homology class [H, 7, T] € K*(A) we are looking for. The punch-line
is that this will not depend on the choice of u (the point being path-connectedness
of U). As a consequence, Theorem 1.2 follows from this.

The proof of Theorem 4.1, and hence of Theorem 1.2, is presented in Section 5.

In Section 6, we address a generalization of Theorem 1.2, where we reduce the as-
sumptions on the triple (H, m, T) to the strict minimum (according to our proof); as
the main relaxation of assumptions, finiteness of deficiency indices will be dropped.
Using this generalization, we then establish Theorem 1.3. After this section, we
move, for the rest of the paper, to the applications, namely on the “addition for-
mulae” and around the Baum-Connes Conjecture.

As we have said, we will present the proofs of the “addition formulae” for the
Dirac and the Dolbeault operators in Section 7 (topological in both dimensions),
in Section 8 (analytical in dimension one) and in Section 9 (analytical in dimension
two).

We treat the case j = 1 of our application to the Baum-Connes Conjecture in
Section 10. In this case, H1(T';Z) is I'?® | the abelianization of I'. We will see that
,Bia) is exactly the map I'*® —s K;(C;T) induced by the canonical inclusion of T’
in the group of invertibles of C*T'. It was proved by Elliott and Natsume [14] (and
reproved in [8]) that ﬂ%a) is rationally injective.

In Section 11, for j = 2, Zimmermann’s description of Ha(T'; Z) in [42] allows us
to define ﬂét) and ﬂéa) . We were not able to prove rational injectivity of ,Béa) .

In Section 12, we draw consequences of our constructions for groups which admit
a 2-dimensional classifying space; we call these groups 2-dimensional. We use our
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maps ﬂ](-a) to propose, for these groups, an equivalent formulation of the Baum-
Connes Conjecture with the left hand side replaced by integral group homology.

We point out that [27, 28] contain closely related results; the relation of the maps
,3](-a) with algebraic K-theory (and Steinberg symbols for j = 2) is studied in [29].
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2. DESCRIPTION OF THE APPLICATION TO ANALYSIS ON MANIFOLDS

We explain here two applications of Theorem 1.3 in the context of differential
operators on manifolds. One of the applications is for the circle, i.e. in dimen-
sion one, and the other is in dimension two, more precisely for Riemann surfaces.
Explicitly, we will state two “addition formulae” for suitable differential operators.
The topological proof is presented in Section 7, and the analytical proof in Section 8
for the one-dimensional case, and in Section 9 for the two-dimensional case.

We first recall that for a o-compact Hausdorff topological space X , for instance
a CW-complex, one has a canonical and natural isomorphism

K.(X)= RKK,(X,C),

where K, is K-homology with compact supports, and RKK, is Kasparov’s KK-
theory with compact supports, that we will see in the unbounded picture of Baaj-
Julg [2] (more on this is contained in Sections 4, 8 and 9). If X is compact Hausdorff,
one further has RKK,(X,C) = KK,.(C(X),C).
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Now, we start with the one-dimensional situation. Consider the Dirac operator
on the circle S* and the corresponding K-homology class, namely

1.4
T4 db

details are provided in Section 8. Now, the “addition formula” reads as follows.

and  [D] € K(S") = KK;(C(S"),C);

Theorem 2.1. Let X be a pointed CW-complex, and let fi, fa: S' — X be two
pointed continuous maps, that are constant in a small neighbourhood of the base-
point of S*. Consider the connected sum of these two maps (along a closed interval
sitting inside the given neighbourhood for both copies of S*)

fi#tf2: S'#S' — X,

and identify the closed oriented manifold S'#S' with S' as usual. Then, in K-
homology, one has

(fi#f2)«[D] = (f1)«[D] + (f2)«[D] € Ki(X)= RKK,(X,C).

We pass to the two-dimensional setting. Let 3, be a closed oriented surface of
genus g > 0 (in particular, without boundary). We fix an auxiliary Kahler structure
on Y4, i.e. we view X, as a complex curve equipped with a suitably compatible
Riemannian metric. Consider the Dolbeault operator and its K-homology class

05, =0®0* and [0g] := [05,] € Ko(Zy) = KKo(C(Zy),C);

again, we will be more explicit in Section 9. As we will explain is that section, the
connected sum for surfaces does not satisfy the “same addition formula” as in Theo-
rem 2.1. We will explain that the exact source of the problem is the non-additivity
of the Euler characteristic under the connected sum. We therefore introduce a
modified version of the usual connected sum.

Thus, let ¥, and X4, be surfaces of genus g; and g, respectively. By cutting
out a handle in X, (resp. in Xg,), see Figure 1, and gluing along the boundary
circles in an orientation preserving way, we get a closed oriented surface ¥g4, 13,
of genus g1 + g2 — 1, as in Figure 2.

Figure 1

Figure 2

We assume that the base-point of X, is identified with the base-point of X,
in this operation (in particular, both base-points sit on two corresponding circles
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among the four boundary circles). We single out that the Euler characteristic is
additive for this modified connected sum, i.e.

X(Zglhzgz) = X(Em) + X(Egz) .

In this situation, the “addition formula” reads as follows.

Theorem 2.2. Let X be a pointed CW-complex. Fori=1,2, let f;: Xg, — X be
a pointed continuous map, that is constant in a small neighbourhood of a handle of
Y. (9: > 0). Consider the modified connected sum (along the two given handles)

flth: Eg1h2g2 — X

of these two maps, and identify the closed oriented manifold Xg 434, with Xg, 4g,-1
in the usual way. Then, in K-homology, one has

(f10/2)+[0g1 +90—1] = (f1)4[0g.] + (f2)[0g.] € Ko(X) = RKK,(X,C).

For the analytical proofs of Theorems 2.1 and 2.2, we have to impose suitable
boundary conditions on the glued parts of the considered manifolds; as a conse-
quence, we must deal with symmetric non-self-adjoint operators. Theorems 1.2
and 1.3 then ensure the well definiteness of the corresponding “glued” K-homology
classes.

Another occurrence of symmetric non-self-adjoint operators arises in analytic
K-homology, in the discussion of excision in that framework, see [18, Section 10.8].

3. DESCRIPTION OF THE APPLICATION TO THE BAUM-CONNES CONJECTURE

We describe here our second application of Theorem 1.2, namely, in the frame-
work of the celebrated Baum-Connes Conjecture, that we also introduce with some
explanations.

Let T be a countable discrete group. The Baum-Connes Conjecture for I is the
statement that the Baum-Connes assembly map, or analytical index map,

pi: Ki(ET) — K;(C;T)  (i=0,1)

is an isomorphism. Here, KT (ET) is the I'-equivariant K-homology with I'-compact
supports of ET, the classifying space for proper I'-actions, and K.(C;T) is the
analytical K-theory of CI', the reduced C*-algebra of I'. For precise definitions
of the objects involved, various examples and the relevance of the conjecture to
questions in topology, geometry, algebra and analysis, we refer to [4, 30, 36, 39]; see
also [20, 37] for excellent surveys of progresses on the conjecture up to 1999. Recall
also that both KI'(ET) and K,(C:T) are 2-periodic by virtue of Bott periodicity.
For this reason, we will stick to the groups Ky and K; .

Denote by FT the vector space of C-valued functions on I', with finite support
contained in the set of finite-order elements of I'. The space FT becomes a I'-module
by letting T" act by conjugation; H,(I'; FT') denotes the corresponding homology
group. Baum and Connes defined in [3] a Chern character

hl's KT (BD) — @) oo sT5FT) (1=0,1)
n=0
that becomes an isomorphism after tensoring with C (see also [28]).
Now, let BT be the classifying space of ", and let K, (BT") denote its K-homology
with compact supports, which is also 2-periodic by Bott periodicity. There is a
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canonical map oL : K,(BT) — KI(ET), which is an isomorphism for T' torsion-
free. Indeed, denote by ET the universal cover of BI'. This map ¢! is the com-
position of the canonical isomorphism K, (BT') = KI(ET) with the forgetful map
KI(ET) — KT(ET) obtained by noticing that any free and proper I-action is
proper. Of course, for T' torsion-free, the spaces ET' and ET coincide (up to I'-
equivariant homotopy). Together with the Chern character ch, in K-homology,
these maps fit into the commutative diagram (see [4] and [28])

r

er T M *
Ki(BT) K; (ET) —— Ki(C;T)
ch*l lchE
P Hon+i(T;Z) — @ Honti(T;Q) — @) Han4i(T; FT)
n=0 n=0 n=0

for i = 0 and 1. (Throughout the paper, we identify the integral (resp. rational)
homology of T' with that of BT'.) This shows in particular that ¢l is rationally
injective. We let v := pul o ¢l': K,(BT) — K.(C;T) be the Novikov assembly
map. The reason for this terminology is that rational injectivity of v implies the
Novikov Conjecture on higher signatures for the group I.

At the very beginning, this paper started out from a desire to exploit the bottom
line of this diagram, in order to better understand the top line. Since, in favorable
cases, geometry and topology provide explicit models for BT, from which group
homology H,(T';Z) can be computed, or at least well-understood, it seems inter-
esting to try to construct directly, out of integral homology classes, elements in
K,.(BT') and K,(C;T). In other words, we are looking for maps

BY: H;(;Z) — Ki(BT)  and B\ H;(T;Z) — K;(C;T),

where ¢ = j (mod 2), such that the diagram

T
K;(BT) i - K;(C'T)

J H(T;7Z) 7

commutes. To ensure non-triviality, ﬂ](-t) should be rationally a right-inverse of the
Chern character in degree j, i.e.

(ch; @ idg) o (8] @ idg) = idp,(ryq) -

Moreover, we do not want to define ﬂ;a) merely as er o ﬂj(-t) , but look instead for
a direct and explicit construction. Indeed, it would follow from the Baum-Connes

Conjecture that ﬁ](.a) is rationally injective; one may then try to prove this directly.
To illustrate this program, let us consider the easy case where j = 0. Of course
Hy(T;Z) 2 Z, and we define
B 7 — Ko(BT), n+—sn-i271],

where (?": pt — BT is the inclusion of the base-point, and the class [1] is a
prescribed generator of Ko(pt) = Z. It is obvious that ,Bét) is a right-inverse of the
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map chl: Ko(BT) — Ho(T;Z), i.e. the integral Chern character in degree zero
(compare with Lemma 12.1 below, and with [27]). On the other hand, we define

B : Z — Ko(CIT), n+—sn-[1] = Sign(n) - [Diag(1,...,1,0,0,...)] ,
N——r
|n| terms

where [1] denotes, this time, the K-theory class of the unit in C}T". It is an easy
but instructive exercise (see e.g. [30, Ex. 2.11 in Part 2] or [39, Ex. 6.1.5]) to
check that v§Z7[1] = [1]. Moreover, the canonical trace 7 on CI" induces a map

7ot Ko(C!T) — R such that 7,[1] = 1. This shows for free that ﬂ(()a) is injective.

In this paper, we implement the program sketched above in the cases 7 = 1 and
J = 2, exploiting especially simple descriptions of H;(I';Z) available in this range.
The main feature is that the construction of ﬂ](-t) is performed in the analytical and
unbounded description — that is, “4 la Kasparov and Baaj-Julg” — of K-homology.
In particular, the proof of the fact that ﬂ](-t) is a group homomorphism is instruc-
tively subtle in the analytical framework and is presented in full details. Roughly
speaking, this leads to the construction of well-defined K -homology classes out of
densely defined unbounded symmetric operators on Hilbert spaces, that are not nec-
essarily self-adjoint, precisely the subject of Theorem 1.2, hence the connection.

Part II. Symmetric unbounded Kasparov triples
4. CONSTRUCTION OF THE CLASS [H,,T]

In this section, we provide some general information on unbounded symmetric
operators and we construct the promised K-homology class [H, 7, T]. We also state
a general result, Theorem 4.1, of which Theorem 1.2 is a direct corollary. The proof
will be presented in Section 5.

Recall that for a densely defined closed operator 7', the operator T*T + 1 is
densely defined, self-adjoint, injective on its domain and surjective, and its inverse
satisfies (T*T+1)~! € B(H) (see for example [38, Prop. A.8.4, p. 511]). Therefore,
condition (ii) of Definition 1.1 makes sense.

It is well-known that a densely defined closed symmetric operator T is self-adjoint
if and only if Ker(T*—:) and Ker(T*+7) are trivial. In general, there can exist
none, just one (in case T is already self-adjoint), or uncountably many self-adjoint
extensions of T'. In fact, they are canonically parameterized by the space

U := {u: Ker(T*—i) — Ker(T*+i) |u is a unitary isomorphism},

equipped with the norm-topology inherited from B( Ker(T*—1), Ker(T*—i—i)) . This
means in particular that T possesses self-adjoint extensions if and only if the de-
ficiency spaces Ker(T™—i) and Ker(T™*+:) of T have the same (possibly infinite)
dimension; here dimension, is meant in the sense of the cardinal of a Hilbert ba-
sis. If the deficiency indices dim (Ker(T*—i)) and dim ( Ker(T*+i)) of T are finite
and equal, say equal to n, then U is a principal homogeneous space over the uni-
tary group in dimension n, hence U is homeomorphic to U(n) (non-canonically for
n > 0); in particular, it is Hausdorff and compact. Explicitly, in the general case,
the correspondence is given as follows (provided that I/ is non-empty):

Usu — Ty: dom(T,) — H,
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where T, is the unbounded operator with domain
dom(T,) := {& +n+ u(n) | ¢ € dom(7T) and 7 € Ker(T*—i)}
and given by the (well-defined) formula

Tu(€+n+u(n)) = T(€) +in — iu(n).
Finally, letting “@” stand for the algebraic direct sum (not necessarily orthogonal),
we point out that dom(7T*) = dom(T") & Ker(T™*—1) & Ker(T*+17) and that every
T, is a restriction of T*. For the details and proofs, we refer, for instance, to
Reed-Simon [34, Section X.1, pp. 135-143].

For the sequel, we suppose that the deficiency indices of T' coincide and are equal
ton < oo (in particular, U is compact Hausdorff and C(Uf) is a unital separable C*-
algebra). We consider the unbounded operator T&1 on the Banach space H&C(U),
viewed as a Hilbert C*-module over C(U/) in the obvious way or, in other words, as
a (constant) continuous field of Hilbert spaces over U . The operator T®1 has, as
domain, the image of the algebraic tensor product dom(D) ® C(U) in HOC(U) . It
admits a canonical extension 7, which is the unbounded operator equal to T, in
the fiber over each u € U . Let us provide an explicit description of T . First, we use
the canonical isomorphism of Hilbert C(U)-modules H&C(U) = C(U,H) (see [25,
p. 27]) to identify both Hilbert C*-modules. As usual, C(U,H) is endowed with
the C(U)-valued scalar product (f | g) := (v (f(u)|g(u))y ) for f, g€ CU,H),
therefore with the topology of uniform convergence. Then, T®1 has, as domain,
the dense subspace {f € C(U,H) | Im(f) C dom(T)} of C(U,H), and T is defined
as the C(U)-linear operator with domain

dom(T) := {f € CU,H) | f(u) € dom(T,), Yu e U}
and given by

T+ dom(T) — CUH), fr— (TF:um Tu(fw)).

Observe that 7 is a restriction of the closed operator T*®1, consequently, it is
well-defined, i.e. Tf is continuous for every f € C(U,H). Note also that T*®1 is
symmetric if and only if T is self-adjoint, in which case U is a point and 7 =T'.

By definition, a densely defined closed operator 7 on a Hilbert C*-module is
called regular if T* is densely defined and 7*7T +1 has dense range (of course, if T°
is symmetric, only the latter property is significant). For T regular, the operator 7 *
is regular, and 7*7T is densely defined, self-adjoint and regular (see [25, Lem. 9.1,
Cor. 9.6 and Prop. 9.9]).

Theorem 4.1. Let (H,n,T) be a symmetric unbounded Kasparov triple of degree
1 for a separable C*-algebra A. Let U and T be as constructed above. Then, the
operator T has a dense domain, is self-adjoint, and is reqular, in the sense that
T2 +1 has dense range. Moreover, the triple ('H@C(U),ﬂ'@l,T) determines, in
the unbounded picture of Kasparov’s KK -theory, a well-defined class

(H,7,T) == [HOCU), &1, T| € KK;(A,CU)).

In particular, U being path-connected, for every choice of points u,v € U, the
corresponding evaluation maps (evy)«, (evy)«: KK;(A,C(U)) — KK;(A,C) yield
the same K-homology class, i.e.

H,n,T,) = [H,m,T,] € KK;(A,C)=K'(A).
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We can therefore denote this class unambiguously by [H,n,T] € K¢(A).
The proof is the subject of Section 5 below.

5. PROOF OF THEOREMS 1.2 AND 4.1

In the present section, we establish Theorem 4.1. Clearly, Theorem 1.2 is merely
a part of it, so, we will not need to say more about its proof.

Proof of Theorem 4.1. During the proof, we keep notation as in Section 4. The proof
consists in two steps. First, we have to show that the triple (H&C(U),7®1,T)
indeed is a Kasparov triple in Baaj-Julg’s unbounded description of KK-theory.
The second step is simply the observation that the compact Hausdorff space U
being path-connected, the evaluation maps (ev,)« (e, )« as in the statement yield,
as is well-known, the same K-homology class. So, we can focus exclusively on the
first step. According to Baaj-Julg [2], we have to show that

1) the domain dom(7") is dense;

2) the operator T is self-adjoint;

3) the operator T is regular;

4) the operator [r(b)®1,T] is densely defined and bounded, for every b € B;
(5) the operator (m(a)®1)(7T2 + 1)~! is compact, for every a € A.

In (5), compactness is meant in the sense of Hilbert C*-modules. Let us now

establish these properties. (Concerning (4), see also Remark 5.1 below.)

(1) The domain dom(7) contains dom(7'®1), so, it is dense.
(2) By definition, we have

dom(7*) = {ge CU,H)|3h € CU,H) st. (Tf|g)=(f|h), VS €dom(T)}.

The condition (Tf | g) = (f | h) amounts to having (T;, f (u) | g(u)),, = (f(u) | h(w))4
for every uw € U . If g € dom(T"), then (T, f(u) | g(u))4, = (f(u) | Tug(u))y, for every
u € U, which means that (T f|g) = (f| Tg) . This shows that 7 C 7*. We pass to
the reverse inclusion. Since for every ¢ € dom(T,,), there exists f € dom(7 ) with
f(u) = & (take for f the constant map), the condition for g to be in dom (7 *) implies
that (T | g(u))4 = (€| h(u))4, for every & € dom(T,). Since T, is self-adjoint, by
definition, this means that g(u) € dom(T,) and h(u) = T,g(u). Since this has to
hold for every u € U , we see that g € dom(7"), so that dom(7*) C dom(T).

(3) By [25, Lem. 9.8], to show that T is regular, we just have to check that 7 +
and 7 — ¢ are surjective. Let u € U ; since Ty, is self-adjoint, the operator T,,+i is
surjective, and (T,=+7)~! is a bounded operator with range equal to dom(7},). So,
we can consider the C'(U)-linear operator

Si: CUH) — CUH), fr— (urs (Tuti) " f(u)).
In fact, we have to prove that S4 is really well-defined, namely that the function

Sif:uvr— (Ty+i) 1 f(u) is continuous. We do this just below and assume it for
a while. Since Im((T, &)™) = dom(T3,) for every u € U, we see that

dom(T8y) = {f € CWU,H) | (TuEi) * f(u) € dom(T,), Vu e U} = C(U, H).

Since, obviously, (7 +i)S+ = 1 on dom(7 S4), the operator T +: is surjective. So,
let us establish the continuity of S+ f. Since by assumption 7' admits at least
one self-adjoint extension, the operator T+ is injective on its domain dom(T),
therefore, the operator (T+4)~': Im(T+i) — dom(7T) C H is well-defined on its
domain Im(T+3). It will be crucial for us to observe that Im(T+¢) is closed, as

(
(
(
(
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follows from [12, Prop. X.2.5(c)]; as a side-remark, note also that Im(7'+:) is the
whole of H if and only if T is self-adjoint, see [33, Thm. VIIL.2, pp. 2566-257]. Fix
a point u € U . Consider the closed subspace H, := {n + u(n) |77 € Ker(T*—i)} of
7H and the operator

Ry: Hy — Ker(T*—i) @ Ker(T*+3i) CH, n+u(n)— in—iu(n),
where the direct sum is an algebraic one, that is, of mere vector spaces. For
n € Ker(T*—1), we compute that (R, + i)(n + u(n)) = 2in € Ker(T*—¢) and that
(Ry — 9)(n+u(n)) = —2iu(n) € Ker(T*+1). So, we can view R,+i as an operator
with codomain Ker(T™Fi), ie.

R,+i: ", — Ker(T*Fi).
As a consequence, T, +i decomposes as an algebraic direct sum of two operators,
as follows:

Tyti = (T+i) & (Ryxi): dom(T) & Hy — Im(T+i) @ Ker(T™F4) .

=dom(Ty) =H

(The last direct sum is orthogonal, but we will not need this fact.) From the above
explicit computation of R,=+i, we deduce that
(Ry%i)™1: Ker(T*Fi) — Ho CH, &— £ (E+uF(€)).
So, we can write the operator (7,+i)~': H — dom(T},) C H as the direct sum
(T+i) ' @ (Ry+i)*: Im(T=+i) ® Ker(T*Fi) — dom(T) @ H, CH..

Finally, letting Py: H —» Im(T+i) and Q4 : H — Ker(T*F:) denote the ortho-
gonal projections (recall that Im(7+37) is closed!), we see that

Suf:wr— (Ti) " Pyf(u) + 1 (Qif(u) + ot (Qif(u))) .
Observe that the function u — u®!(Q4 f(u)) is the composition
U—U x Ker(T*Fi) — Ker(T*+i) CH
ur—  (u,Qxf(u))
(v,6)  —v*(E),
where the two indicated maps are continuous (for the latter, recall that U is

equipped with the norm-topology). It follows that Sy f is continuous, as was to be
shown.

(4) Fix an element b € B. Since [7(b)®1,T®1] C [r(b)&1,T] C [x(b)®1, T*®1],
the result follows.

(5) Finally, we fix an element a € A. By assumption, the operator 7*T'+1 has dense
range and 7(a)(T*T +1)~! is compact. Since T2 + 1 is an extension of T*T +1, it
follows that m(a)(T2+1)~! coincides with the compact operator 7 (a)(T*T+1)~1.
Consequently, we have

(m(@)®1)(T2+1) P =n(a)(T*T+1) '&1 € KH)&CWU) = K(H&CU))
(see [25, p. 10] for the final equality), and the proof is complete. O

Remark 5.1. Following Blackadar’s treatment of the Baaj-Julg results, we did not
require [7(h)®1,7 ] to have domain containing dom(7) for every b € B, but merely
to have dense domain, see [9, pp. 163-165].
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6. GENERALIZATION OF THEOREM 1.2 AND PROOF OF THEOREM 1.3

We start this section with some observations from which we derive a generaliza-
tion of Theorem 1.2.

Observations 6.1.

(1) The assumption that T is closed is not really essential, since otherwise
one can simply replace it by its closure 7' = T** , and then check/require
properties (i), (ii) and (iii) of Definition 1.1 for the closure.

(2) The condition, weaker than (i) of Definition 1.1, saying that the defi-
ciency indices of T coincide, but are not necessarily finite is enough to
define [H,w,T] € K*(A) unambiguously. Indeed, the space U is always
path-connected, so, we replace it everywhere by a path P,, connecting
two arbitrary points u and v in Y. For this, note that 7P,, is a non-
empty, compact Hausdorff and path-connected space, and that the map
Puv x Ker(T*Fi) — Ker(T* i) taking (v, &) to vF1(€) is also continuous.
The proof is ‘less canonical’ in this case (since we are constrained to make
a choice for the path Py, ).

(3) Let T be a densely defined closed symmetric operator on a Hilbert space
H, and let m: A — B(H) be a x-homomorphism. Then the following
property — which does not involve T* — implies (iii) of Definition 1.1:

(iii") [7(b),T] and [7(b*),T] are densely defined and [r(b), T] is bounded for
every b in a dense subspace B of A.
Indeed, to show that (iii) of 1.1 follows from (iii’), we first note that
[w(b), T*] is densely defined and also closable, since its adjoint satisfies

[(8), T*]" = (w(0)T" = T*7(b))* 2 T m(b)* — w(b)"T™ = —[w(b"), T],

50, is densely defined [12, Prop. X.1.6 (b) & Ex. X.1.1, pp. 305 & 308]. Using
the inclusion T C T* |, we get [m(b), T*]* C [n(b),T]* . Since by assumption
[w(b),T] is densely defined and bounded, [7(b),T]* € B(H). Therefore,
[w(b), T*]* is densely defined and bounded, so that the closure of [7(b), 7]
satisfies [m(b),T*]** € B(H), showing that [r(b),T™*] is, indeed, densely
defined and bounded.

(4) Let [H,m, D] € KK;(A,C) be an unbounded Kasparov triple in the usual
sense, i.e. with D self-adjoint. Let T be a densely defined closed symmetric
restriction of D . Then, the deficiency indices of T" are automatically equal,
so that T satisfies (i) provided one of them is finite; this happens exactly
when the quotient dom(7™)/dom(T) is finite dimensional. Furthermore,
T necessarily verifies (ii), since then (T*T + 1)~! = (D? 4+ 1)71, and
m(a)(D? + 1)~! is compact for every a € A by assumption.

These observations combined with Theorem 1.2 lead us directly to the following
statement.

Theorem 6.2. Let A be a separable C*-algebra. Suppose given the following data :
(a) an integer i € {0,1};

(b) a Hilbert space H ;

(¢c) a *-representation m: A — B(H) of A;

(d) a densely defined symmetric operator T on H with domain dom(T') .

These data are required to fulfill, firstly, the two conditions
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(i) the deficiency indices of T** coincide (as cardinals);
(ii) the operator m(a)(T*T** + 1)~ is compact for every a € A;
and, secondly, one of the following two conditions :
(iii) the operator [w(b), T**] is densely defined, and [w(b), T*] is densely defined
and bounded for every b in some norm-dense subspace B of A ;
(iii') [w(b), T**] and [r(b*),T**] are densely defined and [w(b), T**] is bounded
for every b in a dense subspace B of A .
Thirdly, if i = 0, we moreover require H to be Z/2-graded, m to preserve the grading,
and T to reverse it. Then, there exists, in the unbounded picture of Kasparov’s KK -
theory, a well-defined K-homology class

[H,7,T] € K'(4),
that is canonical, and coincides with the usual class in case T is self-adjoint. More

precisely, given an arbitrary self-adjoint extension T of T — and at least one such
extension erists —, one has

[H’W’T] = [Hvﬂ"f] € Ki(A)’
independently of the choice of T. |

Definition 6.3. By extension, we call a triple (#, 7, T) satisfying the hypotheses
of Theorem 6.2 a symmetric unbounded Kasparov triple of degree i for A.

We pass to the proof of Theorem 1.3.

Proof of Theorem 1.3. We proceed somehow as in 6.1 (4). Since T; is self-adjoint, its
restriction 7" is symmetric with closure T** satisfying 7' C T** C T} and being sym-
metric. By hypothesis (a), T is densely defined, therefore, so is T** . In particular,
the densely defined closed symmetric operator T** admits at least one self-adjoint
extension, namely T}, so that its deficiency indices coincide (see Section 4). This
shows that T satisfies (i) of Theorem 6.2. Moreover, one has

(T*T** +1)" = (T2 +1)7 L.
By assumption that (¥, m,T1) is a (usual) Kasparov triple, 7(a)(T? 4 1)1 is com-
pact for every a € A. This implies (ii) of 6.2 for T'. By hypothesis (b), we have that
both the operators [m(b), T**] and [m(b*), T**] are densely defined and bounded for
every b in B (recall that B is *-closed). This implies (iii’) of 6.2 for T'. In total, we
have a symmetric unbounded Kasparov triple (#,m,T'), and, applying Theorem 6.2
to it twice (T% is a self-adjoint extension of T as well), we get the equalities

H,m,T1) = [H,n,T| = [H,m, Ts]

in K*(A), as desired. It remains to prove that condition (b’) implies condition (b).
First, the operators [7(V'), T**] and [w(b'*),T**] are densely defined and bounded
for every b’ in the subspace B’ . Secondly, for every b’ € B, the operator [r(b"), T**]
is a restriction of [w(b'), T1], and is therefore also bounded, by choice of B’. So, we
get condition (b) with B := B’. The proof is now complete. O

Part III. Proofs of the “addition formulae”

7. TOPOLOGICAL PROOF OF THE “ADDITION FORMULAE”

This section is subdivided into three subsections. In the first one, we establish
a useful general principle that will allow us to reduce the proofs (both topological
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and analytical) of Theorems 2.1 and 2.2 to the verification of one equality that
embodies the pure substance of the “addition formulae”, without any extraneous
ornament. In the other two subsections, one for each treated dimension, we prove
these theorems in the topological setting.

7.1. A general principle.

We present here a general, but easy, principle on homology (and related) theories,
that will be used on several occasions in the sequel, even for the analytical proofs. To
state it, we call a functor F'(—) from the category of CW-complexes to the category
of abelian groups additive if, given two maps f1: X3 — X and fa: X9 — X of
CW-complexes, one has a natural isomorphism

F(X;IX,) 2 F(X,)® F(X2)
such that, using it as an identification,

(f1 I f2)«(m1,22) = (f1)«(21) + (f2)(z2) € F(X),

for every x1 € F(X;) and z2 € F(X3), where f. stands for F(f) whenever f is
a map between CW-complexes. For example, an additive homology theory with
compact supports, like integral homology or K-homology, is an additive functor.
The point for us is that the assignment

X —» RKK,(X,C)

is straightforwardly seen to be an additive functor in our sense, without using the
identification of RKK,(X,C) with K,.(X), so that, later, our analytical proofs will
really be purely and strictly analytical.

Lemma 7.1. Let F(—) be an additive functor as defined above. Let My and M,
be connected oriented manifolds of the same dimension n > 0. Let D; (i = 1,2)
be a ‘small’ embedded open disk in M;, whose boundary inside M contains the
base-point, and form the oriented connected sum My#Ms by gluing My~ Dy and
M5~ D5 along their boundaries. Consider the obvious maps

j:MlﬂMz—)M1VM2 and p:Ml#MQ—)Ml\/Mg,

gwen by identification of the base-points and pinching the boundary 0Dy, =~ 0D,
to a point, respectively. Let X be a pointed CW-complex and let f;: M; — X be
a continuous map, which, on D;, is constant and equal to the base-point of X .
Consider the connected sum f1# fo: Mi# My — X . Finally, suppose given three
elements

z1 € F(M;y), z3€ F(My) and z € F(Mi#M,)
satisfying the compatibility condition
Jx(z1,22) = pu(z) € F(M1V My).

Then, one has the equality

(fri#f2)«(z) = (f1)s(z1) + (f2)«(z2) € F(X).
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Proof. We have the commutative diagram
My#M,

|»

M, I M, M; vV M,

fllk Afz

Noticing that fi#fa = (f1V f2) op, we compute

(fi#f2)«(z) = (f1V f2)« ps(z)
=(f1V f2)x Ju(z1, T2)
= (fi Il f2)u(z1,22)
= (fu)«(21) + (f2)«(22) ,
and this completes the proof. O

As a prototypical illustration of Lemma 7.1, we deduce the following simple
example on the homology of manifolds.

Example 7.2. Keep notation as in Lemma 7.1, but assume M; (i = 1,2) to be
closed and denote by [M;] € H,(M;;Z) its fundamental class. Then, in the group
H,(X;Z), one has

(Fr#tfo)« [Mi#EM,) = (f1)«[Ma] + (f2)«[My].

Indeed, the map j,: H,(M11I1Ms;Z) — H,(M7V Ms;Z) satisfies the compatibility
condition
Jx ([M1], [M3]) = p.[M:1#M;]

(as a computation using suitable triangulations shows), so, Lemma 7.1 applies to
give the result. Now, suppose that M; = X4, and M> = X , are closed oriented
surfaces. As we have noticed, the Euler characteristic is not additive with respect
to the connected sum. Note that this amounts to saying that the corresponding
compatibility condition is not satisfied, as next indicated :

I (X(Zg) (1] X(Bga)-[1]) # P+ (X (B, #2g,)-[1]) € Ho(Eg, V Tg,3Z)

where [1] stands for the prescribed generator of the zeroth homology group of any
connected CW-complex.

The next lemma is a slight variation of Lemma 7.1; for the modified connected
sum “h”, we refer to Figures 1 and 2 in Section 2 and to the statement of Theo-
rem 2.2.

Lemma 7.3. Keep the same notation and hypotheses as in Lemma 7.1, but with
M, =
as a small open tubular neighbourhood of a suitable non-retractable embedded circle
Ci (i=1,2). Let ¥4, Ug1 3y, denote the CW-complex obtained as the union of ¥,
and Xy, with the circles C1 and Co pointwise identified in an orientation-preserving
way. Then, the equality

(f1hf2)«(2) = (f1)+(21) + (f2)4(22) € F(X)

g1 and My = X4, being closed oriented surfaces, and D; being a handle given
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holds for 1 € F(Xg,), x2 € F(X,,) and x € F(X4,4%,,) satisfying the compati-
bility condition j.(z1,x2) = p«(x) in F(X4, Ug1 Xg,), where j and p stand for the
obvious identification and pinching maps

JiXg IX, — Xy, Us1 Xy, and p: g, h3g, — g, Ugt Xy, .

Proof. This time, we have the commutative diagram
E91 hzgz

|»

o3, Yg Ust Xy,

P

g1

fill fo fiUgt fa
X

Noticing that filifs = (f1 Usi f2) o p, we can perform a similar computation as to
establish Lemma 7.1. |

The next result will turn useful on several occasions later on.
Proposition 7.4. Let X be a pointed CW-complex. Fori=1,2, let f;: Xg, — X
be a pointed continuous map, that is constant in a small neighbourhood of a handle

of g, (g9i > 0). Consider the modified connected sum (along the two given handles)
filifa: g, 484, — X of these two maps. Then, one has the equality

X(Eg,12g,) = x(Bq,) + x(2g,)

and, in homology, one has
(F10f2)+[Zg, 130, ] = (f1)+[Bg] + (f2)4[2g,] € Ha(X;Z).

Proof. The first equality is obvious, since x(X4) = 2 — 2g for any g > 0. By the
general principle 7.3, it suffices to check that

j*([zm]a [Egz]) = Pi[Egi4g:-1] € H2(Eg, Ug1 Eg,3Z).
One can either decree it to be visible and hence obvious, or, for instance, draw con-
crete triangulations on both surfaces, respecting the prescribed circles and handles,

and then determine the corresponding triangulations for ¥4 ¥4, and X4, Ug1 Zy,
and finally deduce explicitly the maps j, and p, on the Hy-level to get the result. [

7.2. Topological proof of Theorem 2.1.
We begin by stating a result that will be needed for the topological proof of
Theorem 2.2 as well (and also in our application to the Baum-Connes Conjecture).

Lemma 7.5. For a 2-dimensional CW-complex X , there are canonical and natural
isomorphisms (so-called integral Chern characters)

ch?,: Ko(X) = Ho(X;7Z) & Hy(X;7Z) and chlyy: Ki(X) — Hy(X;7Z).
They are compatible with the usual Chern character chy: K.(X) — H.(X;Q) and
the map in homology corresponding to the change of coefficients Z — Q.

The compatibility in question is the obvious one; in case of doubt, see the dia-
grams in the proof of Lemma 12.1 below. See [6, Lem. 4] or [27, Prop. 2.1] for a
proof of the lemma. The proof actually reveals more. Indeed, if X! denotes the
1-skeleton of X, consider the exact sequences both in K-homology and ordinary
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homology, associated with the cofibre sequence of spaces X[l — X — X /X (n,
The isomorphisms in the lemma are the unique isomorphisms making the following
diagram with exact rows commute :

7

——— -
0 — Ko(XM) — Ko(X) — Ko(X/X1) — Ky (XM — K;(X) — 0

(
N

0 —— Hy(X) — Ho(X) — Hy(X/XM) — Hy(X) — H;(X) — 0
N——

7

where H, stands for integral homology. (Note that X" and X/X™ are homotopy
equivalent to a bouquet of circles and of 2-spheres, respectively). We present now
an example, that we state as a lemma for later reference.

Lemma 7.6. For the class [D] € K1(S') of the Dirac operator over the circle,
one has ch” [D] = —[S"] in Hy(S';Z), where [S] is the fundamental homology
class of St corresponding to the selected orientation; in particular, K1(S') = 7Z is
generated by [D] .

Proof. This is well-known (up to the minus sign!), but since no proof seems to be
available in the literature, we provide one here. Let (e,)ncz be the trigonometric
basis of the Hilbert space L?(S'). The phase F of D, i.e. the operator appearing
in the polar decomposition D = F - |D|, is given by F(e,) = e, ifn > 0, F(eo) =0
and F(e,) = —e, if n < 0. The homotopy t ++ F - (D*D)!/? between F and D
shows that [F] = [D] in K*(C(S')). Now, consider the rank one (hence compact)
perturbation F, of F taking the same values on the e,’s, except that Fy(eg) = eo;
of course, [F,] = [F]in K'(C(S")). The operator F, is a self-adjoint involution and
the corresponding projection P := 1+2F ° is the Toeplitz projection on the Hardy
space H?(S1) of St ; indeed, H2(S!) is defined as the closed span of the set {e, }n>0
in L2(SY). By [18, 2.7.7, 2.7.9, 5.1.6 and pp. 213-214], this means that [D], as an
element of Ext(C(S')) = KK;(C(S"),C), corresponds to the Toeplitz extension of
C(S') by the compact operators on H?(S') described in [18, (2.3.5)]). Now, given
a unitary u in C(S!), consider the corresponding Toeplitz operator T, := PuP
(see [18, Def. 2.7.7]). Then, for the canonical pairing (i.e. the Kasparov product)
®: KK;(C, C’(Sl)Z®Z KK, (C(SY), C) — KKo(C,C), (z,y)—z®y,

-~

>K1(S1) ~K,(S1) 7

writing Wind(u) for the winding number of u, one has
[u] ® [D] = Index(T,,) = — Wind(u) ,

where the first equality follows from [9, Thm. 18.10.2], and the second from [18,
Thm. 2.3.2]. By Lemma 7.5 and by its well-known cohomological counterpart (see
for instance [27, Lem. 5.1]), one has

chZa chg™

K(SY) = H((S%7Z) %= 7Z and K'(S') = HY(S,;7Z) = Z.

Consider the unitary u, = (z + 2) in C(S'), whose class [uo] is the standard
generator of K1(S'), i.e. the one satisfying chy®[uo] = [S!] in H!(S';Z). Then,
one gets [uo] ® [D] = —1. Altogether, this shows that [D] indeed is a generator of
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K1(S") (another approach for this result is one based on the ideas of [5]). Now,
since the Chern character in K-homology and in K-theory of finite CW-complexes
is induced by a map of spectra (in the sense of algebraic topology), for such a space
X, there is a commutative diagram

(s ) z

K*(X) ®z K« (X)

ch* ® ch, l 1

H'(X;Q) @ H.(;Q) )

where “(.,.)” stands for the Kronecker product, and “(.,.) " denotes the usual

pairing between K-theory and K-homology (see [5]). As is folklore (see however [1]
and [21, Section 6]), the diagram

®

KK, (C,C(X)) ®z KK,(C(X),C) KK, (C,C)
K*(X) ®z K. (X) Ve g

does also commute. Since the integral (co )homology of the circle injects inside its

rational (co)homology and since ([S*],[S']) = (1,[S*] N [S']) = (1,1) = 1 by very
choice of both orientation classes (see [13, VII.12. 8] for the first equality), it follows
that chZ, [D] = —[S!]. O

Now, we state a result that might be of independent interest, and to which the
proof of Theorem 2.2 reduces.

Proposition 7.7. Consider the obvious identification and pinching maps

j:stust — stvst and p: St slyst 5 g1y st,
Then, in K-homology, on has the equality

J*([D]7 [D]) = P*[D] € Kl(Sl \ Sl) .
Proof. By Lemma 7.5, we can identify K; with H; for all the (one-dimensional)
spaces in sight in the statement, and therefore, applying Lemma 7.6, we are reduced
to proving that j, (—[S1], —[S?]) = p.(—[S]) in Hi(S' Vv S), or equivalently that
4« ([S'],[S*]) = p«[S'], an equality that is obvious (compare with Example 7.2). [
Finally, we can pass to our first proof of Theorem 2.1.

Topological proof of Theorem 2.1. Our general principle embodied by Lemma 7.1
implies that the result follows from Proposition 7.7, that we have proven with purely
topological methods. O

7.3. Topological proof of Theorem 2.2.

As in the preceding subsection, we present a result of independent interest to
which Theorem 2.2 boils down.

Proposition 7.8. Let X, and Xg, be two closed oriented surfaces of genus g1 and
g2 respectively. Consider the obvious identification and pinching maps

Ji g I XE,, — X4, Us1 3y, and p: Xg 4g,-1 = Xg, 013g, — Xg, Ust X, .
Then, in K-homology, on has the equality
j*([591]7 [592]) :p*[591+92*1] € KO(Zgl Ugt E92) .



UNBOUNDED SYMMETRIC OPERATORS IN K-HOMOLOGY 19

Before we present the proof, we recall the following fundamental and classical
result.

Lemma 7.9. For a closed oriented surface ¥4 of genus g, denote by 1”¢ the inclu-
sion of the base-point. Then, letting [1] denote the canonical generator of the group
Ko(pt) 2 Z, one has

Ko(S,) 27 and  Ki(S,) = 7%
with 15°[1] and [9,] as generators of Ko(2,) ; furthermore, one has
che,105) = (1= g)-[1] + [Sy] € Ho(S5;2Z) @ Ha(Sg;Z)

where [1] € Ho(Xy;Z) = 7Z is the canonical generator, and [X4] € Ha(X4;Z) is the
fundamental class.

Proof. Consider a compact Kahler manifold M . Let chey: Ko(M) — Hey(M; Q)
be the usual (“rational-valued”) Chern character. Let 8, be the Dolbeault operator
on M, and [0)] its class in Ko(M). The Riemann-Roch-Hirzebruch Formula for
M (see [35, p. 29]) says precisely that chey[0ps] is Poincaré-dual to the Todd class
Td(TM) € H*(M;Q) . Specializing to M = X, we see that che,[0,] is Poincaré-
dual to the rational cohomology class (see [35, p. 3])

Td(T%) =1+ 3a1(T%g) € HY(Z5;Q);
here, T'Y, is of course viewed as a complex line bundle over X, . Since
%<C]_ (T29)7 [Zg]> - Index(gzg) =1-— g

(cf. [35, p. 27]), the desired result concerning chZ, [9,] follows from Poincaré duality,
the fact that che, and chZ, are compatible (see Lemma 7.5) for 2-dimensional spaces,
and the fact that the integral homology of X, is torsion-free, so that the canonical
map from integral homology to rational homology is injective in this case. The rest
follows readily from Lemma 7.5 and the well-known integral homology of ¥,. O

Proof of Proposition 7.8. By means of Lemmas 7.5 and 7.9, it suffices to check that
Ge((L=g1) - [1],(1 = g2) - [1]) =« (1~ (91 + 92 — 1)) - [1])
—— —— |
=3x(Zg;) =3x(Zg,) =5x(Zg, ;)

in the group Ho(2g, Ust Bg,;7Z) , and that j,([Sg,], [2g,]) = p«[Eg,49,—1] in the
group Hy (X4, Ugt Xg,;Z) . The first equality follows from Proposition 7.4, and the
second from the proof of the latter. O

Next, we present our first proof of Theorem 2.2.

Topological proof of Theorem 2.2. The modified version of our general principle,
stated as Lemma 7.3, implies that the result is a direct consequence of Proposi-
tion 7.7, whose proof given above was performed in the topological setting. O

Remark 7.10. Both these topological proofs, though their relative simplicity, leave
an unsatisfactory feeling for the following reasons. It is not quite explicit here what
K-homology is, and in particular how the classes [D] and [9,] are defined (except
possibly in the proof of Lemma 7.6). Moreover, the Chern character plays a rather
mysterious role. Reasoning the opposite way, it is rather pleasant that we did not

have to define K-homology and these classes explicitly, and the question of the
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Chern character is something well-understood and absolutely central in connec-
tion with the Atiyah-Singer Index Theorem and of the Riemann-Roch-Hirzebruch
Formula.

Remark 7.11. Keeping notation as in Theorem 2.2, we generally have

(f1#f2)+[0g1 +92-1] # (F1)+[0g,] + (£2)4[05,] € Ko(X),

so that there is no “addition formula” for Dolbeault operators with respect to the
usual connected sum. Indeed, as the proof of the theorem presented above shows,
the reason for this is precisely that

Je((X=g1) - [1], (1 = g2) - [1]) # pe(1 = (91 + 92) [1]) € Ho(Zg, V Zy,32),
S—~—— N~ S——
Z%X(z“gl) Z%X(Eyz) :%X(Egl#zgz)
compare with Example 7.2 and Proposition 7.4. In other words, the obstruction

at the source of the problem is the non-additivity of the Euler characteristic with
respect to the usual connected sum.

8. ANALYTICAL PROOF OF THE DIRAC-TYPE “ADDITION FORMULA”

This section is partitioned into two subsections. In the first, we describe, with
the necessary details, the class defined by the Dirac operator on the circle in K-
homology, viewed using the unbounded picture of Kasparov’s KK-theory, i.e. in
what we call analytic K-homology. In the second, one of the cores of the paper, we
prove Theorem 2.1 in this setting.

8.1. Class of the Dirac operator for S! in analytic K-homology.

Consider the Dirac operator on the circle S* (equipped with the standard orien-
tation, more precisely the standard Spin®-structure), namely

_1ld

i de’
where d% stands for the distributional derivative with domain

dom(D) := {¢ € L*(S')| % € L?(S') and £(0) = £(1)}.

To be extremely precise, and for later use, let us give some explanations and recall
some basic and well-known facts. First, [a,b] will denote an arbitrary compact
interval (with @ < b), and 6 (or 6y) a variable in it. We consider S* as the unit
interval [0, 1] with 0 and 1 identified, and we view L*(S') as L?[0,1] in the obvious
way, namely considering a function £(e27%) as a function of the variable 6 € [0,1],

denoted by £(6) for simplicity. Every class € € L?[a, b] defines a distribution on the
interval [a, b] given by

Teo(0) := [ €0)e(0)dd (o€ C=[a,b)).
The distributional derivative of £ is the distribution
Tio(6) = - [, €0) 300 (e € C=[ab).

One writes % € L?[a,b] if there exists a class n € L?[a,b] such that T,, = TEI (and
then, this class is unique). In this case, we will always consider £ as being the
unique continuous function on [a, b] representing its class in L2[a, b]; explicitly, it
is given by

&) = J, %(60) dbo.
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(This expression is meaningful by the Cauchy-Schwarz inequality.) We now define
two kinds of Sobolev spaces. Firstly, we set

Wila,b] := {€ € L?[a,b] | & € L?[a,}]}.
Secondly, for the circle, we define

W(s') := {€ e W'[0,1]|£(0) =£(1)} -
Note that now the domain of D has a transparent meaning, since by definition it is
the latter Sobolev space, i.e. dom(D) = W!(S!). Observe that W1[0, 1] identifies
with AC|[0,1], the space of absolutely continuous functions on [0,1], cf. [33, pp.
258 & 305]. We keep this notation in the sequel. The operator D is self-adjoint on
its domain W1(S') (see e.g. [34, Ex. 1 in X.1, p. 141]), as required to be part of
the following unbounded Kasparov triple in the sense of Baaj-Julg [2]:

[D] :=[L*(S"), M, D] € KK:\(C(5"),0),

where M is the *-representation of C'(S') on L?(S!) by pointwise multiplication.

8.2. Analytical proof of Theorem 2.1.
Recalling the notation introduced in the previous subsection, we can directly
move to the announced proof.
Analytical proof of Theorem 2.1. By our general principle 7.1, and keeping the same
notation, it boils down to proving that
J«([D],[D]) = p«[D] € KK:1(C(S* v S),0).

Of course, this is precisely the content of Proposition 7.7, that we have already
proved, but using topology. So, here, as promised, we will reprove this in the
realm of KK-theory. Let us now make the unbounded Kasparov triples p,[D] and
Jx ([D], [D]) explicit. First, the pinching map p: S! — S' v S! is given by

[ (20)1, ifo<o<1

p0) = {(29—1)2, if 1<g<1.

Here, (260); means that we view 26 as living in the first copy of S! in S! Vv S!, and
analogously for (20 — 1)z . Then, p.[D] € KK;(C(S* v S1),C) is described as

p*[D] = [LQ(Sl)’ MI, D] )
where, for f € C(S* Vv S1), M'(f) = M(f op), the multiplication by f op on
L?(S'), and, as before, D is %-% with domain W1(S!). On the other hand,

3«([D), [D]) = [L*(8") & L*(S"), M1 & M2, D & D],
where the direct sum is an orthogonal direct sum, and, for f € C(S* v S') and
i = 1,2, we have M;(f) = M(f;) with f; standing for the restriction of f to the
i-th copy of S! in S v 8. Here and below, we make the obvious identifications
L2(SY) @ L2(SY) = L2(S' v S) = L2[0,1] & L?[1,2] = L?[0,2].

Since the domains of the operators play a crucial réle, let us give the domain of
D & D very explicitly:

dom(D @ D) =W (SY) @ W(S")

— {(51’52) c L2[072] 61 € Wl[O, ]_] and 61(0) = 61(1) } .

& € W11,2] and &(1) = £2(2)
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To compare the Kasparov triples p,[D] and j, ([D], [D]) , we first have to compare
the corresponding Hilbert spaces. Consider the “doubling” unitary

LX(SY) @ L2(SY) —=» L2(SY)

U: V2-£(26), ifo<oa<i
(&1,&2) +— <9H{\/§-§2(20—1),if%<0§21 ,a.e.)

The inverse U* of U is given by the formula
)60 = (F5-6(8). F5-6(%4) -
for £ € L*(S") and 6 € [0,1]. Clearly, U(M; & M32)U* = M’ holds, so that we get
j«([D],[D]) = [L*(S"),M',U(D & D)U*] .
It remains to discuss the relationship between the operators D and U(D & D)U*.
The domain of the latter will be denoted by £ and is given by
& :=dom (U(D @ D)U*) = U(dom(D & D)) =U(W'(S") @ W'(S")) =

& € W0, 3] and £(0) = fl(%)}
£ € W'[3,1] and &(3) = &(1) )7

where we identify L?[0,1] with L2[0, %] &) Lz[%, 1] in the obvious way. It is readily
checked that U(D & D)U* equals ;- d% on this domain. It is well-known that an
unbounded Kasparov triple [H, 7, F] is equal to [H,m, A - F] for every positive real
number A > 0 (the triples are operator-homotopic). So, we have to show that
[L2(S"), M/, 2. &on W(S) ] = [L*(S"), M/, - & on £]

~ —————

=D =2U(D@D)U*
in KK;(C(S' v §'),C). The difficulty we alluded to on several occasions is that
the unitary U does not map the domain W*(S*) @ W*(S*) to W*(S'), i.e. £ and
W1(S1) are different. For this reason, we define a new (dense) domain D, contained
in W1(S!) and in £, and more adapted to the situation, namely

D= {€e Wi(s") |£(0) = £ (3) = £(1) =0} .

Then U maps D @ D isometrically onto D, and we have a commutative diagram

= {(51,52) € L*[0,1]

DaeD D
2D D)oo |21o
L2(8Y) & L2(") —ov LA(S")

As already singled out, the operator D is self-adjoint on its domain W1(S?!), there-
fore, 2U (D@ D)U* is also self-adjoint. The operator T := D|p is closed, symmetric,
but not self-adjoint. In fact, its adjoint T* is determined as in [33, Ex. in VIII.2,
pp. 257-259]: it is the operator T* = %-d% on the domain dom(7*) = W1[0,1].
So, we are faced with two genuinely distinct self-adjoint extensions of 71", namely,
one is D with domain W?'(S'), the other one is 2U(D & D)U* with domain €.
Therefore, we are urged to try to apply Theorem 1.3 to show that these operators

define the same class in analytic K-homology. Before we proceed, as a side-remark,



UNBOUNDED SYMMETRIC OPERATORS IN K-HOMOLOGY 23

we mention that the deficiency indices of T' are both equal to 2, and we refer to
Example 8.2 below for more details on this.

First, T is a closed self-adjoint operator and its domain, D, is dense, so that
condition (a) of Theorem 1.3 is fulfilled. Secondly, to get condition (b’), let us deter-
mine a *-closed dense subspace B’ of C(S* Vv S') such that the operator [M'(f),T]
is densely defined and bounded for every f € B'. To do so, we identify C(S* Vv S?)
with the C*-algebra {f € C(S") | f(0) = f(%)} in the obvious way, namely, still
viewing S' as [0,1]/0[0,1]. We correspondingly take for B’ the *-closed dense

sub-algebra {f € C*°(S") | f(0) = f(3)}, in other words,

B :={feC(S'vS")|fopeC™(Sh}.

Observing that the subspace M’(B’)(D) is equal to D, the domain of T', we deduce
that dom ([M’(f),T]) = dom(T'). For £ in this domain and f € B’, we have

M'(f), T)E = %((f op)-% fi((f;g)-&)) = L pm(den))e

As hoped, Theorem 1.3 applies and yields the desired equality of analytic K-
homology classes defined by the two given self-adjoint extensions of T'. This com-
pletes the proof. |

We thank G. Skandalis for pointing out to us the réle of distinct self-adjoint
extensions, while we were trying to prove Theorem 10.1 below in an analytical way,
which in fact amounts to the present proof as we will see.

Remark 8.1. The above proof shows that (L?(S'),M’,T) is a symmetric un-
bounded Kasparov triple, with T" non-self-adjoint, and defining a non-trivial ana-
lytic K-homology class [L?(S), M',T] € KK;(C(S* v §'),C).

As a matter of illustration, we would now like to give some more information on
the self-adjoint extensions of the operator T' of the preceding proof.

Example 8.2. We keep notation as above. Obviously, one has

o\ -0
Ker(r-i) = { 61,6 € WD o w311 | £ = 3T an e
and
v 8
Ker(T*+i) = {(51,52) e W0, 1@ WL, 1] % C3 S e c} .

So, in our situation, we have a ‘canonical’ orthonormal basis for each deficiency
space, namely {(e, €}), (7, e4)} for the former and {(¢},€}), (¢/,€%)} for the latter,

where e; , e , €5 and € are zero functions, and, letting wp := /%7,

ei(0) :==wove-e?, ef(0) :=woe-e?, €(h) :=wo - € and £5(8) := 20 e

NG

This gives an explicit homeomorphism between U and U(2). By direct computa-

tion, one checks that for every u € U , the self-adjoint extension T, of T is equal to
%-% on its domain dom(T;,). This is no surprise, since every T, is a restriction of
T* , which is also %-d% on its domain W1[0, 1], as we have seen. One can wonder
to which matrix in U(2) does the operator D (resp. 2U*(D @ D)U) correspond to.
One obtains

D+ (94)€U@2) and 20*(D@®D)U +— (§9)€U(2).
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In general, to a matrix ( : g ) € U(2) with determinant A, corresponds the operator
1.4 on the domain consisting of the functions (£1,&) € W10,1] & W[, 1]
satisfying the boundary conditions

(61(0)) B 1 (a+(1+A)\/é+6e B(1—e) ) ) (61(%))

&(3))  t(atd)vethe v(1—e)  s+(1+D)etae) \&(1)/

9. ANALYTICAL PROOF OF THE DOLBEAULT-TYPE “ADDITION FORMULA”

As in the case of the Dirac-type “addition formula”, this section contains two
subsections. In the first one, we depict the analytic K-homology class determined
by the Dolbeault operator for X,. In the second, we present the analytical proof
of Theorem 2.2; again, this is one of the central parts of the paper.

9.1. Class of the Dolbeault operator for ¥, in analytic K-homology.

We fix an auxiliary Kahler structure on ¥, , i.e. we view ¥, as a complex curve
equipped with a suitably compatible Riemannian metric. We let s := 0 & 0* be
the Dolbeault operator, i.e.

oo b*

LA(A®°T*%,) @ L*(A%2*T*%y) D dom(ds;,) LA*(A%'T*%,).

Here, L2(A%IT*%,) is the Hilbert space of L%-forms of bidegree (0,j) on T*%,
(see for instance [15, pp. 73-74]). In other words, we view ¥4 as a Kéhler man-
ifold equipped with the ‘anti-canonical’ Spin°-structure, and 52g is \%Dv , Where
D,, is the Dirac operator corresponding to the Levi-Civita connection V (for the
details, see [15, pp. 77-81]). The domain of 85, is W (A%**T*Z,), a Sobolev
space on which the operator ds, is self-adjoint (see [15, pp. 100-101] or [10,
Chap. 20]). To simplify the notation, we let [Jy] denote the class of the opera-
tor dg, in KKo(C(%y),C) = Ko(2,). Explicitly, [0y] is given by the unbounded
Kasparov triple

[0y] := [L*(A**T*%,), M, 0s,] € KKo(C(%,),C),

where L?(A®*T*%,) = @?:0 L*(A%T*%,) is Z/2-graded by even and odd degree
forms, and M is the x-representation of C(X4) on L*(A%*T*%,) given by pointwise
multiplication. By connectedness of the Teichmiuller space, the class [59] is inde-
pendent of the choice of the Kahler structure. For a later application, let Lip(3,)
be the %-closed dense sub-algebra of C'(34) consisting of the Lipschitz functions; by
Rademacher’s Theorem (see [40, Thm. 11 A]), Lipschitz functions are differentiable
almost everywhere on X, and we single out that [M(¥), 5)3g] is densely defined and

bounded for every function ¥ € Lip(X,).

9.2. Analytical proof of Theorem 2.2.

For the analytical proof, we will need the notions and notation introduced in
Subsection 8.2, and we will apply Theorem 1.3.
Analytical proof of Theorem 2.2. Again, using (the slight variation of) our general
principle 7.3, still with the same notation, it remains prove that

j*([ém]a [592]) :p*[5g1+gz—1] € KKO(C(Em Ust Egz)a(c)-

As in the one-dimensional case, this is exactly Proposition 7.8, and, this time, we
will establish it while sticking to analysis. We start by carefully describing the two
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Kasparov triples under consideration. For sake of readability, we set g := g1 +9g2—1
and X := 3,4, Ug1 Xy, . First, in the group KK, (C(X),C), we have

p«[0,] = [L*(A**T*S,), M, 85, ],
where, for a function ¥ € C(X), the operator M'(¥) is fiber-wise multiplication
by 9 op € C(X,) on the Hilbert space L*(A%*T*%,) of L*-sections of the vector

bundle A®*T*%,; as before, the domain of 52g is WH(A%**T*%,). On the other
hand, we get

3 ([0g,], [0g,]) = [LA(A**T*Sy,) ® LAH(A** TS, ), My & My, 05, ® 05, ],
where the direct sum is an orthogonal and graded one, and, for ¥ € C(X) and
i = 1,2, we have M;(J) = M(¥;) with ¥J; standing for the restriction 9|5, ; the
domain of 5Eg1 &) 52g2 is the orthogonal direct sum

dom(gzgl fa) 52“) =w! (Ao’e”T*Zgl) @ Wl (AO’EUT*292) )
Now, we would like to determine a grading-preserving unitary isomorphism
U: LA T*%,,) @ L} (A**T*S,,) —» L} (A%*T*%,).

We can modify 4, 4%, by an orientation-preserving analytic diffeomorphism, so,
we may suppose that the modified connected sum Xg4, §%,, = 3, is obtained from
Y4, and X4, by gluing the open manifolds V1 := X4, \C1 and V3 := Xy, \C: along
the closed manifold K := S'II 8!, with C; and C, as in Lemma, 7.3, i.e.

— 1 1
B = (530 TS ().
=V - =V,

This way, we can consider V; (i = 1,2) as an analytic open sub-manifold of both X,
and 34, %, , and the complement in the latter of the union V; II V5 is of measure
zero. Moreover, p merely identifies the two copies of S pointwise. Now, with this
in mind, we define U almost everywhere by the formula

Ul ) V2-wily,, on Vi C g
Wi, W) =
1 V2-waly,, on Va C Y.

The inverse is simply given (almost everywhere) by

Urw:= (%'UAVU %'W|V2> :
Is it obvious that U intertwines M; @ My and M', i.e. UM @ Mo)U* = M'.
It follows that

j* ([591]’ [592]) = [L2(A07*T*Eg)7 MI; U(52g1 @ 52_(]2 )U*] I
where the operator appearing has domain
dom (U(ds,, @ 0x,,)U*) = U(W'(A>*T*Sy,) & W' (A>UT*5,,)) .

To see what happens at the level of the domains of the unbounded operators in-
volved, we first define a dense subspace D of L%(A%¢*T*%,) by

D .= {w c WI(AO’EUT*EQ) | UJ|K — 0} = Hé(AO,evT*Vl) @H&(AO’eUT*Vg) )

For the definition of the Sobolev space H}(A%¢*T*V;), for the latter equality and
for the sense to give to the equation w|x = 0, we refer to [38], p. 290, Ex. 4.5.2 on
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p- 294, and to Prop. 4.4.5 on p. 287, respectively. Similarly, for i = 1,2, we define
a dense subspace D; in L?(A%**T*X,,) by

D; := {w; € W' (A% T*%,,)

o =0} = Hy(A>*'T*V;) .

wi

The point is that U maps D; @ D; isometrically onto D, and, since V; and Vs
are analytic open sub-manifolds of ¥, and since Dolbeault operators are local (i.e.
defined locally), there is a commutative diagram

U
Dl (&%) Dz = » D
5}:g1 2] 52,,2 |D1®D2l lazgh:
U
L2 (AO,IT*Zgl) @ LQ(AO,IT*Egz) — L2 (AO’IT*EQ)
So, letting T := 5gg|p, we are faced with two self-adjoint extensions of the

densely defined symmetric operator T, namely Jx, with domain W' (A%*T*%)
and U(8s,, @ Os,,)U* with domain U(W!(A®"T*%,, ) @ WH(A*"T*%,,)), and
we have to show that they define the same K-homology class. Again, the instructive
difficulty is that these two domains are distinct. As in the one-dimensional case,
we will now verify that Theorem 1.3 applies to establish the desired K-equality.
Condition (a) of Theorem 1.3 being clearly fulfilled by T', to get condition (b'),
let us determine a *-closed dense subspace B’ of C(X) such that the operator
[M'(9),T] is densely defined and bounded for every ¢ € B'. Let us consider the
x-closed dense subalgebra Lip(X) of C(X) consisting of the Lipschitz functions on
X = X, Ust Xg,. Given a function ¥ € Lip(X), the map p: ¥, — X being
Lipschitz, we see that the composite satisfies ¥ op € Lip(X,) . By the final sentence
in Subsection 9.1, the operator [M'(¥),T] is indeed densely defined and bounded
for every ¥ € Lip(X). Finally, Theorem 1.3 applies and gives the desired equality
of analytic K-homology classes defined by the two self-adjoint extensions of T' at
hand. This completes the proof. O

Remark 9.1. This proof shows that (L*(A%*T*%g, 14,-1),M',T) is a symmetric
unbounded Kasparov triple, with T non-self-adjoint, and defining a non-trivial an-
alytic K-homology class [L2(A®*T*%g, 44, 1), M',T] € KK (C(Z,, Us1 ,),C) .

Remark 9.2. The deficiency indices of the symmetric unbounded operator T in the
above proof are equal and countably infinite.

Remark 9.3. Contrarily to the Dirac case (see the commutative diagram in the
analytical proof of Theorem 2.1 in Subsection 8.2), in the commutative diagram
with Dolbeault operators in the proof above, there is no constant popping up like
the 2 in the Dirac case. The reason for this is the equality

Area(Xy, Ug1 Bg,) = Area(3,) ,

=Area(3g, )+Area(3y,)

of areas, whereas, in the Dirac case, with our choice of parametrizations, we have
Length(S' v §') = 2- Length(S").
| S —

=Length(S')+Length(S?')
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Part IV. Application to the Baum-Connes Conjecture
10. THE FIRST HOMOLOGY OF A GROUP AND THE BAUM-CONNES MAP

In this section, subdivided into five subsections, we treat our program described
in Section 3 for the case 7 =1.

10.1. Topological and analytical definitions of ﬂia).

We denote the abelianization of the group I' by I'® and we identify it with
Hy(T;Z) in the usual way. We write v*® for the class of the element v € T in the
quotient group I'** . We consider

BT 5 Ky (CiT), ~+*+— [y] = [Diag(y,1,1,...)],

the canonical homomorphism induced by the homomorphism ﬂ_ia) :T'— K (C'T)
coming from the inclusion of I' into the group of invertible elements in C;I". In
the analytical description of KK-theory, the class [y] € K1(CT) =2 KK1(C,C;T)
is given via the equality

] =al[€, £] € KK:\(C,C;T),
where the notation is as follows. First, [£, %] = [€, To, %] € KK (C,CrZ) 2 Zis
the ‘standard’ generator, with £ denoting the separation-completion of the algebra

C(R) of compactly supported smooth complex-valued functions on the real line
with respect to the C}Z-valued scalar product determined by

(€l6a) (n) = (Eale(n) - iz = [ B> 6ae) do,

for &1,&2 € C°(R) and n € Z, where g is the action of Z on C°(R) by point-wise
multiplication by integer powers of the function e 2™ ; and mo: C — Lg»z(€)
is the unit, i.e. the *-homomorphism taking A € C to A - idg; compare with [30,
Section 4.2 in Part 2]. Second, o stands for the map

o) : KK1(C,CrZ) — KK, (C,C;T)
induced by the composition of *-homomorphisms
=3 A
cz=cz72 cr 5 e

defined using mazimal group-C*-algebras, where the first indicated *-homomorphism
is induced by the obvious group homomorphism determined by <y, namely

" Z—T, nr—y";

the map Ar is the canonical epimorphism. It is also possible to describe [y] directly
as an unbounded Kasparov element (in the sense of Baaj-Julg [2]), namely,

M =€, &l =€ 7, &) € KK:(C,CiT),

where &' is the separation-completion of C°(R) with respect to the C}T-valued
scalar product determined by

Gle) ()= Y (Glon)-&) ey
n€(a)=1(v")

for £1,&2 € C°(R) and 4" € ', and where 7),: C — Lg:r(€') is the unit.
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10.2. Topological definition of ﬂp.

We begin by constructing a homomorphism ,B%t) : T2 — K, (BT) in such a way
that v o ﬂ%t) = ,Bfl) . This was previously done by Natsume [31], under the extra
assumption that I' is a torsion-free group. Our definition of ,B{t) will be in two
steps: first, we define a (set-theoretic!) map Bit): I' — K;(BT); next, we prove
that B;t) is a group homomorphism. Since the target group is abelian, this will
imply that Bit) factors through the desired homomorphism ,BY) .

To define 59) , we notice that since m1(BT') =T, every element v € I" defines

(up to homotopy) a pointed continuous map v: S1 — BT'. Keeping notation as
in Lemma 7.5, we let

[$']k = (chgaa) T (IS"]) € Ku(S")

be the (unique) K-homology class with integral Chern character given by the fun-
damental class (the usual orientation, and even Spin-structure, is fixed on S').
Letting D := %-% be the Dirac operator, see Section 8, by Lemma 7.6, we have

[S'lk = —[D] = [-D] =[i- 5] € Ki(S").

By functoriality, we get a homomorphism v.: K;(S') — K1(BT) and we set
_£t)(7) = 74[S'k , for v € T, so that

B T2 — Ky (BT), 7™ 7.[SYk = —.[D].

10.3. Analytical definition of ,B{t).

We describe the map ,Bit): ' — K;(BT) analytically, using the unbounded
picture for K-homology, see [2]. The element [S]x is then described as the un-
bounded Kasparov triple (see Subsection 8.1)

[$'x = [-D] = [L*(8"), M,~D] € KKi(C(s"),0),
where M is the *-representation of C'(S') on L?(S!) by pointwise multiplication.
If v € T corresponds to a map v: S' — BT, and if X is an arbitrary compact

subspace of BI' containing v(S!), as for example ~(S?!) itself, then %t)(yab) is
described by image of the Kasparov triple

7[L?(8), M, —D] € KK1(C(X),C)
(where v is viewed as a map from S to X) under the homomorphism

KK, (C(X),C) — RKK,(BT,C).

induced by the inclusion (recall that RKK; (BT, C) is by definition the colimit, over
the compact subspaces Y of BT', of the abelian groups KK;(C(Y),C)). Assume
moreover that the map «: S! — X is Lipschitz; up to homotopy, one can always
make this assumption on the map « (with v(S') as suitable X). Then, letting
v*: C(X) — C(S?) take a function f to fo<y, we see that the *-closed subalgebra
Lip(X) of C(X) is dense and v* Lip(X) verifies v* Lip(X) C Lip(S') and consists
therefore of functions that are differentiable almost everywhere by Rademacher’s
Theorem (see [40, Thm. 11 A]), so that

Y [L*(S*), M, —D] = [L*(S'),M ov*,—D] € KK;(C(X),C).
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10.4. Properties of ﬂit).

Theorem 10.1. The map B§t): I' — K;(BT) is a group homomorphism. Conse-
quently, the map

BY: T — Ki(BT), 7™ — n[S"k = —n(D]
is a well-defined group homomorphism.

This will be proved in Subsection 10.5 below. Before the proof, assuming Theo-
rem 10.1 for a while, we deduce some consequences.

Remark 10.2. We claim that ¢! o B%t) is zero on torsion elements of I, where,
recall, o1 denotes the canonical map K;(BT) — K7 (ET). Indeed, if v € T has
order n > 1, the map v.: K;1(S') — K;(BT) factorizes as

Ve

Kq(SY) K1(BT)
A:cl*
K1(BZ/n)
where incl: Z/n < T takes 1 to v. On the other hand, the diagram

Bincl,

K1(BZ/n) —2°* K, (BT)

oy! "l e1
FEincl,

Ky/™(B2/n) === KT (EL)

commutes. However, one can take EZ/n = pt, so that Klz/n(EZ/n) = 0. Our
claim follows. This observation is elaborated on in [27].

Proposition 10.3. Let choga: K1(BT) — @ ; Han+1(I;Q) be the odd Chern
character. Then (choaq @ idg) o ( 9) ®idg) = idg, ;) holds, in particular, ,Bit) is
rationally injective.

Proof. Fix an element v € I', and denote by o : Z —» T" the homomorphism taking
1 to v. Note that the pointed continuous map v: BZ = S' — BT considered
earlier is merely Ba? . Due to the naturality of the Chern character in K-homology,
we have a commutative diagram

ol
Ki(8")®Q —— K;(BI)®Q

chodd ® idg l% o lchodd ® idg
Y
Qx
H, (5% Q) —— Hoaa(BT;Q)
Then, dropping “®idg” and “®1” from the notation, we compute
choda B (1) = choaa 6L[S|k = 6] choaa S = dJ[S"] = 7™,

where we have used the fact that for S, the usual Chern character takes [S]x to
the fundamental class [S'] in rational homology (see Lemma 7.6). O

Theorem 10.4. The equality ,B{a) =uvlo ﬂgt) holds.
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Proof. Clearly it is enough to prove that ﬂ_ia) =] BY) . As in the proof of Proposi-
tion 10.3, we fix v € I" and write o : Z — T for the corresponding homomorphism.
Consider the diagram

2
z < - T
() 5(a)
1 1
¥
v K (C;Z) —» Ki(C;T) 31"
vy vi
o
K1(SY) > K1(BI)
We have o) §a) = Bia) o by obvious reasons, B;t)oﬂ = o} ,B%t) by definition of B{t) ,
and ol vZ = v o) by naturality of the Novikov assembly map when the source

group is K-amenable (see [30, Cor. 1.3 in Part 2]). By diagram chasing, one sees
that the desired equality ,Bfi) = _it) follows from the analogous result for Z,

namely from ,3?) = vt ﬁ%t), which in turn is a consequence of the well-known
fact that the Baum-Connes Conjecture holds for the group Z (see [18, 12.5.9], [30,
Section 4 in Part 2] or [39, Ex. 6.1.6] for a direct proof). O

We have already mentioned in Section 3 that ﬁga) : T2 — K;(C*T) is rationally
injective (see [8, 14]).

10.5. Proof of Theorem 10.1.

We treat the topological and the analytical settings together. Consider two
elements 1,72 € I', viewed as (homotopy classes of) pointed continuous maps
81 — BT'. By definition of K-homology with compact supports and of RKK-
groups, both K;(BT') and RKK;(BT',C) are defined as the colimit of K;(Y) and
KK;(C(Y),C), respectively, with Y running over the compact subspaces of BT .
Letting X := v1(S!) U~2(S!), a compact subspace of BT, it is therefore enough
to check that the equality

(Mm72)+[S' & = (M)«[S']K + (12)«[S" ]

holds in K7(X) and KK;(C(X),C) respectively, where ;2 stands for the product-
loop. Up to homotopy, we may assume that ; and v, are constant on a neighbour-
hood of the base-point of S!'. The key-point that allows to connect the present
situation with what has been done so far, is that the product-loop is nothing but
the composition of maps

e = nfkre: S L sty st X,
—g1
where we borrow the notation from Proposition 7.7, and where we identify S1#S!

with S!, as indicated. Bearing in mind the equality [S']x = —[D], what has to be
proved is that

(#72)«[D] = (m1)«[D] + (72)«[D] ,
which is precisely the “addition formula” for the Dirac operator of Theorem 2.1.
This proves Theorem 10.1 both from the topological and from the analytical view-
point on ﬁ;t) . O
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Remark 10.5. We have spent some time on the analytical proof, because it illus-
trates a difficulty that, apparently, went unnoticed so far. A detailed and explicit
treatment of this difficulty is in fact one of the central themes in these notes. We
also point out that the second named author provides in [27] an abstract proof of
Theorem 10.1, which is of purely homotopical nature.

11. THE SECOND HOMOLOGY OF A GROUP AND THE BAUM-CONNES MAP

The present section is subdivided into six subsections and presents the program
of Section 3 for the case j = 2.

11.1. Notation and Zimmermann’s result.

Let X4 be a closed oriented Riemann surface of genus g > 1, and let Iy = 7 (%)
be its fundamental group; I'y admits the well-known presentation with 2g generators
and one relation

H[ai,bi] = ].> .

The free group Fy of rank g is isomorphic to the quotient of Iy by the normal
subgroup generated by the a;b;*’s (1 < i < g). It follows that every finitely
generated group I is a quotient of some Iy with g big enough.

Fg = <a1,b1,...,a9,bg

This remark was exploited by Zimmermann in [42] to give, for T' finitely gen-
erated, a description of H(I';Z) in terms of pointed continuous maps ¥, — BT’
inducing epimorphisms on fundamental groups. We would like to avoid this as-
sumption on I'. It turns out that all the results and their proofs in Zimmermann’s
article [42] are valid if one suppresses the surjectivity assumption everywhere. Let
us now explain the statements one obtains this way. Denote by S(24, BT') the set of
pointed continuous maps from 3, to BI' (not necessarily inducing epimorphisms on
fundamental groups). Two maps f1, f € S(X4, BT) are called equivalent if there
exists some orientation-preserving pointed homeomorphism h of ¥ such that fo is
homotopic to f; o h.

Two maps f; € S(Xq,, BT') and fo € S(X,,, BT') are stably equivalent if there ex-
ists closed oriented Riemann surfaces ¥’ and X" such that f; and fs become equiv-
alent after being extended homotopically trivially to the connected sums Xy, #X’
and X4, #X" . More precisely, denoting by yo the base-point of BI', we require the
applications fi#yo on Xy, #X' and fa#yo on Xy, #X" to be equivalent.

Denote by Q(T') the set of stable equivalence classes in [[ -, S(Xg, BT'), and
by [f] the equivalence class of f € S(X4, BT'). Denote by [Zﬂ € Hy(X4;7Z) the
fundamental class of ¥, . The following result of Zimmermann [42] will be crucial.

Theorem 11.1 (Zimmermann). For an arbitrary discrete group T, the map
Zr: Q) — Ho(TyZ),  [f] — f+[Z] (for f € S(Iy, BT))
is a well-defined bijection (here, f. denotes Ha(f;Z)).

Transferring the group structure of Hy(T';Z) to Q(T') via this bijection Zr, we
get a group structure on Q(T') such that
(1) addition corresponds to connected sum (see Remark 11.2 below);

(2) the zero element is for example given by the class of the constant map in
S(X4, BT) (with g > 1 arbitrary);
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(3) if f € S(X4, BT) is such that the homomorphism 71 (f): Ty — T factorizes
through a free group, then [f] is the zero element;
(4) for f € S(Xg, BI'), the opposite of [f] is given by [f o h_], where h_ is an
orientation-reversing pointed homeomorphism of X, .
From now on, we shall implicitly identify Hy(T';Z) with Q(T') by the map Zr,
which has become a group isomorphism.

Remark 11.2. Let T" be a group. Consider f; € S(Xy,, BI') and f; € S(X,,, BT),
and their classes in Q(I"). Up to stable equivalence and up to homotopy, we can
suppose that fi and f, are constant on a handle of ¥4, and X4, respectively (and
therefore also on a small disk). Then, according to Example 7.2 and to Proposi-
tion 7.4, the class of fi + f2 in Q(BT) is represented by the following two maps:

fl#fZ € S(EQ1+927BF) and flbf2 € S(Eg1+g2—laBF)a

where we identify g, #X,, with 3,44, , and Xy §5,, with Xg, 44,1, as usual.

Note that in the whole subsection, we can replace the particular connected CW-
complex BT by an arbitrary connected CW-complex X .
11.2. Topological definition of ﬂét).
Keeping notation as in Lemma 7.5, we let
[Eglk == (Cth)_l([Eg]) € Ko(%y)

be the (unique) K-homology class with integral Chern character given by the fun-
damental class (an orientation, and even an auxiliary K&hler structure, is fixed
on X4). For f € S(Xg4,BTI'), we denote by f,: Ko(¥y) — Ko(BT') the induced
map in K-homology. Now, we set

B Hy(T;Z) — Ko(BT), [f] — fu[Sqx  (for f € S(T,, BT)).

It is not at all obvious that ﬂét) is well-defined, and that it is a group homomorphism;
this will be stated as Theorem 11.4 below.

11.3. Analytical definition of ﬂét).

Bearing in mind the analytical definition of K-homology, see [2], it is interesting
to express [X4]x € Ko(Xg4) in this setting. This is precisely the subject of the next
lemma, which follows directly from Lemma 7.9.

Lemma 11.3. One has [S,]x = [0,] + (g — 1) - 13°[1], where i%s: pt — %, is the
inclusion of the base-point, and [1] is the canonical generator of Ko(pt) 27 . O

Let X be a compact subspace of BT such that f(X,) C X, as for example f(X)
itself. Now, the K-homology generator +,°[1] is given by the Kasparov triple

1?[1] = [C,evs,,0] € KKo(C(Z,),C),
where evy, : C(X,) — C is evaluation at the base-point of the surface ¥, . Fix a
map f € S(Iy, BT). In the analytic framework, ﬂét) [f] is the image of the element
F[LA(AY*T*Sg), M, D5, ] + (g — 1) - [C, evx, 0]
(where f is viewed as a map from 3, to X) under the homomorphism

KKo(C(X),C) — RKK(BT,C)
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induced by the inclusion of X in BT, where evx is evaluation at the base-point
of X . Suppose f is Lipschitz; up to homotopy, one can always assume this is
the case, with f(X,) as suitable X . Then, letting f*: C(X) — C(X,) take a
function ¥ to ¥ o f, we see that the *-closed subalgebra Lip(X) of C(X) is dense
and that f*Lip(X) verifies f* Lip(X) C Lip(X4) and consists therefore of functions
that are differentiable almost everywhere by Rademacher’s Theorem again (see [40,
Thm. 11 A]); as a consequence,

Fo[LP(A%*T*%g), M, Bs, | = [LP(A**T*%y), Mo f*,0s,] -
11.4. Properties of ,Bét).

Theorem 11.4. The following map is a well-defined group homomorphism :
By : Hy(I52) — Ko(BT),  [f] = £uld5] + (9 — 1) - 291,
for f € S(Xq, BT') , where ”" stands for the inclusion of the base-point of BT .

We postpone the proof to Subsection 11.5 below, and derive, here, some of its
consequences. We also point out that [28] contains a purely homotopical proof of
the theorem.

Proposition 11.5. Let chey: Ko(BI') — EBE‘;O H,,(T';Q) be the even Chern
character. Then, one has (chey @ idg) © ( ét) ®idg) = ids,(r;q) -

Proof. Let [f] € Hy(T';Z) be represented by f € S(Xg4, BT'). By naturality of the
Chern character, we have a commutative diagram

Ko(E,) ®2Q 1+ Ko(BD) @20

chey ® idg lg = lchev ®idg
Is
Hev(zg; Q) e Hev(BF; Q)
Then, dropping “®idg” and “®1” from the notation, one computes
chey ét)[f] = chey f* [Eg]K = f* Chev[zg]K = f*[zg] = [f] 3
where the last equality follows from the identification given by Theorem 11.1. O

11.5. Proof of Theorem 11.4.

We first show that ,Bét) is well-defined. We then prove it is a homomorphism.

We start with the topological setting. Fix f; € S(X,,,BT') and f, € S(Z4,, BT).
We first show that if g1 > g2 and if fi = fo#yo, then (f1)«[Xg,] = (f2)«[Zg,] in
the group Ho(BT;Z) . To do this, we embed X,, and ¥y, in R? in such a way that
Y4, is contained in a tubular neighbourhood V' of 34, (see Figure 3).

Figure 3

Identifying V' with the total space of the normal bundle of 3,4, yields a projec-
tion map q: V — X , . Clearly, the restriction q|)3g1 : Mg, — Xg, is a smooth,
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proper and orientation preserving map; considering the “first handle” (on the left
in Figure 3) of ¥y, and of Xy, (where g|5, is one-to-one and regular), we see that it
is of degree one, so that (q|s, )«[3g,] = [Eg,]. By naturality and injectivity of the
integral Chern character on the K-homology of closed oriented Riemann surfaces
(see Lemma 7.5), we deduce that (q|s, )«[Xg,]x = [Eg]x in Ko(Xg,). On the
other hand, it is clear that the map f; = fo#wyo is homotopic to f3 o q|gg1 , hence

(f1):[Za ] = (f2 0 dln,, )+[Zai ] = (f2)« © (dln,, )+ [ = (F2)4[Zg, ] -

It remains to check that, if two maps fi, f € S(Xg4, BI') are equivalent, then

(f1)«[Zg]lx = (f2)«[Xg]k in Ko(BT'). This follows from the fact that orientation-

preserving homeomorphisms of ¥, induce the identity on K¢(X,4) (again, this can

be checked using the integral Chern character and Lemma 7.5). This shows that
(t) :
2

is a well-defined map.

Now, we prove that ﬂét) is a group homomorphism still in the topological setting.
We fix fi € S(Xg4,,BT') and f, € S(Xg4,, BT"). Using the first description of the
sum in Remark 11.2, we must show that

(F1#f2)+[Egr 100l = (f1)4[Zgi ]k + (f2)4[Zg, ]k

holds in Ko(BT'). We can now exploit Lemma 7.5 to reduce the proof to showing
the homological equality

(fr#f2)4[Bgi4g.] = (F1)4[Zg,] + (f2)4[Zg,]
in Ho(BT';Z) . This is a special case of Example 7.2 (which was based on the general
principle 7.1). This completes the proof in the topological setting. O

We move now to the analytical framework and present the corresponding proof
of Theorem 11.4. We first have to show that the map
27 Hy(T5Z) — Ko(BT), [f]v— £:[9,] + (g — 1) - 2°[1],
for f € S(X4,BT), is well-defined. The proof is subdivided into six steps.
(1) If go: 4 —> pt denotes the constant map, then (go)«[0y] = (1 — g)-[1] holds
in Ko(pt) 2 Z . Indeed, the operator d; has 1 — g as index, see [35, p. 27].

(2) The group Ko(Zg, V Xy, ) is isomorphic to Z* with the elements e

Fg1VZg2

[0g,] and [0g,] as generators (using the obvious identifications), where ¢
stands for the inclusion of the base-point, see Lemmas 7.5 and 7.9.

(3) Let zo be the base-point of ¥, and consider the “crunching” map

g1

g:=idg, Vxo: By, VEg, — Ly, z+r— {w, Tf 2 € Xy,
! xo, if z € Xy, .
Then, under the identifications of (2), ¢.[8,,] = [9,,] and ¢.[8,,] = (1 — g2) - 1x°* 1]
hold in the group Ko(X,,) , as follows from (1) for the latter equality.
(4) Let p: g, #%,, — X4, V X4, be the pinching map that “contracts” the
identification circle in X4, #X,, to the base-point of X4 V 3y, . Then, under the
identifications of (2), the following equality holds:

D« [591+92] = [591] + [592] - Liglvzgz [1] € KO(Egl M E92) .

This equality is the “tricky” part of the present proof (and it is precisely here
that the proof becomes of analytical nature properly speaking — of course, this can
also be directly established in the topological framework, using the integral Chern
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character of Lemma 7.5 and Lemma 7.9, thus yielding a second topological proof
of the well-definiteness). Let K be a small closed neighbourhood of the base-point
To in X4, V By, (K is contractible), and let K’ := p~*(K) be the corresponding
closed tubular neighbourhood of the identification circle p~!(z¢) in g, #%4, (K
is homotopy equivalent to S'). Let U and U’ be the complements of K and K’ in
X4, VE,, and X4, #3,, , respectively. We can assume that the map p|y: U — U
is an isometry. The short exact sequences of C*-algebras

0 — Co(U") = C(Sg,#5g,) — C(K') — 0
and _
0— Co(U) L C(2,,VE,,) = C(K) — 0

give rise to the following commutative diagram with exact rows:

0 Ko(K') —+ Ko(Sg#5,,) — v Ko(U)
= tle). | ~| (ol
0 Ko(K) —2 Ko(S4,V Sg) —2 Ko(U) 0

Note that K(K) and Ko(K’) are both isomorphic to Ko(pt) = Z, and it is for this
reason that (p|k)« is an isomorphism and that both i, and j, are injective. Now,
since, for each g, 59 is a symmetric elliptic operator on a Riemannian manifold,
Proposition [18, Prop. 10.8.8] (which is of purely analytical nature) can be applied,
and we have

Sx O Px[Ogy +g5] = D O_i*[agﬁgz] (by commutativity of the diagram)
:p*[891+92|U'] (by [185 Prop. 1088])
= pu[0g, l7] + s[04, U] (by the local description of 9;)
(
(

= [591 |U] + [592|U]

since p|y is an isometry)
= S« [691] + 5*[892]
Therefore, it follows that

by [18, Prop. 10.8.8]) .

P+[0g1+g2] = [0g:] — [0g,] € Ker(s,) = Im(ji) = Z- &5 [1].

The determination of the corresponding integer A (which we have to show is —1)
amounts to the determination of the indices, namely

A = Index(0y, 4¢,) —Index(dy, ) —Index(9y,) = (1—g1—92)—(1—g1)—(1—g2) = -1,
by [35, p. 27], and we are done.
(5) By (3) and (4), using the same notation, one has the following equality :

(40P)4[0g1 4] = [00,] — g2-1:" [1] € Ko(Zy,).
(6) We now really establish the well-definiteness of ﬁét) . To verify it, we must
show that if two maps
fi:8 — BT and  fa: Ny, #%,, — BT

are related by the equality fo = f1#yo , with yo standing for the base-point of BI",
then

(f2)+[0g1+92] + (91 + g2 — 1) - eZ"[1] = (f1)4[05,] + (91 — 1) - 77 [1]
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holds in Ko(BT'). The key observation is that fa = f; o g o p, so, by virtue of (5),
(fz)*[5g1+g2] = (fl)*[gm] —g2- Lfr[l]

and we can conclude.

Finally, we show that ,Bét) is a group homomorphism in the analytical setting.
Again, we fix f; € S(3y,,BI') and fy € S(3,,, BT'). Consider the compact sub-
space X = fi1(X4,) U f2(34,) of BT'. Using the second description of the sum in
Remark 11.2, according to Lemma 11.3, we must show that

(filf2)u (1= (g1+g2=1))-c2" 2 [1]) = (1)« (1=g1)-¢" [1]) +(fo)u (1—g2)-2x** [1])
and that

(f10f2)4[0gs +g2-1] = (1)x[0ga] + (f2)[0.]
in KKo(C(X),C). For the first equality, it suffices to note that fififs, fi and fo
are pointed maps, so that this reduces to an equality of integers. The second is the

content of Theorem 2.2, that we have proved both in the topological and in the
analytical settings. O

11.6. Definition of the map ﬂéa) and connection with ﬂét).

We now construct the map 8{* : Hy(T';Z) —s Ko(C*T). Denote by C*T the full
C*-algebra of the group I', and by Ap: C*I' —» C;T" the canonical epimorphism.
It is well-known that the Novikov assembly map factors through the K-theory of
the full C*-algebra (see [19] or [30, Section 2.3 in Part 2]), i.e. for ¢ = 0,1, there is
a homomorphism

7]+ K;(BT) — K;(C*T') such that v} = (Ar)«o7; .

7

For a map f € S(X4,BT), we denote by the same symbol the associated group
homomorphism m;(f): Iy — T', and also the corresponding %-homomorphism
C*(m1(f)): C*Ty — C*T (the latter being well-defined thanks to the universal
property of the full C*-algebra). We define

). Hy(T;Z) — Ko(CIT),  [f]— (Aro f)uiy'[Sglx (for f € S(S, BT)).

Theorem 11.6. The map ,Béa) is a well-defined group homomorphism satisfying
the equality ﬂéa) =1fo ﬁét) .

Proof. For f € S(X4, BT'), we have to show that ugﬂét)[f] = (Aro f) 17(1;" [Eglk in
Ko(C;T) . The result will follow since, by Theorem 11.4, the left-hand side only

depends on the class [f] of f in H5(T';Z) , and moreover ét) is a group homomor-
phism. Now, the map 171r is natural with respect to arbitrary group homomorphisms
(and not just injective ones, see [30, Thm. 1.1 in Part 2]), so that

(e © £)s 5" Byl = (Ar)s fu 707 [Bglic = () 7 Lo Bl
= b 2yl = v BV 4]
This completes the proof. O
In the unbounded analytical description of KK-theory in the sense of [2], the
‘universal’ class 17(1;9 [Eg]k € Ko(C*Ty) = KKo(C, C*Iy) is given by the unbounded
Kasparov triple

0" [Sglic = [Eg, 8] = [£4,70,04] € KKo(C,C*T,),
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where £, is defined as we next explain and 7,: C — Le-r, (&) is the unit. Let-

ting f]g be the universal cover of ¥, &; is the separation-completion of the al-

gebra I.(A%*T*3,) of compactly supported smooth sections of the vector bundle

AO’*T*EQ over Y4 with respect to the C*I'y-valued scalar product determined by
(€11€2) (o) := (&1l - &2) pa(55, nonre5,) -

for £1,&; € FC(AO**T*EIQ) and o € Iy (acting on I‘C(AO’*T*ig) in the usual way, via
deck transformations), compare with D. Kucerovsky’s Appendix to [30]. It follows
that for f € S(Xg4, BT'), we have

BEf) = (€, B,) = [€),7,8,] € KKo(C,CiT),

where m,: C — Loxr(€y) is the unit, and £, is the separation-completion of

[ (A%*T*%,) with respect to the C;}T-valued scalar product determined by
(&l&2) (7) = Z (&ilo - §2>L2(§g,A0-*T*§g) ’

cemi (f)71(v)

for £1,&2 € T.(A®*T*%,) and v € T, see [30, Section 3 in Part 2]. This provides
a purely analytical description of ﬂéa) . See also [29, Section 3] for information
on ,Béa) [f] in connection with group homology and algebraic K-theory, described
therein via an element v5[X,, f] lying in a suitable quotient of K. Zalg (zr) .

12. THE CASE OF 2-DIMENSIONAL GROUPS

Recall that we call a group I' 2-dimensional if its classifying space has the ho-
motopy type of a CW-complex (not necessarily finite) of dimension < 2.

Examples of 2-dimensional groups abound :

(1) Surface groups: The Baum-Connes Conjecture was proved for those groups
by Kasparov [22].

(2) Torsion-free one-relator groups: For this class, the Baum-Connes Conjec-
ture was established in [6].

(3) Knot groups: By [6], they also satisfy the Baum-Connes Conjecture.

(4) Groups acting freely co-compactly on a 2-dimensional Euclidean building:
These groups have Kazhdan’s property (T') (see [43] for an elegant proof
of this fact). For groups acting on Ay-buildings (in particular co-compact
torsion-free lattices in PGL3(F'), with F' a local field), the Baum-Connes
Conjecture is an outstanding result of Lafforgue [24]. For other cases (e.g.
co-compact torsion-free lattices in the symplectic group Sp,(F'), F a local
field), the Baum-Connes Conjecture is still open. Let us mention however
that, in these cases, it is known by work of Kasparov and Skandalis [23]
that the Novikov assembly map vl is injective.

(5) It was shown by Champetier [11] that there is a certain genericity of 2-
dimensional groups among finitely presentable groups. Indeed, fix the
finite generating set X and the number k of relations. Among groups
I'=(X|r1,...,7) generated by X and on k relations, the proportion of
2-dimensional groups goes to 1 as max {|r1|,...,|rk|} = +oo (see [11, pp.
199-200]); moreover, for k = 2, there is genericity in the stronger sense of
Gromov, namely, the proportion of 2-dimensional groups goes to 1 even as
min {|ry], |r2|} — 400 (see [11, Thm. 4.13]).
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(6) The following result is proved by Wise in [41]. Suppose given an arbitrary
finitely presentable group I'. Then, there exists a compact negatively curved
2-dimensional simplicial complex X and a finitely generated normal sub-
group N of w1(X) such that 71 (X)/N =2 T'. Negative curvature implies that
X is acyclic and therefore a model for Bm;(X); as a consequence, m1(X)
is a 2-dimensional group. In particular, any finitely presentable group is a
quotient of some (finitely presentable) 2-dimensional group.

What is special about 2-dimensional groups in our context comes from the
canonical “identification” between the integral homology of the group and the K-
homology of its classifying space, see Lemma 7.5.

Lemma 12.1. Let T be a 2-dimensional group. Then the maps
BY: Z& Hy(T3Z) = Ko(BT),  (m, [f]) — m-27[1] + B[]

and
BiY: Hy(I52) = Ki(BT), ™ %[S']k = —%[D),
are isomorphisms, as indicated.
Proof. Since BT is at most 2-dimensional, we have first that its integral homol-

ogy is torsion-free (so that it injects into its rational homology), and, second, by
Lemma 7.5, we have commutative diagrams

Ko(BT)
Chzv Chev C}V wo\dd
Hey(T;Z) —— He, (T;Q) Hi([;Z) —— Hy(T

By Propositions 10.3 and 11.5, the maps ﬁf and ﬁ2 are, rationally, right-inverses
of the Chern character ch, in the corresponding degrees. A corresponding result

holds for ﬂét), see Section 3. By diagram chase, it follows that ﬂ(t) and ﬂit) are
isomorphisms, as was to be shown. O

From this lemma and Theorems 10.4 and 11.6, we immediately get the following
reformulation of the Baum-Connes Conjecture for 2-dimensional groups.

Proposition 12.2. For a 2-dimensional group T', the Baum-Connes Conjecture is
equivalent to the following statement : the maps

B Z& Hy(T;2Z) — Ko(CiT), (m,[f]) — m-[1] + B8 [f]
and
& Hy(1;2) =T™ — K1 (C;T), 7™ — [] = [Diag(1,1,1,...)] ,
are isomorphisms. O

We single out one consequence of surjectivity of the Baum-Connes assembly map,
consistent with the philosophy that surjectivity implies analytical results.

Corollary 12.3. Let I' be a 2-dimensional group. Suppose that the assembly map
v': K1(BT) — K(CT) is onto. Then every element of GLoo(CT) lies in the
same path-component as a diagonal matriz Diag(vy,1,1,...), for some y €T .

Proof. Since K (CT) is by definition the group of path-components of GL,(C;T),
the result follows from the previous one together with the very definition of ﬂ%a) .
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Remarks 12.4.

(1) Suppose that I' is a 2-dimensional group. One may rephrase the previ-
ous corollary by saying that the quotient group Ki(C;T)/([7] |'y e’l)
is zero if and only if v{ is surjective. Now, observe that for an arbi-
trary discrete group G, the class [-1] € K;(C}G) of the diagonal matrix
Diag(—1,1,1,...) is zero; indeed, this class lies in the image of the canoni-
cal homomorphism K;(C) — K1(C*G) and K;(C) = 0. In particular, v{
is surjective if and only if the group

Wh'P(T') := Kl(C;‘F)/([iy] |yeT)= Kl(C,’fF)/<[7] |y eT)

vanishes. The definition of this quotient is somewhat reminiscent of the
definition of the Whitehead group in algebraic K-theory (hence our nota-
tion):

Wh(T) = K{®(2) / ([#9] |7 € T),

see e.g. [32]. It follows from [29, Thm. 1.1] that the map ﬂf’) factorizes
through the algebraic K-group K: fl €(ZI") (for an arbitrary group I'). There-
fore, we can also deduce from this all that for our 2-dimensional group I',
the following three statements are implied by the surjectivity of ¢! :

(a) the canonical map K28(ZI') — K;(C:T) is surjective;

(b) the canonical map Wh(I') — Wh'P(T') is surjective;

(c) WhtP(T') =0.
It would be of great interest to study these three properties independently
of the Baum-Connes Conjecture, and for a larger class of groups.

(2) Let I' be a discrete group. If M is a closed oriented manifold equipped
with a continuous map M — BI", then all higher signatures of M coming
via f from classes lying in the subring of H*(I'; Q) generated by H(T; Q)
with j < 2 are oriented homotopy invariants of M : this is an unpublished
result of Connes, Gromov and Moscovici (see however [17]); a complete
proof is now available, see [26, Cor. 0.3]. As a corollary, the usual Novikov
Conjecture in topology holds for a 2-dimensional group. It is not clear to
us whether 1} is rationally injective for I' a 2-dimensional group. With no
doubt, this would constitute a useful result.
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