
A SOBOLEV-LIKE INEQUALITY FOR THE DIRAC OPERATOR

SIMON RAULOT

Abstract. In this article, we prove a Sobolev-like inequality for the Dirac operator on
closed compact Riemannian spin manifolds with a Sobolev embedding constant that is
nearly optimal. As an application, we give a criterion for the existence of solutions to
a nonlinear equation with critical Sobolev exponant involving the Dirac operator. We
finally specify a case where this equation can be solved.

1. Introduction

Let (Mn, g) be a compact Riemannian manifold of dimension n ≥ 3. The Sobolev em-
bedding theorem asserts that the Sobolev space H2

1 of functions u ∈ L2(M) such that
∇u ∈ L2(M) embedds continiously in the Lebesgue space LN(M) (with N = 2n

n−2
). In

other words, there exists two constants A,B > 0 such that, for all u ∈ H2
1 , we have:( ∫

M

|u|Ndv(g)
) 2

N ≤ A

∫
M

|∇u|2dv(g) +B

∫
M

u2dv(g). (1)

It is well known (see [Aub76b]) that the best constant A in this inequality is given by:

A = K(n, 2)2 =
4

n(n− 2)
ω

2
n
n ,

where ωn stands for the volume of the standard n-dimensional sphere. As pointed out by
Aubin [Aub76a], the best constant K(n, 2)2 plays a fundamental role in the study of the
Yamabe problem. This famous problem of Riemannian geometry can be stated as follow:
given a compact Riemannian manifold (Mn, g) of dimension n ≥ 3, can one find a metric
conformal to g such that the scalar curvature is constant? This problem has a long and
fruitful history and it has been completely solved in several steps by Yamabe [Yam60],
Trüdinger [Tru68], Aubin [Aub76a] and finally Schoen [Sch84] using the Positive Mass
Theorem coming from General Relativity. The Yamabe problem is in fact equivalent to
find a smooth positive solution u ∈ C∞(M) to a nonlinear elliptic equation:

Lgu := 4
n− 1

n− 2
∆gu+Rgu = λuN−1, (2)

where Lg is known as the conformal Laplacian (or the Yamabe operator), ∆g (resp. Rg)
denotes the standard Laplacian acting on functions (resp. the scalar curvature) with
respect to the Riemannian metric g and λ ∈ R is a constant. Indeed, if such a function
exists then the metric g = uN−2g is conformal to g and satisfies Rg = λ. In the sixties,

Date: April 8, 2008.
Key words and phrases. Dirac operator, Sobolev inequality, Conformal Geometry, Nonlinear elliptic

equations.
1



2 SIMON RAULOT

Yamabe [Yam60] claims to solve this problem using a variational approach. However, in
1968, Trüdinger [Tru68] points out a mistake in Yamabe’s paper and can recover some
cases in which Yamabe’s theorem is valid. More precisely, Yamabe notices that the
positive critical points of the functional:

I(f) =
4n−1
n−2

∫
M
|∇f |2dv(g) +

∫
M
Rgf

2dv(g)( ∫
M
|f |Ndv(g)

) 2
n

defined on the Sobolev space HN
1 (M), are smooth solutions of Equation (2). However a

standard variational approach cannot allow to conclude because of the lack of compactness
in the Sobolev embedding theorem involved in this approach. So he first shows the
existence of smooth positive solutions uq ∈ C∞(M) (for 1 < q < N) for the nonlinear
elliptic equation:

4
n− 1

n− 2
∆guq +Rguq = λqu

q−1
q and

∫
M

uqqdv(g) = 1,

where λq is a constant coming from the Lagrange multipliers theorem. Then, he proves
the existence of a subsequence of (ϕq)q which converges to a smooth positive solution of
(2) when q tends to N . However, this is precisely where the proof failled. Indeed, it is
not true in general unless, as shown by Aubin [Aub76a], the following inequality:

Y (M, [g]) = inf
f 6=0

I(f) < 4
n− 1

n− 2
K(n, 2)−2 (3)

holds. This condition points out the tight relation between the Yamabe problem and
the best constant involved in the Sobolev inequality. Moreover, it is sharp in the sense
that for all compact Riemannian manifolds (Mn, g), the following inequality holds (see
[Aub76a]):

Y (M, [g]) ≤ 4
n− 1

n− 2
K(n, 2)−2. (4)

In the setting of Spin geometry, a problem similar to the Yamabe problem has been stud-
ied in several works of Ammann (see [Amm03c], [Amm03a]), and Ammann, Humbert
and others (see [AHGM], [AHM06]). The starting point of all these works is the Hijazi
inequality [Hij86], [Hij91] which links the first eigenvalue of two elliptic differential opera-
tors: the conformal Laplacian Lg and the Dirac operator Dg. Hijazi’s result can be stated
as follow:

λ2
1(g)V ol(M, g)

2
n ≥ n

4(n− 1)
Y (M, [g]), (5)

where λ1(g) denotes the first eigenvalue of the Dirac operator Dg. Thereafter, B. Ammann
defines and studies the spin conformal invariant defined by:

λmin(M, [g], σ) := inf
g∈[g]

λ1(g)V ol(M, g)
1
n (6)

and points out that the search of critical metrics for this invariant involves similar analytic
problems than those appearing in the Yamabe problem. Indeed, finding a critical metric
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of this invariant in the generalized conformal class is equivalent to prove the existence of
a smooth spinor field ϕ minimizing the functional defined by:

Fg(ψ) =

( ∫
M
|Dgψ|

2n
n+1dv(g)

)n+1
n∣∣ ∫

M
〈Dgψ, ψ〉dv(g)

∣∣ , (7)

with Euler-Lagrange equation given by:

Dgϕ = λmin(M, [g], σ)|ϕ|
2

n−1ϕ. (8)

In [Amm03a], the author shows that, like in the Yamabe problem, a standard variational
approach does not yield a proof. Indeed, the Sobolev inclusion involved in this approach
is precisely the one for which the compacity is lost in the Reillich-Kondrakov theorem.
His approach to solve this problem is then similar to the one used in the Yamabe problem.
Indeed, he considers a subcritical equation of (8) for which the compacity of the Sobolev
inclusion is valid and thus he proves the existence of a sequence of spinor fields solutions of
this subcritical equation. Then he shows that there exists a subsequence which converges
to a smooth solution of Equation (8). However, this solution can be identically zero and
so one might be able to find a criterion which prevents this situation. It is now important
to note that one have a similar inequality of (4) in the spinorial setting (see [Amm03b]
and [AHGM]), that is:

λmin(M, [g], σ) ≤ λmin(Sn, [gst], σst) =
n

2
ω

1
n
n , (9)

where (Sn, gst, σst) stands for the n-dimensional sphere equipped with its standard Rie-
mannian metric gst, its standard spin structure σst and where ωn = vol(Sn, gst). The
criterion obtained by Ammann in [Amm03a] is the same that the one involved in the
Yamabe problem that is if (9) is strict then the spinor field solution of (8) cannot be
identically zero.
In this paper, we study a more general nonlinear equation involving the Dirac operator
(since it also includes Ammann’s result in the case of invertible Dirac operator). The
proof we give here lies on a Sobolev type inequality for the Dirac operator and thus em-
phasizes in particular that the same kind of questions of those arising from the Yamabe
problem can be asked in the context of spin geometry.

Acknowledgements: I would like to thank Emmanuel Humbert for his encouragement,
support and remarks on previous versions of this paper. I am also very grateful to Bernd
Ammann for his remarks and suggestions. Finally, I would thank the Mathematical
Institute of Neuchâtel for his financial support.

2. Geometric and Analytic preliminaries

In this section, we give some brief recalls on Spin geometry and on some well-known facts
from analysis of partial differential equations on manifolds involving the Dirac operator.
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2.1. Geometric preliminaries. For more details on this subject, we refer to [Fri00] or
[LM89] for example. Let (Mn, g, σ) be a n-dimensional compact Riemannian manifold
equipped with a spin structure denote by σ. It is well-known that on such a manifold
one can construct a complex vector bundle of rank 2[n

2
] denoted by Σg(M) and called the

complex spinor bundle. This bundle is naturally endowed with a spinorial Levi-Civita
connection ∇, a pointwise Hermitian scalar product 〈., .〉 and a Clifford multiplication
“.”. There is also a natural elliptic differential operator of order one acting on sections of
this bundle, the Dirac operator. This operator is locally given by:

Dgϕ =
n∑
i=1

ei · ∇ei
ϕ,

for all ϕ ∈ Γ
(
Σg(M)

)
and where {e1, ..., en} is a local g-orthonormal frame of the tangent

bundle. It defines a self-adjoint operator whose spectrum is constitued by an unbounded
sequence of real numbers. Estimates on the spectrum of the Dirac operator has been
and is again the main subject of several works (a non exhaustive list is [Fri80], [Hij86]
or [Bär92]). As point out in the introduction, a key result for the following of this paper
is the Hijazi inequality. More precisely, O. Hijazi (see [Hij91]) gives an inequality which
links the squared of the first eigenvalue of the Dirac operator with the first eigenvalue of
the conformal Laplacian. The proof of this inequality relies on the famous Schrödinger-
Lichnerowicz formula (see [Hij99] for example) and on the conformal covariance of the
Dirac operator. In fact, if we consider a conformal change of the metric we have a
canonical identification of the spinor bundle over (M, g) with the one over (M, g), where
g is a metric conformal to g (see [Hit74] or [Hij86]). This identification will be denoted
by:

Σg(M) −→ Σg(M)
ϕ 7−→ ϕ.

(10)

Thus, under this isomorphism, one can rely the Dirac operators Dg and Dg acting re-
spectively on Σg(M) and Σg(M). More precisely, if g = e2ug ∈ [g] where u is a smooth
function, then:

Dgϕ = e−
n+1

2
uDg(e

n−1
2
uϕ), (11)

for all ϕ ∈ Γ
(
Σg(M)

)
.

2.2. Analytic preliminaries. In this section we give some well-known facts on Sobolev
spaces on spinors and on the analysis of differential equations involving the Dirac operator.
In the following, we assume that (Mn, g) is a n-dimensional compact Riemannian spin
manifolds (n ≥ 2) such that the Dirac operator is invertible.
The Sobolev space Hq

1 is defined as being the completion of the space of smooth spinor
fields with respect to the norm:

||ϕ||1,q := ||∇ϕ||q + ||ϕ||q, (12)

where || ||q denotes the Lq-norm. However, since our problem involves the Dirac operator,
it would be more convenient if on can consider a norm defined from it. According to the
following result, it is possible to get such a characterization. Indeed, we have:
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Lemma 1. The map:

ψ 7→ ||hDgψ||q (13)

defines a norm equivalent to the Hq
1 -norm for every smooth positive function h on M .

Proof: We easily get from the definition of (13) that this application defines a norm on
the space of smooth spinors which is equivalent to the norm defined by:

ψ 7→ ||Dgψ||q.
Now we show that this norm is equivalent to the Hq

1 -norm. A simple computation shows
that there exists a positive constant C1 > 0 such that for all smooth spinors ψ we have:

||Dgψ||q ≤ C1

(
||∇ψ||q + ||ψ||q

)
.

On the other hand, with the help of pseudo-differantial operators (see the proof of Lemma
2), it is not difficult to see that there also exists another positive constant C2 > 0 such
that: (

||∇ψ||q + ||ψ||q
)
≤ C2||Dψ||q,

which concludes the proof of this lemma. �

Using this result and the fact that the Sobolev space Hq
1 is defined as the completion of

the space of smooth spinors with respect to the Hq
1 -norm, it is clear that one can consider

the Sobolev space as defined independently from one of the three preceding norms. It will
provide a very usefull tool to solve the nonlinear equation studied in this work. A natural
way to prove the existence of solutions for this kind of equation is the variational approch
which consists to minimize a certain functional define on an adaptated Sobolev space
and then to apply the machinery of Sobolev-Kondrakov embedding theorems, Schauder
estimates and a-priori elliptic estimates. Here we will use this approach, and we refer to
the works of Ammann ([Amm03c] and [Amm03a]) for proofs of all these results in the
context of Spin geometry. However, in order to make this work self-contained, we give
the proof of the following result which will be of great help in the next section:

Lemma 2. If the Dirac operator is invertible then there exists a constant C > 0 such that
for all ϕ ∈ Hq

1 we have:

||ϕ||p ≤ C||Dgϕ||q,
where p−1 + q−1 = 1 and 2 ≤ p <∞.

This result comes from the equivalence of the Hq
1 -norm and the norm defined by (13) with

h ≡ 1, however it is quite interesting to give the proof since it gives, in particular, the
proof of this equivalence.

Proof: We show that the operator:

D−1
g : Lq −→ Lp

defines a continous map. Since D−1
g is a pseudo-differential operator of order −1 the

operator (Id+∇∗∇)
1
2D−1

g is a pseudo-differential operator of order zero. Thus the spinor
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field:

(Id+∇∗∇)
1
2D−1

g ϕ ∈ Ls,

for all s > 1, ϕ ∈ Hq
1 and in particular for s = q, we get that (Id + ∇∗∇)

1
2D−1

g ϕ ∈ Lq.

The spinor field D−1
g ϕ is so in the Sobolev space Hq

1 which is continously embedded in
Lp (using the Sobolev embedding theorem). Then there exists a positive constant C > 0
such that:

||D−1
g ϕ||p ≤ C||ϕ||q,

and this conclued the proof. �

Remark 1. (1) For q = qD = 2n/(n+1) and pD such that p−1
D +q−1

D = 1 the quotient:

Cg(ϕ) =
||Dgϕ||qD
||ϕ||pD

is invariant under a conformal change of metric, that is:

Cg(h−
n−1

2 ϕ) = Cg(ϕ) (14)

for all ϕ ∈ HqD
1 and for g = h2g ∈ [g]. Indeed, an easy computation using the

canonical identification (10) between ΣgM and ΣgM and the formula (11) which
links Dg and Dg, leads to (14).

(2) On the n-dimensional sphere (Sn, gst) endowed with its standard spin structure,
the Dirac operator is invertible since the scalar curvature is positive. Then using
Lemma 2, there exists a constant C > 0 such that for all Φ ∈ HqD

1 :

||Φ||pD
≤ C||DSn

Φ||qD .
Moreover, since the standard sphere (Sn \ {q}, gst) (where q ∈ Sn) is conformally
isometric to the Euclidean space (Rn, ξ), we conclude that for all ψ ∈ Γc

(
Σξ(Rn)

)
:

||ψ||pD
≤ C||Dξψ||qD

where Γc
(
Σξ(Rn)

)
denotes the space of smooth spinor fields over (Rn, ξ) with com-

pact support

3. The Sobolev Inequality

In this section, we prove a Sobolev inequality in the spinorial setting. The classical Sobolev
inequality (1) shows in particular that the Sobolev space of functions H2

1 is continiously

embedded in L
2n

n−2 . Here one could interpret our result as the inequality involved in the
continuous embedding:

H
2n/(n+1)
1 ↪→ H2

1/2

where H2
1/2 is defined as the completion of the space of smooth spinors with respect to

the norm:

||ψ|| 1
2
,2 :=

∑
i

|λi|
1
2 |Ai|2
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and where ψ =
∑

iAiψi is the spectral decomposition of any smooth spinor (see [Amm03c]).

Let’s first examine the case of the sphere which is the starting point of the inequality we
want to prove. In fact, it is quite easy to compute that the invariant defined by (6) on
the sphere is:

λmin(Sn, [gst], σst) = inf
ψ

( ∫
Sn |DSn

ψ|
2n

n+1dv(gst)
)n+1

n∣∣ ∫
Sn〈DSnψ, ψ〉dv(gst)

∣∣ = (n/2)ω
1
n
n = 1/K(n). (15)

The proof of this fact lies on the Hijazi inequality (5) and on the existence the real Killing
spinors on the round sphere (see [Gut86]). Thus using the conformal covariance of (15)
and the fact that the sphere (minus a point) is conformally isometric to the Euclidean
space, we can conclude that:∣∣∣ ∫

Rn

〈Dξψ, ψ〉dx
∣∣∣ ≤ K(n)

( ∫
Rn

|Dξψ|
2n

n+1dx
)n+1

n
(16)

for all ψ ∈ Γc
(
Σξ(Rn)

)
. With this result in mind, we can now state the main result of

this section:

Theorem 3. Let (Mn, g, σ) be an n-dimensional closed compact Riemannian spin man-
ifold and suppose that the Dirac operator is invertible. Then for all ε > 0, there exists a
constant Bε such that:∣∣∣ ∫

M

〈Dgϕ, ϕ〉dv(g)
∣∣∣ ≤ (

K(n) + ε
)( ∫

M

|Dgϕ|
2n

n+1dv(g)
)n+1

n
+Bε

( ∫
M

|ϕ|
2n

n+1dv(g)
)n+1

n
(17)

for all ϕ ∈ H
2n

n+1

1 and where K(n) = 2/(nω
1
n
n ) with ωn = vol(Sn, gst).

In order to prove this result, we need some well-known technical results which are sum-
merized in the following lemma:

Lemma 4. Let (ai)1≤i≤N ⊂ R+, p ∈ [0, 1] and q ≥ 1. The following identities hold:

(1) (
∑N

i=1 ai)
p ≤

∑N
i=1 a

p
i

(2)
∑N

i=1 a
q
i ≤ (

∑N
i=1 ai)

q

(3) ∀ε > 0, ∃Cε > 0, ∀a, b ≥ 0 : (a+ b)p ≤ (1 + ε)ap + Cεb
p

(4) For all functions f1, · · · , fr : M → [0,∞[, we have:
r∑
i=1

( ∫
M

fpi dv(g)
) 1

p ≤
( ∫

M

( r∑
i=1

fi
)p
dv(g)

) 1
p
.

We can now give the proof of the main result of this part.

Proof of Theorem 3: Let x ∈ M and ε > 0. Let U (resp. V) be a neighbourhood of
x ∈M (resp. 0 ∈ Rn) such that the exponentiel map

expx : V ⊂ Rn −→ U ⊂M
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is a diffeomorphism, then we can identify the spinor bundle over (U, g) with the one over
(V, ξ) that is there exists a map:

τ : Σg(U) −→ Σξ(V ) (18)

which is a fiberwise isometry (see [BG92]). Moreover the Dirac operators Dg and Dξ

(acting respectively on Σg(U) and Σξ(V )) are related by the formula:

Dgϕ(y) = τ−1
(
Dξ

(
τ(ϕ)

)(
expx(y)

))
+ ρ(ϕ)(y) (19)

for all y ∈ U and where ρ(ϕ) ∈ Γ
(
Σg(U)

)
is a smooth spinor such that |ρ(ϕ)| ≤ ε|ϕ|.

Now since M is compact, we can find a finite sequence (xi)1≤i≤N ⊂ M and a finite cover
(Ui)1≤i≤N of M (where Ui is a neighbourhood of xi ∈M) such that there exists open sets
(Vi)1≤i≤N of 0 ∈ Rn and applications τi such that (18) and (19) are fulfilled. Moreover
without loss of generalities, we can assume that:

1

1 + ε
ξ ≤ g ≤ (1 + ε)ξ

as bilinear forms, hence the volume forms satisfies:

1

(1 + ε)n/2
dx ≤ dv(g) ≤ (1 + ε)n/2dx. (20)

Now let (ηi)1≤i≤N a smooth partition of unity subordinate to the covering (Ui)1≤i≤N , that
is ηi satisfies: 

supp (ηi) ⊂ Ui
0 ≤ ηi ≤ 1∑N

i=1 ηi = 1.

Now if ϕ ∈ Γ
(
Σg(M)

)
such that

∫
M
〈Dgϕ, ϕ〉dv(g) > 0, we write:

(LHS) :=

∫
M

〈Dgϕ, ϕ〉dv(g) =
N∑
i=1

∫
M

〈√ηiDg(ϕ),
√
ηiϕ〉dv(g)

=
N∑
i=1

∫
M

〈Dg(
√
ηiϕ),

√
ηiϕ〉dv(g)

since (LHS) is real and Re〈d(√ηi) · ϕ, ϕ〉 = 0. Inequality (20) leads to:

(LHS) ≤
(
1 + ε

)n
2

N∑
i=1

∫
Rn

〈τi
(
Dg(

√
ηiϕ)

)
, τi

(√
ηiϕ

)
〉dx

and then using formula (19), we can write:

(LHS) ≤
(
1 + ε

)n
2

N∑
i=1

( ∫
Rn

〈Dξ

(
τi(
√
ηiϕ)

)
, τi(

√
ηiϕ)〉dx+ C

∫
Rn

|τi(
√
ηiϕ)|2dx

)
.
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On the other hand, since τi(
√
ηiϕ) ∈ Γc

(
Σξ(Rn)

)
, Inequality (16) gives:

(LHS) ≤
(
1 + ε

)n
2

N∑
i=1

(
K(n)

( ∫
Rn

|Dξ

(
τi(
√
ηiϕ)

)
|

2n
n+1dx

)n+1
n + C

∫
Rn

|τi(
√
ηiϕ)|2dx

)
.

Now note that with the help of (4) of Lemma 4 and since n/(n+ 1) ≤ 1, the first term in
the right hand side of the preceding inequality becomes:

N∑
i=1

( ∫
Rn

|Dξ

(
τi(
√
ηiϕ)

)
|

2n
n+1dx

)n+1
n ≤

( ∫
Rn

( N∑
i=1

|Dξ

(
τi(
√
ηiϕ)

)
|2

) n
n+1dx

)n+1
n
.

Using (3) of Lemma 4, we finally get:

(LHS)
n

n+1 ≤ (1 + ε)
(n+1)2+1
2(n+1) K(n)

n
n+1

∫
Rn

( N∑
i=1

|Dξ

(
τi(
√
ηiϕ)

)
|2

) n
n+1

dx

+(1 + ε)
n2

2(n+1)Cε

( N∑
i=1

∫
Rn

|τi(
√
ηiϕ)|2dx

) n
n+1

. (21)

We are now going to estimate the first term in the righthand side of Inequality (21). If
we let γi(ϕ) = d(

√
ηi) · ϕ− ρi(ϕ), then we can write:

N∑
i=1

|Dξ

(
τi(
√
ηiϕ)

)
|2 =

N∑
i=1

|Dg(
√
ηiϕ)− ρi(ϕ)|2

=
N∑
i=1

|√ηiDgϕ+ γi(ϕ)|2

and the Minkowski’s inequality leads to:

N∑
i=1

|√ηiDgϕ+ γi(ϕ)|2 ≤
(( N∑

i=1

|√ηiDgϕ|2
) 1

2 +
( N∑
i=1

|γi(ϕ)|2
) 1

2

)2

≤
(
|Dgϕ|+ C|ϕ|

)2
(using (1) of Lemma 4).

Thus we have shown that:∫
Rn

( N∑
i=1

|Dξ

(
τi(
√
ηiϕ)

)
|2

) n
n+1

dx ≤ (1 + ε)
n
2

∫
M

(
|Dgϕ|2 + C|ϕ|2 + C|Dgϕ| |ϕ|

) n
n+1dv(g),

and with (2) of Lemma 4, we get:∫
Rn

( N∑
i=1

|Dξ

(
τi(
√
ηiϕ)

)
|2

) n
n+1

dx ≤ (1 + ε)
n
2

( ∫
M

(
|Dgϕ|

2n
n+1dv(g) + C

∫
M

|ϕ|
2n

n+1dv(g)

+C

∫
M

|Dgϕ|
n

n+1 |ϕ|
n

n+1dv(g)
)
.
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Now we first apply the Cauchy-Schwarz inequality in the last term of the preceding in-
equality:∫

M

|Dgϕ|
n

n+1 |ϕ|
n

n+1dv(g) ≤
( ∫

M

|Dgϕ|
2n

n+1dv(g)
) 1

2
( ∫

M

|ϕ|
2n

n+1dv(g)
) 1

2

and secondly we use the Young inequality to get:∫
M

|Dgϕ|
n

n+1 |ϕ|
n

n+1dv(g) ≤ ε2

2

∫
M

|Dgϕ|
2n

n+1dv(g) +
1

2ε2

∫
M

|ϕ|
2n

n+1dv(g).

Finally, we have:∫
Rn

( N∑
i=1

|Dξ

(
τi(
√
ηiϕ)

)
|2

) n
n+1

dx ≤ (1 + ε)
n
2

(
(1 +

ε2

2
)

∫
M

|Dgϕ|
2n

n+1dv(g) + Cε

∫
M

|ϕ|
2n

n+1dv(g)
)
.

Now we study the second term in the right-hand side of Inequality (21). Hölder’s inequal-
ity gives:∫

Rn

|τi(
√
ηiϕ)|2dx ≤

( ∫
Rn

|τi(
√
ηiϕ)|

2n
n−1dx

)n−1
2n

( ∫
Rn

|τi(
√
ηiϕ)|

2n
n+1dx

)n+1
2n

and thus using (1) of Lemma 4 and the preceding inequality lead to:( N∑
i=1

∫
Rn

|τi(
√
ηiϕ)|2dx

) n
n+1 ≤

N∑
i=1

( ∫
Rn

|τi(
√
ηiϕ)|

2n
n−1dx

) n−1
2(n+1)

( ∫
Rn

|τi(
√
ηiϕ)|

2n
n+1dx

) 1
2
.

With the help of (2) of Remark 1, there exists a constant C > 0 such that:( N∑
i=1

∫
Rn

|τi(
√
ηiϕ)|2dx

) n
n+1 ≤ C

N∑
i=1

( ∫
Rn

|Dξ

(
τi(
√
ηiϕ)

)
|

2n
n+1dx

) 1
2
( ∫

Rn

|τi(
√
ηiϕ)|

2n
n+1dx

) 1
2

and then the Young inequality gives:( N∑
i=1

∫
Rn

|τi(
√
ηiϕ)|2dx

) n
n+1 ≤ Cε2

N∑
i=1

∫
Rn

|Dξ

(
τi(
√
ηiϕ)

)
|

2n
n+1dx+

C

ε2

∫
Rn

|τi(
√
ηiϕ)|

2n
n+1dx.

It is easy to see that:

C

ε2

N∑
ı=1

∫
Rn

|τi(
√
ηiϕ)|

2n
n+1dx ≤ Cε(1 + ε)

n
2

∫
M

|ϕ|
2n

n+1dv(g).

Moreover a similar argument that the one used below shows that:

N∑
i=1

∫
Rn

|Dξ

(
τi(
√
ηiϕ)

)
|

2n
n+1dx ≤ (1 + ε)

n
2

∫
M

(
|Dgϕ|

2n
n+1 + C|ϕ|

2n
n+1 + |Dgϕ|

n
n+1 |ϕ|

n
n+1

)
dv(g)

and then the Cauchy-Schwarz inequality and the Young inequality lead to:( N∑
i=1

∫
Rn

|τi(
√
ηiϕ)|2dx

) n
n+1 ≤ Cε2(1 + ε)

n
2

∫
M

|Dgϕ|
2n

n+1dv(g) + Cε

∫
M

|ϕ|
2n

n+1dv(g)

Putting all these estimates in (21) gives Inequality (17). �
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4. A non linear equation for the Dirac operator

4.1. A criterion for the existence of solutions. As a direct application of Theorem 3,
we give a sufficient criterion for the existence of solutions for a nonlinear equation involving
the Dirac operator. More precisely, the aim of this section is to prove the following result:

Theorem 5. Let (Mn, g) a n-dimensional compact Riemannian spin manifold and let H
be a smooth positive function on M . If the Dirac operator is invertible and if:

λmin < K(n)−1(maxH)
− 2

pD , (22)

then there exists a spinor field ϕ ∈ C1,α
(
Σg(M)

)
∩ C∞

(
Σg(M \ ϕ−1(0))

)
satisfiying the

following nonlinear elliptic equation:

Dgϕ = λminH|ϕ|
2

n−1ϕ and

∫
M

H|ϕ|
2n

n−1dvg = 1. (23)

Here we let for 2 ≤ q ≤ qD:

λq = λq(M, g) := inf
ψ

{( ∫
M
H−(q/p)|Dgψ|qdv(g)

) 2
q∣∣ ∫

M
〈Dgψ, ψ〉dv(g)

∣∣ }
= inf

ψ

||H−(1/p)Dgψ||2q∣∣ ∫
M
〈Dgψ, ψ〉dv(g)

∣∣ (24)

where the infimun is taken over all ψ ∈ Hq
1 and where λqD(M, g) := λmin. In the rest of

this section, we will let:

Fq(ψ) = Fg,q(ψ) =
||H−(1/p)Dgψ||2q∣∣ ∫
M
〈Dgψ, ψ〉dv(g)

∣∣ .
Remark 2. Using Lemma 2, we have λq > 0.

A standard variational approach for the study of (23) cannot allow to conclude because
of the lack of compactness of the inclusion HqD

1 in LpD . The method we use here consists
in proving the existence of solutions for subcritical equations where the compactness of
the Sobolev embedding theorem is valid and then to make converge this sequence to a
solution of (23). We begin with the existence of solutions for subcritical equations, that
is:

Proposition 6. For all q ∈ (qD, 2), there exists a spinor field ϕq ∈ C1,α(ΣgM) ∩
C∞(Σg(M \ ϕ−1

q (0))) such that:

Dgϕq = λqH|ϕq|p−2ϕq (Eq)

where p ∈ R is such that p−1 + q−1 = 1. Moreover, we have:∫
M

H|ϕq|pdvg = 1.

Proof: The proof of this result is divided in two parts. In a first step, se show that there
exists a spinor field ϕq ∈ Hq

1 satisfying (Eq), and then we will show that this solution has
the desired regularity. For the rest of this proof, we fix q ∈ (qD, 2).
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First step: We prove the existence of a spinor field ϕq ∈ Hq
1 satisfying (Eq). First we

study the functional defined by:

Fq : Hq
1 :=

{
ψ ∈ Hq

1 /

∫
M

〈Dgψ, ψ〉dv(g) = 1
}
−→ R.

It is clear thatHq
1 is non empty, take for exemple a smooth eigenspinor ψ1 associated to the

first positive eigenvalue λ1 > 0 of the Dirac operator and thus (λ1)
−(1/2)||ψ1||−1

2 ψ1 ∈ Hq
1.

On the other hand, since Fq(ψ) ≥ 0 for all ψ ∈ Hq
1, we can consider a minimizing sequence

(ψi) for Fq, that is a sequence such that Fq(ψi) → λq with (ψi) ⊂ Hq
1. It is clear that this

sequence is bounded in Hq
1 and thus there exists a spinor field ψq ∈ Hq

1 such that:

• ψi → ψq strongly in Lp with p−1 + q−1 = 1 (by the Reillich-Kondrakov theorem)
• ψi → ψq weakly in Hq

1 (by reflexivity of the Sobolev space Hq
1).

Moreover, we can write:∫
M

〈Dgψq, ψq〉dv(g) =

∫
M

〈Dgψq, ψq − ψi〉dv(g) +

∫
M

〈Dgψq, ψi〉dv(g)

and first note that:∣∣ ∫
M

〈Dgψq, ψq − ψi〉dv(g)
∣∣ ≤ ||Dgψq||q||ψq − ψi||p −→ 0

where we have used the Hölder inequality and the strong convergence in Lp. One can also
easily check that the map:

Φ 7−→
∫
M

〈Dgψq,Φ〉dv(g)

defines a continuous linear form on Hq
1 and then the weak convergence in Hq

1 gives:∫
M

〈Dgψq, ψq〉dv(g) = 1,

that is ψq ∈ Hq
1. By weak convergence in Hq

1 and because of Lemma 1, we also have:

||H−(1/p)Dgψq||2q ≤ lim inf
i→∞

||H−(1/p)Dgψi||2q = λq

and thus λq = Fq(ψq). We have finally shown that there exists ψq ∈ Hq
1 which reach λq.

Now for all smooth spinors Φ, we compute that:

d

dt |t=0
||Dg(ψq + tΦ)||2q = 2λ

2−q
2

q

∫
M

Re〈H−(q/p)|Dgψq|q−2Dgψq, DgΦ〉dv(g)

and:

d

dt |t=0

∫
M

Re〈Dg(ψq + tΦ), (ψq + tΦ)〉dv(g) = 2

∫
M

Re〈ψq, DgΦ〉dv(g)

which, by the Lagrange multipliers theorem, gives the existence of a real number α such
that:

λ
2−q
2

q

∫
M

Re〈H−(q/p)|Dgψq|q−2Dgψq, DgΦ〉dv(g) = α

∫
M

Re〈ψq, DgΦ〉dv(g).
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Moreover, since ψq is a critical point for Fq, we get that α = λq, that is:∫
M

〈λq/2q ψq −H−(q/p)|Dgψq|q−2Dgψq, DgΦ〉dv(g) = 0.

To sum up, we proved the existence of a spinor field ψq ∈ Hq
1 satifying weakly the equation:

|Dgψq|q−2Dgψq = λq/2q Hq/pψq.

If we let ϕq = λ
1/2
q ψq, we can easily check that ϕq ∈ Hq

1 satisfies (Eq) (here we used the

relations |ψq| = λ
−(q/2)
q H−(q/p)|Dgψq|q/p and |Dgψq|2−q = (λ

q/2
q Hq/p|ψq|)p−2). On the other

hand, since: ∫
M

〈Dgψq, ψq〉dv(g) = 1,

and since the spinor field ϕq is a solution of (Eq), we deduce that:∫
M

H|ϕq|pdvg = 1.

Second step: We show that ϕq ∈ C1,α
(
Σg(M)

)
∩ C∞

(
Σg(M \ ϕ−1

q (0))
)
. The proof of

this result uses the classical “bootstrap argument”. Indeed, the spinor field ϕq is in the
Sobolev space Hq

1 which is continuously embedded in Lp1 with p1 = nq/(n − q), by the
Sobolev embedding theorem. The Hölder inequality implies that H|ϕq|p−2ϕ ∈ Lp1/(p−1)

and then elliptic a-priori estimates (see [Amm03a]) gives ϕ ∈ H
p1/(p−1)
1 . Once again, the

Sobolev embedding theorem implies that ϕq ∈ Lp2 with

p2 = np1/(n(p− 1)− p1),

if n(p − 1) > p1 or ϕq ∈ Ls for all s > 1 if n(p − 1) ≤ p1. Note that since q > qD, we
can easily check that p2 > p1 and thus we have a better regularity for the spinor field ϕq.
In fact, if we continue this argument, we can show that ϕq ∈ Lpi for all i, where pi is the
sequence of real numbers defined by:

pi :=


npi−1

n(p−1)−pi−1
if n(p− 1) > pi−1

+∞ if n(p− 1) ≤ pi−1.

A classical study of this sequence leads to the existence of a rank i0 ∈ N such that
pi0 = +∞ and thus we can conclude that ϕq ∈ Ls for all s > 1. The elliptic a-priori
estimate gives that ϕq ∈ Hs

1 for all s > 1 and if we apply the Sobolev embedding theo-
rem, one get that ϕq ∈ C0,α for all α ∈ (0, 1). Hence f |ϕq|p−2ϕq ∈ C0,α as well, and the
Schauder estimate (see [Amm03a]) gives ϕq ∈ C1,α. It is clear that one can carry on this
argument on M \ ϕ−1

q (0) to obtain ϕq ∈ C∞(M \ ϕ−1
q (0)). �

Remark 3. If we assume that p ≥ 2, the regularity of the spinor field ϕq can be improved
to C2,α on the whole of M .
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In the following, we want to prove the existence of a solution for the equation (EqD). How-
ever, we cannot argue like in the proof of Proposition 6 because of the lack of compacity
of the embedding HqD

1 ↪→ LpD which is precisely the one involving in our problem. The
idea is to adapt the proof of the Yamabe problem (see for example [LP87]). Indeed we
will prove that one can extract a subsequence from the sequence of solutions (ϕq) which
converges to a weak solution of Problem (23) (see Lemma 7). Then in Lemma 8, we will
get the desired regularity for this solution and finally in Lemma 9, using Inequality (17)
of Theorem 3, we will be able to exclude the trivial solution. So we first have:

Lemma 7. There exists a sequence (qi) which tends to qD and such that the corresponding
sequence (ϕqi), solution of (Eqi), converges to a weak solution ϕ ∈ HqD

1 of (23).

Proof: It is clear that without loss in generalities, one can suppose that the volume of the
manifold (M, g) is equal to 1. Otherwise, because of the conformal covariance of equation
(23), we just have to change the metric with a homothetic one (and so a conformal one). In
a similar way, we can also assume (because of a rescaling argument) that the maximum of
the function H is equal to 1. Now we prove that the sequence (ϕq) is uniformaly bounded
in HqD

1 . Indeed, since q ≥ qD, the Hölder inequality gives:

||H−(1/pD)Dgϕq||2qD ≤ ||H−(1/pD)Dgϕq||2q.
On the other hand, p ≤ pD implies that:

||H−(1/pD)Dgϕq||2qD ≤ λ2
q.

Now the variational characterization of λq and the Hölder inequality yield to:

||H−(1/pD)Dgϕq||2qD ≤ λ2
q ≤ λ2

1(minH)−1

and thus we can conclude that (ϕq) is uniformally bounded in HqD
1 . Then there exists a

sequence (qi) which tends to qD and a spinor field ϕ ∈ HqD
1 such that:

• ϕqi → ϕ weakly in HqD
1 (by reflexivity of the Sobolev space HqD

1 )
• ϕqi → ϕ a.e. on M .

Moreover, since (ϕqi) is bounded in HqD
1 , the Sobolev embedding theorem implies that

it is bounded in LpD , and then H|ϕqi|pi−2ϕqi is bounded in LpD/(pi−1). However, since
pD/(pD − 1) < pD/(pi − 1), the sequence H|ϕqi|pi−2ϕqi is also bounded in LpD/(pD−1).
Using this fact and since

H|ϕqi|pi−2ϕqi → H|ϕ|pD−2ϕ a.e. on M,

we finally get that:

H|ϕqi|pi−2ϕqi → H|ϕ|pD−2ϕ weakly in LpD/(pD−1)

and so weakly in L1. Now note that for all smooth spinor fields Φ, the map:

ψ 7−→
∫
M

〈Dgψ,DgΦ〉dv(g)

defines a continuous linear form on HqD
1 and thus by weak convergence in HqD

1 , we obtain:∫
M

〈Dgϕqi , DgΦ〉dv(g) −→
i→+∞

∫
M

〈Dgϕ,DgΦ〉dv(g).
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By weak convergence in L1, we also have:∫
M

〈H|ϕqi|pi−2ϕqi , DgΦ〉dv(g) −→
i→+∞

∫
M

〈H|ϕ|pD−2ϕ,DgΦ〉dv(g).

Now using the variational characterization (24) of λq and the fact that the function:

q 7−→ ||DgΦ||q
is continuous, we easily conclude that q 7−→ λq is also continuous. Combining all the
preceding statements with the fact that ϕqi is a solution of (Eqi) leads to:∫

M

〈Dgϕ,DgΦ〉dv(g) = λmin

∫
M

〈H|ϕ|2/(n−1)ϕ,DgΦ〉dv(g),

for all smooth spinor fields Φ, that is ϕ ∈ HqD
1 is a weak solution of (23). �

We then state a regularity Lemma which is proved in [Amm03a] and thus we omit the
proof here.

Lemma 8. The spinor field ϕ given in Lemma 7 satisfies ϕ ∈ C1,α
(
Σg(M)

)
∩ C∞

(
Σg(M \

ϕ−1(0))
)
.

As point out by Trüdinger in the context of the Yamabe problem, one cannot exclude
from this step the case where the spinor field ϕ obtained in Lemma 7 and 8 is identically
zero. In [Amm03a], B. Ammann prove that if (22) (with H constant) is fulfilled then
ϕ is non trivial. We give a similar result for Equation (23) which generalizes the one of
Ammann in the case where the Dirac operator is invertible. The proof we present here is
based on the Sobolev-type inequality obtained in Theorem 3. More precisely, we get:

Lemma 9. If (22) is fullfilled, the spinor ϕ obtained in Lemma 7 and 8 is non identically
zero and satisfies: ∫

M

H|ϕ|
2n

n−1dvg = 1.

Proof: Let ϕq ∈ C1,α(ΣM) ∩ C∞
(
Σ

(
M \ ϕ−1

q (0)
))

be a solution of Equation (Eq), that
is which satisfies:

Dgϕq = λqH|ϕq|p−2ϕq

and
∫
M
H|ϕ|

2n
n−1dvg = 1 for all q ∈ (qD, 2) (where p is such that p−1 + q−1 = 1). Since

q > qD, the Hölder inequality yields to:( ∫
M

|Dgϕq|qDdv(g)
)2/qD ≤

(
maxH

)2/p( ∫
M

|H−(1/p)Dgϕq|qdv(g)
)2/q

V ol(M, g)2(q−qD)/(qqD)

and then using (Eq), we get:∫
M

|H−(1/p)Dgϕq|qdv(g) = λqq,

which finally gives:( ∫
M

|Dgϕq|qDdv(g)
)2/qD ≤

(
maxH

)2/p
λ2
q V ol(M, g)2(q−qD)/(qqD) (25)
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On the other hand, applying Theorem 3 for the spinor fields ϕq yields to:∫
M

〈Dgϕq, ϕq〉dv(g) = λq ≤
(
K(n) + ε

)( ∫
M

|Dgϕq|qDdv(g)
)2/qD

+Bε

( ∫
M

|ϕq|qDdv(g)
)2/qD

where Bε > 0 is a positive constante. Using (25) in the preceding inequality leads to:

1 ≤
(
K(n) + ε

)(
maxH

)2/p
λq V ol(M, g)2(q−qD)/(qqD) +Bε

( ∫
M

|ϕq|qDdv(g)
)2/qD

,

Now if q tends to qD, we obtain:

1 ≤
(
K(n) + ε

)(
maxH

)2/pDλmin +Bε

( ∫
M

|ϕ|qDdv(g)
)2/qD

,

and since, by hypothesis:

λmin < K(n)−1
(
maxH

)−(2/pD)
=⇒

(
maxH

)2/pDλminK(n) < 1,

we can conclude that, for ε > 0 small enough, the norm ||ϕ||qD > 0 and thus ϕ is not
identically zero. �

Remark 4. Note that we recover the result of Ammann proved in [Amm03a] for H = cste
(under the assumption that the Dirac operator has a trivial kernel).

4.2. An upper bound for λmin. In this section, we prove a general upper bound for
λmin. Namely, we get:

Theorem 10. Let (Mn, g) be a n-dimensional compact Riemannian spin manifold with
n ≥ 3. If H ∈ C∞(M) is a smooth positive function on M , then the following inequality
holds:

λmin ≤ K(n)−1(max
M

H)
− 2

pD .

The proof of Theorem 10 lies on the construction of an adaptated test spinor which will
be estimated in the variational characterization of λmin. We first note that λmin is a
conformal invariant, therefore we can work with any metric within the conformal class of
the Riemannian metric g. Indeed, we have:

Proposition 11. The number λmin is a conformal invariant of (M, g).

Proof: We can easily compute that for g = u2g ∈ [g] we have:

Fg,qD(ψ) = Fg,qD(u
n−1

2 ψ)

and then because of the variational characterization (24) of λmin(M, g), its conformal co-
variance follows direcly. �

For a sake of completness, we briefly recall the work of Ammann, Grosjean, Humbert and
Morel [AHGM] which describe in particular the construction of the test-spinor. We first
need to construct a trivialization of the spinor bundle which is adaptated for our problem.
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Let (x1, ..., xn) be the Riemmanian normal coordinates given by the exponential map at
p ∈M :

expp : U ⊂ TpM ' Rn −→ V ⊂M
(x1, ..., xn) 7−→ m.

Now if we consider the smooth map m 7→ Gm :=
(
gij(m)

)
which associates to any point

m ∈ V the matrix of the coefficients of the metric g at this point in the basis { ∂
∂x1
, ..., ∂

∂xn
},

then one can find an unique symmetric matrix Bm (which depends smoothly of m) such
that B2

m = G−1
m . Thus, at each point m ∈ V we can built an isometry between Rn and

the tangent space TmM defined by:

Bm :
(
Texp−1

p (m)U ' Rn, ξ
)
−→

(
TmV, gm

)
(a1, ..., an) 7−→

∑
i,j b

j
i (m)ai ∂

∂xj
(m)

which induce an identification between the two SOn-principal bundles of orthonormal
frames over (U, ξ) and (V, g). Thereafter, this identification can be lifted to the Spinn-
principal bundles of spinorial frames over (U, ξ) and (V, g) and then gives an isometry:

Σξ(U) −→ Σg(V )
ϕ 7−→ ϕ.

This identification has already been used in Section 3 and was denoted by τ . However,
for a sake of clarity, we will denote this map by “ · ”. Now we let:

ei := bji
∂

∂xj
,

such that {e1, ..., en} defines an orthonormal frame of (TV, g) and thus, via the preceding
identification, one can relate the Dirac operator acting on Σξ(U) with the one acting on
Σg(V ). More precisely, if Dξ and Dg denotes those Dirac operators, we have:

Dgψ = Dξψ +
n∑

i,j=1

(
bji − δji

)
∂i · ∇∂j

ψ + W · ψ + V · ψ, (26)

where W ∈ Γ
(
Clg(TV )

)
and V ∈ Γ(TV ). With a little work, on can compute the

expansion of W and V in a neighbourhood of p ∈ V . Indeed, for all m ∈ V and if r
denotes the distance from m to p, we have:

bji = δji −
1

6
Riαβj(p)x

αxβ +O(r3) (27)

V =
(
− 1

4
(Ric)αk(p)x

α +O(r2)
)
ek (28)

|W| = O(r3), (29)

where Rijkl (resp. (Ric)ik) are the components of the Riemann (resp. Ricci) curvature
tensor. Now consider the smooth spinor field defined on (U, ξ) by:

ψ(x) = f
n
2 (x)(1− x) · ψ0
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where f(x) = 2
1+r2

(with r2 = x2
1 + · · · + x2

n) and ψ0 ∈ Σξ(U) is a constant spinor which
can be chosen such that |ψ0| = 1. A straightforward computation show that:

Dξψ =
n

2
fψ, |ψ|2 = fn−1 and |Dξψ|2 =

n2

4
fn+1. (30)

With these constructions, we can prove the main statement of this section.

Proof of Theorem 10: We construct a test spinor and estimate this spinor field in the
variational characterization of λmin. Let ε > 0 and ψ the spinor field described above,
then we define:

ψε(x) := ηψ
(x
ε

)
∈ Γ

(
Σξ(Rn)

)
(31)

where η = 0 on Rn \ Bp(2δ), η = 1 on Bp(δ) and 0 < δ < 1 is chosen such that
Bp(2δ) ⊂ U . Since the support of the spinor field ψε lies in the open set U of Rn, one can

use the trivialization described previously to obtain a spinor field ψε over (M, g). On the
other hand, because of the conformal covariance of λmin, we can assume that the metric
g satisfies Ric(p)ij = 0. Now we can start the estimate:

Dgψε(x) = ∇η · ψε
(x
ε

)
+
η

ε

n

2
f
(x
ε

)
ψε

(x
ε

)
+ η

∑
i,j

(bji − δji )∂i · ∇∂j

(
ψ(
x

ε
)
)

+ηW · ψε
(x
ε

)
+ ηV · ψε

(x
ε

)
where |W| = O(r3) and |V| = O(r2) (since Ric(p)ij = 0). Using [AHGM], we have:

|Dgψε|2(x) ≤
n2

4ε2
fn+1

(x
ε

)
+ Cr4fn−1

(x
ε

)
+
C

ε
r2fn−

1
2

(x
ε

)
=

n2

4ε2
fn+1

(x
ε

)(
1 + Λ(x)

)
where Λ(x) = Cε2r4f−2

(
x
ε

)
+ Cεr2f−

3
2

(
x
ε

)
. Now note that for all u ≥ −1:

(1 + u)
n

n+1 ≤ 1 +
n

n+ 1
u,

then we get:

|Dgψε|
2n

n+1 (x) ≤
( n

2ε

) 2n
n+1

fn
(x
ε

)
+

n

n+ 1

( n
2ε

) 2n
n+1

fn
(x
ε

)
Λ(x). (32)

On the other hand, since p ∈M is a point where H is maximum, we have:

H(x) = H(p) +O(r2)

which yields to:

H(x)−
n−1
n+1 = H(p)−

n−1
n+1

(
1 +O(r2)

)
. (33)

An integration combining (32) and (33) gives:∫
Bp(2δ)

H−n−1
n+1 |Dgψε|

2n
n+1dv(g) ≤

( n
2ε

) 2n
n+1

H(p)−
n−1
n+1

(
A + B + C + D

)
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where:

A =

∫
Bp(2δ)

fn
(x
ε

)
dv(g)

B = C

∫
Bp(2δ)

fn
(x
ε

)
Λ(x) dv(g)

C = C

∫
Bp(2δ)

r2fn
(x
ε

)
dv(g)

D = C

∫
Bp(2δ)

r2fn
(x
ε

)
Λ(x) dv(g).

Since the function f is radially symmetric, we have:

A =

∫ 2δ

0

fn
(x
ε

)
ωn−1G(r)rn−1dr

where

G(r) =

∫
Sn−1

√
|g|rxdσ(x) with |g|y := det gij(y).

Now using the fact that Ricij(p) = 0, one can easily compute that (see [Heb97], for
example):

G(r) ≤ 1 +O(r4).

Thus, a direct computation shows that if n ≥ 3:

A = ωn−1Iε
n + o(εn),

where we let I =
∫ +∞

0
rn−1fn(r)dr. In the same way, we can prove that for n ≥ 3:

B = C = D = o(εn).

In brief, we get that:∫
Bp(2δ)

H−n−1
n+1 |Dgψε|

2n
n+1dv(g) =

(n
2

) 2n
n+1

(
ωn−1I

)
H(p)−

n−1
n+1 ε

n(n−1)
n+1

(
1 + o(1)

)
,

hence:( ∫
M

H−n−1
n+1 |Dgψε|

2n
n+1dv(g)

)n+1
n

=
(n
2

)2(
ωn−1I

)n+1
n H(p)−

n−1
n εn−1

(
1 + o(1)

)
.

The denominator of the functional λmin can also be estimated and similar calculations
give (see [AHGM]): ∫

M

〈Dgψε, ψε〉dv(g) =
n

2
ωn−1Iε

n−1 + o(εn+1)

for n ≥ 3. Combining these estimates leads to:

λmin ≤ K(n)−1
(
max
M

H
)− 2

pD

(
1 + o(1)

)
which prove the announced result. �
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Remark 5. We can derive a similar result for the case of 2-dimensional manifolds. More
precisely, using the proof of [AHM06] one can show that if (M2, g) is a smooth surface we
have:

λmin ≤ 2
√
π (max

M
H)−2.

Remark 6. This result is in the spirit of the one obtained by Aubin in [Aub76a] for the
conformal Laplacian. Indeed, in this article, the author proves that on a n-dimensional
compact Riemannian manifold with n > 4, and if f, h are smooth positive functions on
M such that:

h(p)−Rg(p) +
n− 4

2

∆gf(p)

f(p)
< 0,

where f(p) = maxx∈M f(x), then the nonlinear equation:

4
n− 1

n− 2
∆gu+ hu = fu

n+2
n−2

admits a smooth positive solution. One could hope to obtain a similar criterion for the
equation we study. However, if one carries out the computations in the proof of Theorem
10, we obtain for n ≥ 5:

λmin = K(n)−1
(
max
M

H
)− 2

pD

(
1 +

n− 1

2n(n− 2)

∆H(p)

H(p)
ε2 + o(ε2)

)
.

Thus we cannot conclude anything since at a point p ∈M where H is maximum we have
∆H(p) ≥ 0.

4.3. An existence result. To conclude this section, we give conditions on the manifold
(Mn, g) and on the function H ∈ C∞(M) which ensure that (22) is fulfilled and thus that
there exists a solution to the nonlinear Dirac equation (23) (applying Theorem 5). The
condition on H is a technical one given by:

There is a maximum point p ∈M at which all partial derivaties of H
of order less than or equal to (n− 1) vanish.

(34)

The result we obtain is the following:

Theorem 12. Suppose (Mn, g) is a locally conformally flat manifold and H ∈ C∞(M)
a smooth positive function on M for which (34) holds. Assume that the Dirac operator
is invertible and the mass endomorphism has a positive eigenvalue. Then there exists a
spinor field solution of the nonlinear Dirac equation (23).

This result is quite close to the work of Escobar and Schoen [ES86] and lies on the
construction of Ammann, Humbert and Morel [AHM06] of the mass endomorphism.
Now we briefly recall the construction of the mass endormorphism. For more details, we
refer to [AHM06]. Consider a point p ∈ M and suppose that there is a neighborhoud U
of p which is flat. Thus, because we assumed that the Dirac operator has a trivial kernel,
one can easily show that the Green function GD of the Dirac operator has the following
expansion in U :

ωn−1GD(x, p)ψ0 = − x− p

|x− p|n
· ψp + v(x, p)ψp
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for all x ∈ U and where v( . , p)ψp is a smooth harmonic spinor near p with ψp ∈ Σp(M).
The mass operator is defined as the self-adjoint endomorphism of the fiber Σp(M) given
by:

αp(ψp) = v(p, p)ψp.

This operator shares many properties with the mass of the Green function of the confor-
mal Laplacian. One of them is that the sign of its eigenvalues is invariant under conformal
changes of metrics which preserves the flatness near p. With this construction, we can
prove the main result of this section.

Proof of Theorem 12: We have to construct a test-spinor which will be estimated in the
variational characterization of λmin. Then the assumption on the mass endomorphism will
enable to conclued that (22) is fulfilled and the result will follow from Theorem 5. The
test-spinor is exactly the one used in [AHM06]. In order to make this paper self-contained,
we have chosen to briefly recall this construction. First, since λmin is a conformal invariant
of (Mn, g) which is locally conformally flat, one can suppose that the metric is flat near
a point p ∈M where (34) is fulfilled. Now for ε > 0 we set:

ξ := ε
1

n+1 ε0 :=
ξn

ε
f
(ξ
ε
)

n
2

where f(r) = 2
1+r2

is the function defined in the previous section. The test-spinor is then
defined by:

Φε(x) =


f
(
x
ε

)n
2
(
1− x

ε

)
· ψp + ε0αp(ψp) if r ≤ ξ

ε0

(
ωn−1GD(x, p)− η(x)θp(x)

)
+ η(x)f

(
ξ
ε

)n
2ψp if ξ ≤ r ≤ 2ξ

ε0 ωn−1GD(x, p) si r ≥ 2ξ

where η is a cut-off function such that:

η =

{
1 on Bp(ξ)
0 on M \Bp(2ξ)

and |∇η| ≤ 2

ξ

and θp(x) := v(x, p)ψp−αp(ψp) is a smooth spinor field (harmonic near p) which satisfies
|θp| = O(r). Now an easy calculation shows that:

|DΦε|
2n

n+1 (x) =



(
n
2

) 2n
n+1 ε−

2n
n+1f

(
r
ε

)n
if r ≤ ξ

|ε0∇η(x) · θp(x)− f
(
ξ
ε

)n
2∇η(x) · ψp|

2n
n+1 if ξ ≤ r ≤ 2ξ

0 si r ≥ 2ξ.

On the other hand, since the function H satisfies the condition (34), we get that:

H(x) = H(p) +O(rn)

that is:

H(x)−
n−1
n+1 = H(p)−

n−1
n+1

(
1 +O(rn)

)
.
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We can now give the estimate of the functional (24) (with q = qD) evaluated at the spinor
field Φε. First, on Bp(ξ) we have:∫
Bp(ξ)

H−n−1
n+1 |DΦε|

2n
n+1dx ≤

(n
2

) 2n
n+1 ε−

2n
n+1H(p)−

n−1
n+1

( ∫
Bp(ξ)

fn
(x
ε

)
dx+ C

∫
Bp(ξ)

rnfn
(x
ε

)
dx

)
and we can easily compute that:∫

Bp(ξ)

fn
(x
ε

)
dx ≤ εn

∫
Rn

fn(x)dx∫
Bp(ξ)

rnfn
(x
ε

)
dx = o(ε2n−1)

which finally gives:∫
Bp(ξ)

H−n−1
n+1 |DΦε|

2n
n+1dx =

(n
2

) 2n
n+1 ε

n(n−1)
n+1 H(p)−

n−1
n+1 I

(
1 + o(εn−1)

)
where we let I =

∫
Rn f

n(x)dx. On Cp(ξ) := Bp(2ξ) \Bp(ξ), we have:∫
Cp(ξ)

H−n−1
n+1 |DΦε|

2n
n+1dx ≤ C

∫
Cp(ξ)

|ε0∇η · θp|
2n

n+1dx+ C

∫
Cp(ξ)

|f
(ξ
ε

)n
2∇η · ψp|

2n
n+1dx

+ C

∫
Cp(ξ)

rn|ε0∇η · θp|
2n

n+1dx+ C

∫
Cp(ξ)

rn|f
(ξ
ε

)n
2∇η · ψp|

2n
n+1dx

and since ε0 ≤ Cεn−1, |∇η| ≤ 2ξ−1, |θp| = O(r) and V ol
(
Cp(ξ)

)
≤ Cξn, we get:∫

Cp(ξ)

H−n−1
n+1 |DΦε|

2n
n+1dx = o

(
ε

(2n+1)(n−1)
n+1

)
.

To conclude the numerator in the estimate of (24) yields to:( ∫
M

H−n−1
n+1 |DΦε|

2n
n+1dv(g)

)n+1
n

=
(n
2

)2
εn−1H(p)−

n−1
n I

n+1
n

(
1 + o(εn−1)

)
For the estimate of the denominator, we can compute that (see [AHM06]):∫

M

〈DΦε,Φε〉dv(g) =
n

2
εn−1I

(
1 + J 〈ψp, αp(ψp)〉εn−1 + o(εn−1)

)
where J =

∫
Rn f(x)

n
2
+1dx. Now we choose ψp ∈ Σp(M) as an eigenspinor for the mass

endomorphism associated with a positive eigenvalue λ and we finally get:

λmin ≤ FqD(Φε) = K(n)−1
(
max
M

H
)−n−1

n
(
1− λJ εn−1 + o(εn−1)

)
.

Now it is clear that for ε > 0 sufficiently small, (22) is fulfilled and thus Theorem 5 allows
to conclude. �

Remark 7. In dimension two, a Riemannian surface is always locally conformally flat and
condition (34) is fulfilled for all H ∈ C∞(M) however the mass endomorphism vanishes
(see [AHM06]) and so Theorem 12 cannot be applied.
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5. A remark on manifolds with boundary

In this last section, we briefly study the case of manifolds with boundary. Since the calcu-
lations are quite closed from these of the boundaryless case, we only point out arguments
which need some explanations.
Indeed, let (Mn, g) be a n-dimensional compact Riemannian spin manifold with smooth
boundary equipped with a chirality operator γ, that is an endomorphism of the spinor
bundle which satisfies:

γ2 = Id, 〈γψ, γϕ〉 = 〈ψ, ϕ〉
∇X(γψ) = γ(∇Xψ), X · γψ = −γ(X · ψ),

for all X ∈ Γ(TM) and for all spinor fields ψ, ϕ ∈ Γ
(
Σg(M)

)
. Thus the orthogonal

projection:

B±g :=
1

2
(Id± νg · γ),

where νg denotes the inner unit vector fields normal to ∂M , defines a (local) elliptic
boundary condition (called the chiral bag boundary condition or (CHI) boundary con-
dition) for the Dirac operator Dg of (M, g). Moreover, under this boundary condition,
the spectrum of the Dirac operator consists of entirely isolated real eigenvalues with finite
multiplicity. In [Rau] (see also [Rau06a]), we define a spin conformal invariant similar to
(6) using this boundary condition. More precisely, if λ±1 (g) stands for the first eigenvalue
of the Dirac operator Dg under the chiral bag boundary condition B±g then the chiral bag
invariant is defined by:

λmin(M,∂M) := inf
g∈[g]

|λ±1 (g)|Vol(M, g)
1
n

and one can check that:

λmin(M,∂M) = inf
ϕ

{( ∫
M
|Dgϕ|

2n
n+1dv(g)

)n+1
n∣∣ ∫

M
〈Dgϕ, ϕ〉dv(g)

∣∣ }
(35)

where the infimum is taken for all spinor fields ϕ ∈ HqD
1 such that B±g ϕ|∂M = 0. On the

round hemisphere (Sn+, gst), we can compute that:

λmin(Sn+, ∂Sn+) =
n

2

(ωn
2

) 1
n

= 2−(1/n)K(n)−1, (36)

and thus using the conformal covariance of (35) and the fact that the hemisphere is
conformally isometric to the half Euclidean space (Rn

+, ξ), we conclude that:∣∣∣ ∫
Rn

+

〈Dξψ, ψ〉dx
∣∣∣ ≤ 2

1
nK(n)

( ∫
Rn

+

|Dξψ|
2n

n+1dx
)n+1

n
(37)

for all ψ ∈ Γc
(
Σξ(Rn

+)
)

where Γc
(
Σξ(Rn

+)
)

denotes the space of smooth spinor fields over
(Rn

+, ξ) with compact support. In order to prove a Sobolev-type inequality for manifolds
with boundary, we give a result similar to Lemma 2in this context:
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Lemma 13. If the Dirac operator is invertible under the chiral bag boundary condition
then there exists a constant C > 0 such that:

||ϕ||pD
≤ C||Dgϕ||qD

for all ϕ ∈ HqD
1 such that B±g ϕ|∂M = 0.

Proof: Since the Dirac operator is assumed to be invertible and since the Fredholm prop-
erty of Dg does not depend on the choice of the Sobolev spaces (see [Sch95]), we have
that:

Dg : HqD
± :=

{
ϕ ∈ HqD

1 /B±g ϕ|∂M = 0
}
−→ LqD

defines a continous bijection. Thus using the open mapping theorem, the inverse map is
also continous and then we get the existence of a constant C > 0 such that:

||ϕ||HqD
1

= ||D−1
g (Dgϕ)||HqD

1
≤ C||Dgϕ||qD ,

for all ϕ ∈ HqD
± . On the other hand, using the Sobolev embedding Theorem, the map

HqD
1 ↪→ LpD is continous, so there exists a constant C > 0 such that:

||ϕ||pD
≤ C||ϕ||HqD

1
,

for all ϕ ∈ HqD
1 and this conclude the proof. �

Remark 8. Lemma 13 gives a similar result of Lott (see [Lot86]) for the Dirac operator
on manifolds with boundary. More precisely, we have that if Dg is invertible under the
chiral bag boundary condition, then:

λmin(M,∂M) > 0. (38)

Indeed, the Hölder inequality gives:∣∣∣ ∫
M

〈Dgϕ, ϕ〉dv(g)
∣∣∣ ≤ ||ϕ||pD

||Dgϕ||qD ,

and then Lemma 2 yields to:

||Dgϕ||2qD∣∣∣ ∫
M
〈Dgϕ, ϕ〉dv(g)

∣∣∣ ≥ ||Dϕ||qD
||ϕ||pD

≥ C,

for all ϕ ∈ HqD
± . Using the variational characterisation (35) of λmin(M,∂M) leads to the

result. In [Rau06b], we give an explicit lower bound for the chiral bag invariant given by:

λmin(M,∂M)2 ≥ n

4(n− 1)
µ[g](M,∂M). (39)

The number µ[g](M,∂M) is a conformal invariant of the manifold (called the Yamabe
invariant) introduced by Escobar in [Esc92] to study the Yamabe problem on manifolds
with boundary and defined by:

µ[g](M,∂M) = inf
u∈C1(M),u 6=0

∫
M

(
4n−1
n−2

|∇u|2 +Rgu
2
)
dv(g) + 2(n− 1)

∫
∂M

hgu
2ds(g)( ∫

M
u

2n
n−2ds(g)

)n−2
n

.
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Here hg denotes the mean curvature of the boundary of (∂M, g) in (M, g). Inequality (39)
is significant only if the Yamabe invariant is positive and in this case, the Dirac operator
under the chiral bag boundary condition is invertible. So Inequality (38) is more general
(39) however it doesn’t give an explicit lower bound.

We can now argue like in the proof of Theorem 3 and state a Sobolev-like inequality on
manifolds with boundary:

Theorem 14. Let (Mn, g, σ) be an n-dimensional compact spin manifold with non empty
smooth boundary and equipped with a chirality operator. Moreover, we assume that the
Dirac operator under the chiral bag boundary condition is invertible. Then for all ε > 0,
there exists a constant Bε such that:∣∣∣ ∫

M

〈Dgϕ, ϕ〉dv(g)
∣∣∣ ≤ (

21/nK(n) + ε
)( ∫

M

|Dgϕ|qDdv(g)
)2/qD

+Bε

( ∫
M

|ϕ|qDdv(g)
)2/qD

,

for all ϕ ∈ HqD
1 such that B±g ϕ|∂M = 0.
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