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Abstract

For k > 0 and rq > 0, let M(n, k,7r9) be the set of all connected
compact n-dimensional Riemannian manifolds such that |K,| < x and
Inj(M,g) > ro. We study the relation between the k" positive eigen-
value of the Hodge Laplacian on differential forms and the k" positive
eigenvalue of the combinatorial Laplacian associated to an open cover
(acting on Cech cochains). We show that for a fixed sufficiently small
€ > 0 there exist positive constants ¢; and ¢y depending only on n, s
and ¢ such that for any M € M(n, x,7¢) and for any e-discretization
X of M we have ci A\, p(X) < App(M) < coApp(X) for any £ < K (K
depends on X). Moreover, we find a lower bound for the spectrum
of the combinatorial Laplacian and a lower bound for the spectrum of
the Hodge Laplacian.
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1 Introduction

Several works like [3], [4], [5] and more recently [24] have shown that dis-
cretizing a Riemannian manifold may be really powerful in order to study
the spectrum of the Laplacian acting on functions. The question we want
to answer here is "Is there a similar tool for understanding the spectrum of
the Hodge Laplacian (A = dd* + d*d) acting on differential forms?". Part
of an answer is given by the de Rham Theorem (saying that the de Rham
cohomology of a compact manifold is isomorphic to the singular cohomology
and to the Cech cohomology) and several authors have been more or less

*Supported by Swiss National Science Foundation, grant No. 20-109130.



inspired by this theorem to study the spectrum of A. For instance, in [16],
Dodziuk and Patodi show that for a fixed compact Riemannian manifold, we
can approximate the spectrum of the Hodge Laplacian with the spectrum
of a combinatorial Laplacian associated to finer and finer triangulations of
the manifold. The main idea in their proof is to associate Cech cochains
to smooth forms and vice versa via the integration on simplices and via the
Whitney map. Both tools are really crucial in the proof of the de Rham
Theorem as they induce the isomorphism between de Rham cohomology and
singular cohomology. In [7] and in [25], the authors use another proof of de
Rham Theorem due to A. Weil and based on the Cech - de Rham double
complexe (see [18]). In [7], Chanillo and Tréves bound from below the small-
est non-zero eigenvalue of the Hodge Laplacian on p-forms for a compact
Riemannian manifold with bounded sectional curvature, while the purpose
of [25] is to study the spectrum of A on compact hyperbolic 3-dimensional
manifolds. In particular, McGowan develops in [25] a quite general method
to bound from below "small" eigenvalues of A on compact manifolds (Lemma
2.3 in [25]).

The purpose of this paper is in some sense to improve or to unify these
results in the context given by the discretization. More precisely, if M is
a compact Riemannian manifold and if X is a discretization of M (in the
sense of [8]), we obtain naturally from X a finite open cover Uy which will
be contractible if the mesh of the discretization is sufficiently small. To
such an open cover we can associate the complex of Cech cochains naturally
endowed with a coboundary operator §. Moreover, with an inner product on
Cech cochains, we can construct the adjoint of §, namely 6* and define the
following combinatorial Laplacian A = §6* + 6*6.

The main result consists in establishing a uniform comparison between the
spectrum of the Hodge Laplacian and the spectrum of such a combinatorial
Laplacian. That is to say, if M(n, &, 19) denotes the set of compact connected
Riemannian manifolds with bounded (by ) sectional curvature and injectiv-
ity radius bounded from below by ry, we show that there exists a positive
constant py depending only on n, k and ry such that if we fix 0 < 3¢ < py,
there exist positive constants ¢; and ¢y depending only on n, p, k and € such
that for any M € M(n, k,r) and for any e-discretization X of M we can
compare the k™ eigenvalue of A on p-forms to the k™ eigenvalue of A on
Cech p-cochains (for 1 < p < n — 1) in the following way

C1Akp(X) < Aep(M) < o) p(X)

for any £ < K and K depends on X (see Theorem 3.1 for the precise state-
ment).



As an application of Theorem 3.1, we obtain a lower bound for the first non-
zero eigenvalue of A (see Theorem 4.1) in terms of the volume of the manifold.
This result has to be compared with the result obtained by Chanillo and
Tréves (Theorem 1.1, in [7]). In their proof, the authors use in a crucial
manner a lemma due to Tréves (Lemma A.5 in [31]) which turns out to be
false (see Remark 4.3). In Lemma 4.2, we state and prove a "weaker" version
of Tréves’ lemma. A direct corollary of this lemma is a lower bound for the
spectrum of the combinatorial Laplacian (see Theorem 4.4) and so, thanks
to Theorem 3.1, a lower bound for the spectrum of A (see Theorem 4.1).

As another consequence of the proof of Theorem 3.1, we obtain a version
of McGowan’s lemma (Lemma 2.3 in [25]) slightly more general as it is
concerned with p-forms on compact Riemannian manifolds with bounded
sectional curvature, but not so general as it is valid only for contractible
open covers (see Lemma 4.5). Finally, another interesting application of the
method developed here concerns Whitney forms. Indeed, Whitney forms
come out in [16] as a natural way to smooth Cech cochains. Nevertheless,
in order to keep a uniform comparison of the spectra, the results given in
[16] on Whitney forms are not useful to our purpose. Hence, we obtain as a
corollary of the method, the appropriate results to show that Whitney forms
are even so a suitable tool to smooth Cech cochains (see Section 4.2).

The paper is organized as follows. In Section 2, we begin by recalling several
definitions and properties of differential forms and Cech cochains. In partic-
ular, in Section 2.3, we sketch the proof of the de Rham Theorem due to A.
WEeil as it will be the starting point of the proof of Theorem 3.1. Finally, we
recall the definition of a discretization and its main properties.

Section 3 is devoted to the proof of Theorem 3.1. The basic idea of the
proof is to associate a Cech cochain to a differential form via a discretizing
operator and vice versa via a smoothing operator, in order to compare "small"
eigenvalues. These operators are essentially constructed as in the proof (of
A. Weil) of the de Rham Theorem thanks to the Cech - de Rham double
complexe. To that aim, we need a few technical results. In particular, we
need a normed version of the Poincaré Lemma and a similar result for Cech
cochains. This is done in Lemma 3.2 and in Lemma 3.5. Moreover, as in
[25], it is necessary to bound from below the spectrum of A with absolute
boundary conditions on finite intersections of open sets of the open cover. To
that aim, we show that for a sufficiently small ¢, the intersection of balls of
radius ¢ is convex and is quasi-isometric to a Euclidean convex. Thanks to a
result of Guerini ([19]) we can then bound from below the spectrum of such
intersections (this appears in Section 2 as properties of the discretization, see
Lemma 2.9 and Lemma 2.10). Note that Chanillo and Tréves met also this



problem and they solve it using a (finite) sequence of open covers and with
Lemma 2.2 in 7] (which is a consequence of a normed version of the Poincaré
Lemma in the Euclidean setting). For "large" eigenvalues, it suffices to have
an upper bound for the k™ eigenvalue of A and of A to have the claim.

In Section 4, we present the consequences of Theorem 3.1 mentioned above.

Finally, in the appendix we recall the (more or less classical) definition and
the properties of Whitney forms. At the end of the appendix, we give the
proof of the technical lemma about the Euclidean convexity of the intersec-
tion of small balls.

2 Settings

In this section, we recall some definitions and basic facts on the Laplacian
acting on differential forms and on the Laplacian acting on Cech cochains.
For the convenience of the reader and as it is a key tool for the paper, a
paragraph is also devoted to the sketch of a classical proof due to A. Weil of
the de Rham Theorem (for contractible open covers) relying on the Cech -
de Rham double complexe (see for instance Appendix A of [18] or Chapter 3
of [28]). Finally, we define the discretization of a manifold and discuss some
of its properties.

2.1 Laplacian acting on differential forms

Let (M™ g) be a compact connected n-dimensional Riemannian manifold
without boundary. Denote by AP(M) the vector space of smooth differential
p-forms, for 0 < p < n. Let d : A?(M) — APT'(M) be the exterior differential
and d* : AP*1(M) — AP(M) its formal adjoint (with respect to the L?-inner
product) the codifferential. Then the Laplacian acting on p-forms is defined
by A: AP(M) — AP(M), A = dd* + d*d. The spectrum of A is discrete and
will be denoted by

0 < Ap(M) < Aop(M) < ... < App(M) < ...

where 0 is of multiplicity b,(M) and the positive eigenvalues are repeated
as many times as their multiplicity. Let us recall that half of the spectrum
is redundant. That is to say, if A > 0 is an eigenvalue of A on p-forms
and if E,()) denotes the A-eigenspace, then E,()\) splits as follows E,(\) =
EF(X) @ EX(N) where EF(\) = {w € Ep(A) : d*w = 0} C d*AP" (M) is
the A-eigenspace of d*d and EX(\) = {w € E,(\) : dw = 0} C dAP~"(M)
is the A-eigenspace of dd*. Moreover, d* maps Eg()\) isomorphically onto



E& | (X) and d maps EY ()) isomorphically onto EZ, (X). Hence, E,()) =
EX(X) @ dES (). So for our purpose it will be sufficient to study the
spectrum of d*d on coexact forms.

Let A{ (M) the k™ (positive) eigenvalue of d*d : d*AP*' (M) — d*AP+!(M).
The following variational characterization of the spectrum of d*d holds

lde® ., zk\{o}}

Ap (M) = minmax {

Bl ]

where ¥* ranges over all k-dimensional vector subspaces of d*AP*'(M) and
| - || denotes the L?-norm for differential forms.

2.2 Cech cohomology and combinatorial Laplacian

Let M™ be a compact connected n-dimensional manifold. Let U = {U; }1<i<n
be a finite open cover of M. The nerve of U, denoted by N(U), is the
simplicial complex whose set of g-simplices is given by

Sq(Z/{):{(io,...,iq):i0<...<iqandUi0ﬂ...ﬂUiq7&(/)}

for any ¢ > 0. A Cech g-cochain is an application ¢ : Sq(U) = R. Denote by
C?(U) the set of Cech g-cochains. Let us remark that C9({) is naturally en-
dowed with a vector space structure and let us define a coboundary operator
§: CUU) — CIT(U) by

q+1

(56(7:0, ey iq+1) = Z(—I)JC(’L(), ey ij—la ij+1, ey iq+1)
7=0

for any (ig,...,ig41) € Sy41(U). Then 6 0§ = 0 and the cochain complex

v

{C9(U), 6} gives rise to the Cech cohomology groups of the cover U, H*(U).
Endow then C?(U) with the following scalar product, for any ¢, co € CI(U)

(01,02): Z 01(1)02(1)

IeS,(U)
and consider §* : C?(U) — C?(U) the adjoint of & with respect to (-, ).

Definition 2.1 The combinatorial Laplacian A CIU) — CUU) is de-
fined by A = 66* + §*6.

The combinatorial Laplacian is self-adjoint and non-negative by definition.
Its spectrum will be denoted by

0< )\1’,](1/{) < )\27,1(2/{) <...< )\L,q(u)
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where 0 is of multiplicity b,(U) and L + b,(U) = dim(C4(U)) = |S,U)]. As
for the Laplacian on differential forms, half of the spectrum is redundant i.e.
if A > 0 is an eigenvalue of A on Cech g-cochains and if Eq()\) denotes the -
eigenspace, then E,()\) = Eg* (N @5@3:1()\) where Eg* (A) is the A-eigenspace
of §*¢ acting on §*C?™' (U). So for our purpose it will be sufficient to study the
spectrum of 6*§ on §*C41(U) i.e. on coexact Cech cochains. In the sequel,
A} o(U) denotes the k™ (positive) eigenvalue of §*6 : §*C4H(U) — §*C1H(U).
The following variational characterization holds
A, (U) = mln max { Ié

Tz eV \{0}}

where V¥ ranges over all k-dimensional vector subspaces of 6*C¢™1(U).

o

2.3 De Rham Theorem

Recall that an open cover U is called contractible if for any I € S,(U),
U = ﬂiel U; is contractible. The following theorem is due to de Rham.

Theorem 2.2 Let (M", g) be a compact connected n-dimensional Rieman-
nian manifold without boundary. Let U be a contractible finite open cover of
M. Then the pth group of de Rham’s cohomology HP(M) is isomorphic to
the p™ group of Cech cohomology H”(Z/{)

Remark 2.3 Note that a consequence of the de Rham Theorem is that if U
is a contractible cover, then b,(M) = b,(U).

Let us introduce now the vector spaces C2(U, AP) of g-cochains of p-forms i.e.
cisin CY(U, A?) if ¢(I) is a p-form on U; for any I in S;(U). Define then the
following coboundary operators

§: CUU,AP) — CTH (U, AP) such that for any (g, . .., ige1) € Ser1(U)
q+1
(56(7:0, ey iq+1) = Z(—l)]C(ig, ey ij—la ij+1, ey iq+1),
7=0
d: CIU,A”) — CUU, A’™) such that for any I € S,(U)
de(I) = d(c(I)).

Then dod =0, 6o = 0 and dod = dod. The Cech - de Rham double complex
is the following commutative diagram, where r denotes the restriction map
to each open of the cover and 7 the natural injection. The first step in the
proof of the de Rham Theorem is to show that the rows (except the first)
and the columns (except the first) of this diagram are exact. This is a direct
consequence of the Poincaré Lemma (Lemma 2.4) and Lemma 2.5.
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Figure 1: The Cech - de Rham double complexe.

Lemma 2.4 Let p > 0. Let U be a contractible cover. Let w € CI(U,AP)
such that dw = 0. Then there exists n € CY(U,AP~') such that dn = w.

Proof: see [18], A.6. O

Lemma 2.5 Let ¢ > 0. Let ¢ € CI(U,AP) such that ¢ = 0. Then there
exists b € CTH(U, AP) such that 6b = c.

Proof: see [18], proof of Lemma A.4.1. OJ

The proof of the de Rham Theorem goes then as follows. Let w € AP(M)
such that dw = 0. Let fo = r(w) € C°(U, AP), then dfy = 0 = §fy and the
system of equations

f():dfl, (5f1:df2, (5f2:df3, cee 5fp—1:dfp

has a solution with f; € C/~(U,AP7) for j > 1. Moreover, d(df,) = 0,
hence df, € CP(U). The application ¥ : {w € AP(M) : dw = 0} — {c €
CP(U) : 6c = 0} given by U(w) = df,, where f, is constructed as above,
induces an isomorphism in cohomology. In particular, if w is exact, ¥(w)
is also exact i.e. there exists ¢ € CP~'(U) such that ¢ = ¥U(w) (note that
in general f, ¢ CP '(U)). Naturally, we can construct another application
going from closed Cech p-cochains to closed p-forms exactly in the same way
and obtain also an isomorphism in cohomology. [J



2.4 Discretization of a manifold

Let (M",g) be a connected compact n-dimensional Riemannian manifold
without boundary. Let € > 0.

Definition 2.6 An e-discretization X of M is a maximal e-separated subset
of M i.e. X is a subset of M satisfying

(i) Vp#q€ X, dp,q) > ¢
(i) Ux = {B(p,€)}pex is an open cover of M.

Note that as M is compact, X is finite of cardinality |X|. So we can
number the elements of X = {py,...,px|} and denote U; = B(p;,¢), for
i=1,...,|X|. In particular, any discretization of M gives rise to a combi-
natorial Laplacian A as defined in Section 2.2. In the sequel, A 4(X) will
denote the £'" eigenvalue of the combinatorial Laplacian associated to the
open cover Uy acting on Cech g-cochains i.e. A q(X) = A o(Uyx).

Note also that if ¢ (the mesh of the discretization) is smaller than the convex-
ity radius of M, then Uy is a contractible open cover and b,(Ux) = b,(M).

Definition 2.7 For k > 0, ro > 0 and n € N*, we define M(n, k,7q) as the
set of all connected compact n-dimensional Riemannian manifold (M", g)
without boundary with uniformly bounded sectional curvature i.e. |K,| < k
and injectivity radius bounded below i.e. Inj(M,g) > rq.

Remark 2.8 Forn € N*, kK > 0, rp > 0 and 0 < 2¢ < rq, there exists
v(n,k) > 0 such that, for any (M, g) € M(n, k,ro) and any e-discretization
X of M, the cardinality of {j : U; N U # 0} is bounded above by v, for any
I € S,(Ux). This is a direct consequence of the Bishop-Gromov volume com-
parison Theorem (see for instance [8], Lemma V.3.1, p.147). Furthermore,
by Croke’s Inequality and Bishop’s comparison Theorem (see [8] p.126 and
p.136) we can assert that there exist positive constants ¢y, ¢y depending only
on n, k and € such that clVol( ) < | X| < eVol(M). In particular, we
obtain that |S,(Ux)| < iy | X] < 1 = coVol(M).

II+1 l]+

The following lemma shows that in general a sufficiently small ball is quasi-
isometric (in the sense of [14], (3.2)) to a Euclidean convex. In particular,
this will imply that on intersections of sufficiently small balls we can find a
lower bound for the first positive eigenvalue of A with absolute boundary
condition (see Lemma 2.10). This is an essential result for the discretization
as we will see later.



Lemma 2.9 Letn € N*, k > 0 andry > 0. There exists a constant 0 < py <
ro depending only on n, k and ro such that for any (M, g) € M(n, k,r¢) and
for any p € M, there exist a Euclidean convex C, C R" and a diffeomorphism
¢ : C, = B(p, po) such that for any B(q,p) C B(p, po), the ball B(q, p) is
convexr and o~ '(B(q,p)) is a Euclidean conver. Moreover, (B(q,p),g) is
quasi-isometric to B(q, p) endowed with the Euclidean metric induced by o *
and the constants of quasi-isometry depend only on n, k and d(p,q) + p-

Proof: see Appendix A.2. [

Note that the intersection of small balls is a convex with not necessarily
smooth boundary. So that it is not obvious that in this case the spectrum
of the Laplacian with absolute boundary condition is discrete. In [26], the
authors show that the spectrum of the Laplacian with absolute (or relative)
boundary condition is discrete even if the boundary is only given by a Lips-
chitz function (Proposition 5.3 in [26]). Moreover, Theorem 5.1 of [27] implies
that the following classical variational characterization of the spectrum is still
valid for bounded convex domains i.e. if €2 is a bounded convex domain of
M, then the k™ eigenvalue of the Laplacian for p-forms on € with absolute
boundary condition is given by

dw||* + ||6w]|?
| w“H +|||2| | :w € ¥F\ {0} such that i, (w) = O}
w

b .
Ay (€2) = min max{
where F ranges over all k-dimensional vector subspaces of AP(Q) and i, is
the interior product by v the outward pointing normal unit vector to the
boundary (defined almost everywhere). In particular, the result on quasi-
isometric metrics of Dodziuk (Proposition 3.3 of [14]) is valid in this context.

Lemma 2.10 Letn > 2, kK > 0, 19 > 0 and let py given by Lemma 2.9.
Let 0 < 3e < py. Then there exists a positive constant p(n, K, ) depending
only on n, k and & such that for any (M,g) € M(n, k,r9) and for any e-
discretization X of M

)‘lllf);(UI) > M(n: K, 5)

foranyp=0,...,n and any I € S,(Ux), ¢ > 0.

Proof: let (M, g) € M(n,k,79) and X an e-discretization of M with 0 <
3e < po. Fix p € X and let ¢ € X such that B(p,e) N B(q,e) # 0. Then
B(q,2) C B(p,3¢) C B(p,po). By Lemma 2.9, there exists a diffeomor-
phism ¢ such that ¢ '(B(q,¢)) is a Euclidean convex for any ¢ € X such
that B(q,) N B(p, ) # 0. In particular, ¢! (B(p,e) N B(q,¢)) is an inter-
section of Euclidean convexes and as such it is a Euclidean convex. More-
over, ¢! restricted to B(p, 3¢) is a quasi-isometry with constants of quasi-
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isometry depending only on n, x and €. Let U; a non-empty finite inter-
section of elements of Uy and V; = ¢ }(U;) the Euclidean convex which is
quasi-isometric to Ur via ¢ i.e. (o(V7), (¢ 1)*(eucl)) is quasi-isometric to
(Ur, g) with constants of quasi-isometry o depending only on n, x and € (i.e.
a (o™ (eucl) < g < alp™")*(eucl)). Then by Proposition 3.3 of [14],
there exist positive constants ¢; and ¢, depending only on e and n such that

A (U, (971 (eucl)) < A (Ur, g) < eaAt (Ur. (971 (eucl)).  (2:2)

1,p

Note that (Ur, (¢ 1)*(eucl)) is a Euclidean convex of diameter bounded above
by d(n, k,e). Finally, Guerini shows in [19], that the first eigenvalue of the
Laplacian with absolute boundary condition on a FEuclidean convex with
smooth boundary is bounded below by a constant depending on the diameter
of the convex. Note that Guerini’s proof can be adapted straightforward to
obtain the same result for convexes with piecewise smooth boundary. Hence,
we obtain that there exists a positive constant ¢(n,p) such that

abs —1\* C(nap) C(nap)
)‘l,p(Ub (¢ )" (eucl)) > diam(U7, (¢~ 1)*(eucl))? > d(n, K, £)? (2.3)

Finally, (2.2) and (2.3) imply the claim. O

3 Comparison of spectra

This section is devoted to the proof of the main theorem of the paper. Let
us state the result.

Theorem 3.1 Letn > 2, k>0, 1o > 0. Let po(n, k, 1) be given by Lemma
2.9 and 0 < 3e < pg. Let 1 < p < n—1. Then there exist positive constants
¢1, ¢o depending only onn, p, k and & such that for any M € M(n, k,ry) and
for any e-discretization X of M, we have

CLAp(X) < App(M) < o) p(X)

for any 1< k < |CP(Ux)| - by(Ux) = |C7(Ux)| - by(M).

As we have seen before (in Section 2.1), it will be sufficient to establish the
result for the spectrum of d*d on coexact p-forms and for the spectrum of
6*8 on coexact Cech p-cochains. The proof goes in two steps. First step con-
sists in comparing "small" eigenvalues. We need to construct a discretizing
operator that associates to a coexact p-form a coexact Cech p-cochain (see
Section 3.1) and a smoothing operator that goes in the opposite direction

10



(see Section 3.2), in order to compare their respective Rayleigh quotients.
The idea is to proceed as in the proof of the de Rham Theorem and use the
Cech - de Rham double complexe. But as we need a control of the norms
involved, we have to establish versions of the Poincaré Lemma (Lemma 2.4)
and of Lemma 2.5 with a suitable control of the norms (see Lemma 3.2 and
Lemma 3.5). The second step of the proof deals with "large" eigenvalues and
is reduced to find upper bounds for the & eigenvalues involved depending
only on the parameters of the problem (see Section 3.3).

In the sequel, we consider (M, g) in M(n, k,ry) and X an e-discretization
with 0 < 32 < pg. Denote by U the open cover induced by X i.e. U = {U; =
B(pi,e):i=1,...,|X|}and fix 1 <p<n-—1.

3.1 From smooth forms to Cech cochains

In this section, we are going to construct
D : d* AP (M) — 5 CPTHU)

such that there exist positive constants ¢, ¢o and A depending only on n, p,
# and ¢ such that

(i)p |[0D(w)|* < e1||dw]|?, for any w € d*APTL(M),
(it)p || Dw||* > ca||w||?, for any w € d*APT1(M) satisfying ||dw||* < Aljw]|?.
To that aim, we need the following version of the Poincaré Lemma. Note

that this lemma will be verified in particular by any non-empty intersection
of open sets in U thanks to Lemma 2.10 (where p depends on n, k, €).

Lemma 3.2 Let U be a contractible open set such that Xff’ps’d(U) > >0,
(1 <p<mn). Letw be a closed L*-integrable p-form on U i.e. dw = 0. Then

there exists n € AP~ (U) such that dn = w and ||?7||%2(U) < %HWH%Q(U).

Proof: we have the following characterization of the first eigenvalue of the

Laplacian on exact p-forms (see Proposition 3.1. of [14| or Proposition 2.1.
of [25]),

o llZ2 0

abs,d .
Ay (U) = H‘}f sup {W
L2(U

:wGV\{O},dn:w}

where V' ranges over all 1-dimensional vector subspaces of exact p-forms. If
w € AP(U) is closed, by the Poincaré Lemma w is exact. So that we get

w 2‘
< AHU) < sup ”'Lﬂ:dn:w
’ 17117207y
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2
Hw”LQ(U)

and hence there exists n € AP"}(U) such that dy = w and ip < e
L2

which is the claim. [J
Remark 3.3 Let us introduce the following norm. If ¢ € C1(U, AP) let

lell> = > (D72,

IeS,(U)

where || - || 12w,y denotes the L*-norm for p-forms on Uyr. In particular, if
w s a p-form on M and r 1s the restriction to each open of U, then there
exist positive constants c¢; and cy depending only on n, k and € such that
cifr@)I? < Jlwl? < eaffr ()]l

Construction by induction of D

Let w € d*APT'(M). The goal is to construct D(w) € §*CP*'(U). The idea is
to consider dw which is an exact (p+1)-form and to construct an exact Cech
(p + 1)-cochain 6D(w) such that (i)p holds. A suitable candidate for éD(w)
is the Cech cochain given by the proof of the de Rham Theorem and the
double complexe. Moreover, the double complexe and the normed version of
the Poincaré Lemma give almost directly the inequality (i)p, whereas (ii)p
is not a so direct consequence of the construction. Hence, as suggested in [7],
we construct an auxiliary p-form thanks to Whitney forms to obtain (i7)p.
We proceed by induction.

First step of induction: define ¢,410 € CO(U, AP*') by ¢pp10 = 7(dw) i.e.
¢p+1,0(1) = dwy, . Then depii0 = 0 = depia0 and W(epi10) = dw, where
W is the Whitney map defined in Appendix A.1. Then there exist positive
constants ¢y, ¢o and c3 depending only on n, p, k and € such that the three
following assertions hold.

(a); There exists ¢, € CO(U,AP) such that dc,o = cpi10 and [|c,pl]? <
crldw]?.

(b); Let ¢,1 = dcyo. We have dc,1 =0 = de,; and ||, ||* < cofldw]]?.

(¢)1 Let vV = W(e,o) € AP(M). We have dv) = dw + W(c,,) and
W@ ? < eslldw]|?.

Indeed, (a); is a direct consequence of Lemma 3.2, of the definition of ¢,
and of Remark 3.3. Then, clearly dc,1 = 0 and dc,; = ddcpy = dcpy1,0 = 0.
Moreover, there exists c(n, k,) such that for any cochain [|0b||*> < c[|b]|?
(see (3.3)) and combined with (a); this implies (b);. Finally, by Lemma A.4
dv) = W(c,1) + W(cpi10) = dw + W(c,1). Moreover, by Lemma A.5 and
by (a)1, we get [[vV|]* < estllepol® < cslldw]
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Induction hypothesis: (for 1 < ¢ < p+ 1) there exist positive constants
c1, ¢o and c3 depending only on n, p, k and ¢ such that the three following
assertions hold.

(a), There exists ¢,y1-g4-1 € CT (U, AP™177) such that
deps1-g.q-1 = Cpr1—(g-1)0-1 a0 [lpr1-gq-1[* < cafldw]|*.

(0)g Let cpr1gq = (=1)"'q- dcpy1-gq-1. We have dcpi1_gq = 0= depii_qq
and [|cp41-g,4/1* < cafldw]]?.

(c)g Let v@ = 0=Y £ W(c,i1 gq-1) € AP(M). We have
dw = dv'® + (=1)TW (cpi1_4,) and [[0(9]|? < cs|dw||*.

Proof: suppose the hypothesis of induction is satisfied for some 1 < g < p
and let us show it holds for ¢ + 1. By (b),, Lemma 3.2 and Lemma 2.10,
there exists ¢,_q 4, € CY(U, AP"9) and p > 0 such that de,_;, = ¢pi1-¢,4 and
o aa(DI7 20,y < 2llept1-aa(Dl72q,)- Combined with (b), this implies that

lep—q.qll* < %||cp+1_q’q| 2 < ¢q||dw|]* which is (a),11. Let us consider now

Cpqqr1 = (—1)(q+1)dcp g4

then clearly dcp_g 41 = 0 and dep_g g1 = (—1)%(¢ + 1)dcpi1-gq = 0 by (),
Moreover, ||c, qq11]> < estllep_qqll®> < c2f|ldw]|* by (a)g41. This concludes
the proof of (b),y;. Finally, if v(4*) = v(@ + W (e, ,,) we obtain with (c),
and Lemma A.4 that

dw = dv'"™ — d(W(cpq.q) + (1) W(cpi1q4)
= dol" — (g + W (0¢p—q,q) = (=1)"W(dcp—g,q) + (=1)"W(Cpt1-g,4)
do'TY) + (_1)q+1W(Cpfq,q+1)-

Finally, thanks to Lemma A.5, (¢), and (a),;1 we obtain that [[v@*V]|2 <
cst([[v @2 4+ ||, —qqll?) < es]ldw]|?. This concludes the induction.

End of the induction: (for ¢ = p+1) we get ¢y 1 € CPTHU, A?) such that
dcopr1 = 0. This implies in particular that co,1 € i(CPTH(U)). Moreover
by the proof of the de Rham Theorem seen in Section 2.3, the cochain ¢g ;1
represents the same cohomology class as dw i.e. there exists v € CP(U) such
that i(dy) = copi1-

Definition 3.4 We define Dw as the unique Cech p-cochain in 6*CP(U)
such that i (0D(w)) = copt1-

We prove now (i)p and (it)p. Firstly, by (b),4+1 of the induction we get that
there exists a constant ¢; depending only on n, p, x and ¢ such that

[0D(wW)[I* < estllcopsill” < ealldw]®
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and this proves (i)p. Secondly, by (¢),+1 we can write

(—1)rH!

dw = dv®t) 4 (—1)p+1W(5D(w)) = do®+D) 4 -
p

dW (D)) (3.1)

where we used Lemma A.4 and the fact that d(i(D(w))) = 0 in the last
equality. Moreover, as w is coexact, and if coex(-) denotes the coexact part
of a form given by the Hodge decomposition, we deduce that

(_1)10-1-1
p+1

w = coex(vPtY) + coex (W (D(w))) .

Therefore, by Lemma A.5 and using this last equality we obtain
ID(W)I| = est|[W(D(w))]] = est(flw]| — [0 V). (3.2)

Finally, by (¢),+1 there exists C' depending only on n, p, k and ¢ such that

|D(w)|| > est(|lw]| — C'||dw]]). Let then A = ;& so that if [|dw|? < Aljw]|?

then ||D(w)|| > ¢s||w|| which is the requested inequality in (ii)p. O

3.2 From Cech cochains to smooth forms

In this section, we are going to construct
S0 CPTIU) — dFAPTH(M)

such that there exist positive constants ¢}, ¢, and A’ depending only on n,
p, k and € such that

(i)s ||dS(c)||* < ¢|]|dc||?, for any ¢ € §*CPH(U),

(i1)s ||Se|l* > dbllc]]?, for any ¢ € §*CPT(U) satisfying ||dc|]* < A|c[/?.

The construction of S is similar to the construction of D. The main difference
is that the Whitney map is not the suitable tool to obtain (7i)s. So we have to

do a first induction to construct S and a second induction (slightly different)
to prove (ii)s. We begin by adjusting Lemma 2.5 to our purpose.

Lemma 3.5 Let U be a contractible cover and {y;} a partition of unity
subordinated to U. Let v > 0 such that |{j : Uy NUr # 0} < v for any
IeS,U) and any k =0,...,n. Let c € CI(U,AP) (¢ > 1) such that ¢ = 0.
Then there exists b € CT (U, AP) such that 6b = ¢ and there exist positive
constants ¢1, ¢o depending only on v and on a bound on ||dy,||e such that

(i) 1bI[* < erlel?

14



(it) [|db][* < ea(]lell* + llde]|?)
Proof: a suitable b is given by Lemma A.4.1 in [18] and defined by

b= Y. w-e{itun

J st U;NUr#0

so that b verifies already db = ¢. Then (i) is an immediate consequence
of the definition of b and v. It remains to show (iz). We have ||db|* =
D res, 1) |ldb(I)||*. Moreover

2

lab(D)]I* = Y. deyAc{YUI) +pude({jIu)

J st U;NUr#0

< 2w Y ldey AU DI+ llesde({} U DI

Js.t. UynU#0

and this implies the claim. []

Remark 3.6 In the sequel, we will consider a partition of unity {¢;} sub-
ordinated to an open cover made of balls of radius €, so that we can find
a bound on ||dy;||« depending only on . In particular, this bound will be
replaced by a constant depending only on c.

Construction by induction of S(-)

Let us now proceed to the construction of S and to the proof of (i)s. Let
¢ € 6*CP*1(U4). Then éc is an exact Cech (p + 1)-cochain.

First step of induction: define ¢y, 1 € CPT (U, A°) by copi1 = i(dc) iee.
cop+1(I) = 0¢(I) for any I € Sy (U). Clearly, dcopi1 = 0 = dcgpyr. Then
there exist positive constants ¢}, ¢, depending only on n, p, x and e such
that

(a'), there exists ¢q, € CP(U,A°) such that dcy, = copy1 and |cg,l? <
cilocl®.
(V)1 Let ¢1, = degp. Then ey, = 0 and ||eq,|]? < &|dcl*

Indeed, (a'), is a direct consequence of Lemma 3.5 as d¢g »41 = 0 and of (3.3).
The bound on the norm of dc, follows also from Lemma 3.5 as dcg 41 = 0.
Finally, we have d¢, , = ddc,p, = dcypi1 = 0.

Induction hypothesis: (for 1 < ¢ < p + 1) there exist positive constants
c|, ¢, depending only on n, p, k and ¢ such that
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(a'), there exists cg_1pr1-q € CPT19(U, A1) such that
0Cq—1p+1-q = Cq1p+1-(q—1) AN [[cg_1ps1-4[* < el

() [;e|r C|‘|172P+1—q = deg-1p1—g- Then dcgpii—g = 0 and [legpri—gl|* <
ch|oc|”.

Proof: suppose the hypothesis of induction is verified for some 1 < g < p
and let us show it holds for ¢ + 1. By (¥'), and by Lemma 3.5 there
exists ¢ p—g € CP9(U, A7) such that dc,p—g = cupri—q and ||cgp—qll* <
cst]|cgpr1—ql|?- Combined with (b'),, this implies (a),41. Moreover, let us con-
sider ¢411,p_q = dcgp—q. Then, by definition of ¢, 414 we have dcyi1,p g =
décyp q = dcgpr1q = 0. Finally, by Lemma 3.5, we have |[c,11, 4|]* <
cst(||cgpr1—qll* + [|[degp+1-gl*). As we have dcgpi1-g = 0 and by (b)g, we get
lcgr1p—qll* < cb]|0¢||?. This concludes the induction.

End of the induction: (for ¢ = p+ 1) we obtain ¢, € C°(U, AP™") such
that dcy110 = 0. This implies that ¢,y is the restriction of a well-defined
(p+1)-form and by the de Rham Theorem as dc is exact, the 0-cochain ¢,
is exact and is the restriction of an exact (p + 1)-form.

Definition 3.7 Let S(¢) € d*AP*Y(M) be the unique coexact p-form such
that r(dS(c)) = ¢pi10-

An immediate consequence of the induction is (7)s. Indeed, from (V'),4 and
Remark 3.3 follows that there exists a positive constant ¢ depending only
on n, p, k and € such that ||dS(c)||* < ¢|||dc||?.

Let us now proceed to a second induction in order to prove (ii)s. The goal
is to construct b € CP(U) such that 6b = +dc and ||b|| < est(||S(c)|| + ||o¢|])
where cst is a positive constant depending only on n, p, x and €. These are in
fact the corresponding equations for (3.1) and (3.2) in the discretizing part.
In the induction, we will use the ¢, ; appearing in the construction of S.
First step of induction: define b,y = r(S(c)) — ¢, € C°(U, A?). We have
db, o = cpy1,0—dcyo = 0. Then there exist positive constants ¢, ¢j depending
only on n, p, kK and € such that

(a”), there exists b, 19 € CO(U, AP~") such that db, 19 = b, and ||b, 1 |*> <
A (IS )l + lloel))-

(b")1 Let by_11 = 6by_10 + cp—1,1. Then we have db,_;; = 0 and [|by—1 || <
(IS (e) |l + llocl))-

Indeed, as p > 1 and db, o = 0, by Lemma 3.2 there exists b,_1 o € C°(U, AP 1)

such that db,_1 0 = by and ||b,_1 || < cst||byo||. By definition of b, and by

(a")p+1 of the previous induction we obtain then (a"),. Let us consider now

bp—11 = dby_10+¢p_1,1. Then we have db, 1, = 0b,0+c,1 = —dcpo+cp1 = 0.
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Finally, by construction and by (3.3) [[b,—1.1]| < est(|[by—1,0l| + ||cp—1.1]]). This
last inequality combined with (a”); and (a), leads to (6");.

Induction hypothesis: (for 1 < ¢ < p — 1) there exist positive constants
¢!, ¢y depending only on n, p, k and ¢ such that

(a"), there exists bpz,q,q,l € CT N U, AP ) such that db,_gq1 = by_(4-1),0-1
and [|by—q.41[]° < 1 ([[S()] + [loe]])-

(b")g Let by_gq = 0by_gq—1 + (—1)7¢y_yq- Then we have db,_,, = 0 and
< &5 ([|S(e)l + llocl]).

Proof: suppose the induction hypothesis holds for some 1 < ¢ < p—1
and let us show it holds for ¢ + 1. By (¢”), and Lemma 3.2 there exists
by (g41).q € CIU, AP~ (@+D) such that db, (411)4 = bp—gq and [|by—(g11)4]1* <
cst||b],J qq||2 and it suffices to use (0"), to obtaln (@")g+1- Then consider
bp—(g+1),0+1 = 0bp—(gt1),¢ + (—=1)7Cp—(g+1),4+1. We have

||bp_Q7q

dbp—(q+1),q+1 = 5bp—q,q + (_1)qcp—q,q+1
= 0(0bp gq 1+ (_1)q+lcpfq,q) + (=1)%0¢p g4
= 0.

Finally, by construction of b,_(441),¢+1 We have

||bp—(q+1),q+1|| < CSt(pr—(qH),qH + ||Cp—(q+1),q+1||)

and with (a”)441 and (a’),—, we obtain (0"”),11. This ends the induction.

End of the induction: (for ¢ = p) we obtain by, € C?(U,A°) such that
dbo,p = 0 i.e. bO,p € Cp(Z/{) and (5()071, = (_1)p+1500’p = (—1)p+1607p+1 =
(=1)P*'6c. Hence, by, and ¢ have same coexact part and as ¢ is already
coexact we obtain by (b"),, ||lc|]] < ||boy|| < est(]|S(c)|| +]|d¢||). In particular,

1
> —
ISl = —llell = locl]

then let A’ = 15 so that if ||dc||?> < Al|¢|? then [|S(c)|| > &,||c||. This ends

4cst?

the proof of (ii)s. OJ

3.3 Upper bounds on the spectra

Lemma 3.8 Let (M",g) be a compact connected Riemannian manifold and
letU be a finite contractible open cover of M such that there exists v > 0 such
that |{j : U;nU; # 0} < v for any I € Sy(U) and any g > 0. Then there
exists a positive constant ¢ depending only on v and p such that A\ ,(U) < ¢
forany k=1,...,|S,(U)| — by(U).

17



Proof: it suffices to show the result for the spectrum of §*6 on 6*CP*(U).
We are going to show that there exists a positive constant depending only
on v and p such that for any b € C*(U)

16b]|* < est||b||* (3-3)

and then the variational characterization of the spectrum of 6* will imply
the claim. Recall that 0b(1) = >, , €(é, I\i)b({\i) where (i, I\7) denotes the
signature of the permutation ordering {i}U(I\7) to obtain [ and I € S,1(U).
Hence

166(1)2 < (p+2) Z|b I\9)

This implies that

lobli> =Y (P < (+2) > Y U\

T€Sp1(U) I€Sp11(U) i€l

<@+2v Y P = (p+ 2|l

JeSy(U)

which is the claim. [

Lemma 3.9 Let (M,g) € M(n,k,79) and X an e-discretization with 0 <
e <rg. Let 1 <p<n—1. Then there exists a positive constant ¢ depending
only on n, p, k and € such that A\, ,(M) < ¢ for any k < |S,(Ux)| — b,(Ux).

Proof: it suffices to show the result for & = |S,(Ux )| —b,(Ux). By a theorem
of Abresch (see [11], Theorem 1.12) there exists a Riemannian metric g on
M such that

(a) e %g<§§6%g
(b) |V9— VI <]
(¢) |K;] < &(n, k) and |V9R|<K(n K)

where k& and K depend only on n and . By Proposition 3.3. of [14], there
exist a positive constant ¢ depending only on et such that

)‘k,p(Ma g) S C)\k,p(Ma g)

Therefore it suffices to show the claim for (M, g). By Remark 2.8 and by
construction of g, there exists a positive constant d depending only on n, p, ,
e such that |S,(Ux)| < dVol(M, ). Moreover, there exist a > 0 depending
only on p, n, k and e such that if YV is an a-discretization of (M, g) then
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Y| > |S,(Ux)| and b,(Uy) = b,(Usx). Consider then the disjoint balls (for §)
centered at y € Y of radius §. From Proposition 2.3. of [14], on any of these
balls there exists a p-form w, which is zero on the boundary of the ball, so
that we can extend w, by zero to obtain a p-form on M also denoted w, such
that

dw,y||? + [|diw, |2
[lwyll

where u(n,p, k,€) is a positive constant depending only on n, p, £ and e.
Moreover, we can choose w, such that ||w,|| = 1.

Let then V' the vector subspace of p-forms spanned by {w, : y € Y}. By
construction, w, is orthogonal to w, if x # y. In particular, V' is of dimension
|Y'|. Therefore, by the variational characterization of the spectrum, we obtain

I.wev\ {0}

ol + 132 L es

)‘|Y|fl3p(l/ly),p(M7 g) S max{ ||w||g
g9

Furthermore, if w = Zer a,wy, then as the balls centered on Y of radius &
are disjoint |lw||2 > 3" _; a2 and combined with (3.4) this implies that

yey y
ldwl2 <> a2l dw, |12 < pllwl|? (3.6)
yey
and
djwl2 <> a2l diw, |12 < pllwl|2 (3.7)
yey

It suffices then to introduce (3.6) and (3.7) in (3.5) to obtain that
)\‘Y‘—(v’p(uy),p(Ma g) S 2/L

and in particular that A ,(M, g) < 2cu, for k < |S,(Ux)| — b,(Ux). O

3.4 Proof of the main result

We prove now Theorem 3.1. We will only proceed to the proof of the inequal-
ity Mep(M) < oM p(X) as the other inequality can be proved in the same
way using the corresponding results. Recall it suffices to prove the result for
d*d on coexact forms and for *6 on coexact Cech cochains. We proceed in
two steps. Let A’ given by (ii)s.
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First step: assume A} (X) > A’ Then, A{ (M) < A'A) (X)X (M) and
by Lemma 3.9 we obtain A{ (M) < A""*¢/A) (X)) which is the claim.
Second step: assume now A (X) < A’ Let us consider c¢i,...,¢; €
0*CP*L(U,) the Cech A{(X),..., Al (X)-eigencochains such that (c;,c;) =
d;;. Denote by V¥ the k-dimensional vector subspace of §*CP* (i) they span.
By the variational characterization of the spectrum we have

5ell” .
el

Let us consider now SV* the vector subspace of d*AP*'(M) spanned by
{S(c1),...,8(cx)}. Then if S(c) € SV*, S(c) = S aiS(c;) with ¢ =
S°F aic; € V. So that we have [|dcl|> < A (X)|lel|> < A’[|c]|%. Therefore,
by (ii)s we obtain

A, (X) = max { ceVE\ {0}} .

IS(O)I* = cy|elf* (3-8)

and this says in particular that SV* is of dimension k. Using the variational
characterization of A{ (M) we get

Agfp(M)<mx{” Wl .wESVk\{O}}

e
L (IS@IE
= {||s<>||2' €V \{0}}'

Finls (55 v sl o S5 < 8
[9¢]®

el

X}

so that we obtain

A (M) < —:;ma { ce VF\ {0}} = z—:lAgjp(X) (3.9)

2

which concludes the proof. [J

4 Applications

In this section, we develop several consequences of Theorem 3.1 or of the
methods used to prove Theorem 3.1.

4.1 A lower bound for the spectrum of the Laplacian
on differential forms

The goal of this section is to prove the following theorem.
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Theorem 4.1 Let (M, g) € M(n,k,r9). Let 1 <p <n—1. Then there exist
positive constants ¢, ¢ depending only on n, p, k and ry such that
c
> /
~ Vol(M)eVelM)

where Vol(M) denotes the volume of (M, g).

Al,p(M)

By Theorem 3.1, it suffices to choose a suitable discretization X of M and
prove then a similar result for A\, ,(X). To that aim we need the following
lemma.

Lemma 4.2 Let A : R" — R" be a linear operator with matriz coefficients
(in the canonical bases) in {—1,0,1}. Suppose there exists an integer k such
that any column and any row has at most k non-zero coefficients. Then,
there exists B : R* — R™ such that ABAv = Av for any v € R™ and

[Bull* < nk*"||ul|*
for any u € R".
Remark 4.3 In [31], the author proves a similar result (see Lemma A.5 in
[31]) but with a better constant for the matriz norm of B. He asserts that
| Bu||* < c(k)m||ul|?. With the following example we will show that the proof

of Tréves’ result is not correct. Consider the matriz A with m columns and
m — 1 rows given by

1 -1 0 0
0 1 -1 0
A= _
0 0 1 -1

and consider v = 3" ie; in R™. Then Av = — 3" 'e; in R™'. So that
|Av||> =m — 1. An easy calculation shows that if we choose the m — 1 first
columns of A to span Im(A) and if we consider the map B defined by Tréves,
then BAv = Y7 ' —(m — i)e; in R™. Hence ||[BAv||> = w =
%HAUHQ which contradicts Lemma A.5 in [31] (here k = 2). The as-
sertion A.44 in [31] is wrong. It is not clear to us how we can correct this
mistake. We think that we should replace k*™ by n! for a suitable | in Lemma
4.2 but we cannot prove it yet. Let us emphasize that the constant given by
Treves can not be suitable. The result of Tréves would imply a lower bound for
the first positive eigenvalue of the combinatorial Laplacian on a graph with
n vertices of the kind %t (see Theorem 4.4 ). But it is a well-known fact that
the first positive eigenvalue of the combinatorial Laplacian (for functions) on

a cyclic graph with n vertices behaves like f;’l—‘“;t
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Proof of Lemma 4.2: let r be the dimension of I'm(A). Without lost
of generality we can suppose that the r first columns {ay,...a,} of A span
Im(A). Then define B as follows (as in Lemma A.5 of [31]). On the orthog-
onal complement of Im(A) let B = 0. Moreover, if u = Av then write u in
the basis {a1,...,a,} of Im(A), v =>._, u;a; and define Bu = >"._, u;e;
where {e;} denotes the canonical basis of R™. An immediate consequence of
the definition of B is that ABAv = Av. Moreover, |[Bul|*> = Y"/_, u?. Let
us show now that

u? < Kl (4.1)

This will imply || Bu||* < 7k*"||u||* < nk**||ul|*> which is the claim.

We prove (4.1) for i = 1. Let V; the vector space spanned by {as, ..., a,} and
let Vit its orthogonal complement in I'm(A). Consider Py : Im(A) — Vi
the orthogonal projection onto Vi-. We have Py(u) = u;Pi(a;) so that

Py (u)|? ][
a2 = 12 < . 4.2
= R = TR 42
We can write Pi(a1) = a1 + agay + ... + apa, with (Pi(aq)|a;) = 0 for
7 =2,...,7and (Pi(ay)]a;) = ||Pi(a;)|/*>. In matrix form we obtain

a:ll* (ailaz) ... (aila,) [ 1 1 P1(a1)]?

(ar]az) ao|* ... (ag]ay) | 0

(ai|ay) (aslay) ... |la|? oy 0

and if we call P the matrix » X r above and () the submatrix of P obtained
by removing the first row and the first column of P we get that
o |det(P)]

||P1(a’1)|| |det(Q)|
As {ay,...a,} are linearly independent, det(P) # 0. Moreover, P is a matrix
with integer coefficients so that | det(P)| > 1. It remains to find an upper
bound for |det(Q)|. So, we are going to prove by induction that the minors
of P of size | x [ are bounded above by £%~1.
The first step of induction asserts that the minors of P of size 1 X 1 are
bounded above by k. This is a direct consequence of the assumption that
each column of A has at most k£ non-zero coefficients. Suppose then that the
minors of P of size | x [ are bounded above by k*~'. Consider then D a
minor of P of size (I + 1) x (I +1). Then D can be written as

D= Z Cij
j=1
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where (ci,...,¢41) is a part of a line of P and D; is a minor of P of size
[ x 1. By construction of P, the coefficients ¢; can be written as follows.
There exists 1 < J < r such that

¢j = (as|as,) for a suitable i;

so that
1+1 n 1+1
|D| = Z(aﬂaij)Dj = Z(GJ|ei) Z(ei|aij)Dj :
j=1 i=1 J=1

But by assumption, the i'" row of A has at most k coefficients of absolute
value 1 and by induction hypothesis we get |Z§J;11(ei|aij)Dj| < k- k2L
Moreover, by assumption the J" column of A has at most k coefficients of

absolute value 1 and with the previous remark this implies
ID| < k-k- k¥

and this ends the induction. We apply then the result to | det(Q)| and we
obtain | det(Q)] < k=3 < k*". Finally, we deduce that

1
1P| >

and combined with (4.2) this implies (4.1). O

Theorem 4.4 Let U be a finite open cover of M compact. Let p > 0. As-
sume there exists v such that |{j : U;NUr # 0} < v for any I € Sy(U) and
q > 0. Then there ezist positive constants c(v,p), ¢'(v,p) depending only on
v and p such that
c(v, p)
>
Mp(U) 2 Ul - et

Proof: it suffices to prove the result for AY (/). By the variational charac-
terization of the spectrum, we have

[[dcl®

A (U) = mvinmax{ T eV\ {0}}

where V' ranges over all 1-dimensional vector subspaces of §*CP*H(U). As
in Proposition 3.1 of [14], we can get from the above characterization the
following description

2
||||560”||2 :0b=4dc, and dc € V}

5 o
ApU) = min max{
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where V' ranges over all 1-dimensional vector subspaces of §C?(U). In partic-
ular, if we consider V' that realizes the minimum, then

. de||?
)\‘ls’p(Z/l) = max {% :0b=4dc, and dc € V} : (4.3)

Consider then the canonical basis of C?(U) given by
{e; : S,(U) = R, I € S,(U) such that er(J) = 01}

In this bases, the matrix of ¢ : C?(U) — CP™(U) has coefficients in {—1,0,1}
and has at most K(v,p) = max{v,p + 2} non-zero coefficients by row and

by column. Hence we can apply Lemma 4.2 to 6 to obtain that for any
c € C*(U), there exists b € CP(U) such that §b = dc and

16117 < [Sps1 @)K (v, p) 2@ g2, (4.4)
Finally, if we introduce (4.4) in (4.3) and by Remark 2.8, we obtain

1 c(v,p)

> .
=Sy 1 (U)K (v, p) 51 @1 = Y| - e p)Ul

A, (U)

Proof of Theorem 4.1: let (M,g) € M(n,k,r9) and X a Z2-discretiza-
tion of M (where pg is given by Lemma 2.9). By Theorem 3.1, there exists
¢1(n,p, k,19) > 0 such that

Mp(M, g) > erhp(X). (4.5)

Moreover, by Theorem 4.4 there exist positive constants ¢y, ¢3 depending
only on n, p, k and 7y such that

Co

Arp(X) 2 U] - ecsldl” (4.6)
Finally, by Remark 2.8 there exists ¢4(n, p, k,79) > 0 such that
U| < eqVol(M). (4.7)

To conclude, put (4.5), (4.6) and (4.7) together to obtain that there exist
positive constants ¢, ¢’ depending only on n, p, x and rq such that

C
>
— VOZ(M) ec’Vol(M)

)\l,p(M: g)
and this ends the proof. [J
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4.2 Whitney forms: a natural way of smoothing

As suggested in [16], a candidate for the smoothing operator should be given
by Whitney forms in the following way. Let

S5 CPHU) — dAPTY(M) , ¢ S(c) = coex(W (c))

where W is the Whitney map (see Appendix A.1). The results of Dodziuk
and Patodi in [16] concerning Whitney forms can not be used in our context
as their approximations (obtained thanks to the heat kernel) involve the
manifold itself. More precisely, the constants there depend on the volume of
the manifold.

Here, we show that there exist positive constants ¢;, ¢, and A depending only
on n, p, k and € such that

(i) [|dS(c)||* < &d¢|)?, for any ¢ € §*CP(U),
(i1) g ||Sc||> > él|c||?, for any ¢ € §*CPH(U) satisfying ||dc||? < Alle|/%.

The inequality (7)s is a direct consequence of Lemma A.4 and Lemma A.5.
Indeed, as dc = 0 we have

dS(c) = dW(e) = (p+ 1)W(de)

and Lemma A.5 leads to (7).

The second inequality is less obvious and it can be shown adding a point to
the first induction in the construction of S in Section 3.2. The idea is to
construct a p-form u(®) linking S(c) and S(¢) playing the same role as v(®)
in the construction of D (see Section 3.1). Then the control on the norm
of S(c) (see (ii)s) and a control on the norm of u(?) will imply the desired
inequality.

Proof of (i7)4: in the "first step of induction" (of Section 3.2), add

(c')1 there exists a positive constant ¢§ depending only on n, p, £ and ¢ such
that if

1
(P) — (_q)yp+2_—
¥ = 1y,

then ||u®) |2 < c||6¢||? and

(—1)P+2+1)

dW(c) = (=1)""2(p+1) (du(”) + P

Wiew)).
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Indeed, by Lemma A.5 and (a'), ||[u®|? < est||co,||? < ¢]/dc||2. Moreover,
by Lemma A.4 and ('),

du® = (;1_21):2 (p+1)W(copt1) + (=1)"W(ecryp))
(_1)p+2 p+1
L (@) - (0w e)).

The induction hypothesis gets

'), there exists a positive constant ¢4 depending only on n, p, k and € such
q 3
that if

(=1)PH2(=1)P+t . (=1)pt2=(a-D)
(p+plp—1)...(p+2-4q)

uPt1i=a) — 4, (p+1-(¢=1))

W(qul,pﬂfq)

then ||uP™1-9|12 < ¢||d¢||* and

(_1)p+2
p+1

(—1)P+2 . (—1)p+2-
p+1)...(p+2—4q)

dW (c) = duP+1=9 4 W (Caps1q)-

Then, the proof goes as follows. Let us consider

(_1)p+2(_1)p+1 L (_1)p+2—q

uP=a) — 4 (p+1-0q)
(p+plp—1)...(p+2-(¢+

1)) Wicgpq)-

Then, by ('), by Lemma A.5 and by (a'),+1, we obtain [[uP=9|? < c||d¢||?.
Moreover, by (¢'), and Lemma A.4 we have
(_1)10-1-2
p+1

(=1)P+2. . (—=1)Pt2a
(p+1)...(p+2—(qg+1))
(—1)P+2. . (=1)Pt2a
p+1)...(p+2—9q) W(cqprig)
(=1)P+2. . (—=1)Pt2a
(p+1)...(p_|_2_q)

(—1)P+2 . (—1)Pt2a o
p+1)...(p+2- (q—l—l))(_l) W (Cor1pq)
(=1)PF2. . (=1)pt2a

p+1)...(p+2—9q)

dW(c) = du® 9 —

dW (cqp—q)

= duP9 —

W(Cq,p+1—q)

W(Cq,pﬂ—q)

and the claim follows.
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At the end of the induction (for ¢ = p+ 1), we obtain a p-form u(*) such that
[u@* < c4|ac||* and

dW(c) = (=1)"(p+1) (d © + k(p)W (cpsa, 0))
(=1 (p + 1) (du® + k(p)W (r(dS(c))))
= (—1)"(p+1) (du® + k(p)d(S(c)))

where k(p) is a constant depending only on p. Moreover, as S(c) is a coexact
p-form, this implies

coex(W(c)) = (=1)P(p + 1) (coex(u®) + k(p)S(c))
so that

[coex (W (c))]] K@) - 8@l = (0 + Dl[u|

k()] IS — (p+1)(ch)2]|c]|-

But, by (ii)s, if [|0c]” < A'l|e|[* then [[S(c)|| > (¢;)2[|e]|. Therefore,

<||c|| Timlée ||)

Finally, i [ocl|” < A, with A = min { A, 2222} then
3

(p+1)
(p+1)

>
>

o

[coex(W ()|l = (p+ DIk(p)|(c3)

—_

leoex(W ()] > 5 (0 + D)Ik(p)|(ch)? ]

[\]

which is the desired inequality in (i) .

4.3 Another proof of "McGowan lemma"

In |25], the author gives a lower bound for the N*® eigenvalue of A on exact 2-
forms on a compact Riemannian manifold M (see Lemma 2.3 in [25]) where N
depends on an open cover of M. In particular, if the open cover is contractible
then N —1 is the number of non-empty intersections of triples of open sets in
the open cover. The lower bound depends then essentially on lower bounds
for the smallest positive eigenvalue of A on exact forms on the open sets of
the cover, on the intersection of pairs of such open sets and on the intersection
of triples of such open sets. The proof of McGowan relies also on the double
complexe of Cech - de Rham and can be compared to the induction done in
Section 3.1 to construct the discretizing operator D. So it is not so surprising
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that we obtain the following generalization of the lemma. The main difference
is that in our technique, if the discretization is of sufficiently small mesh then
Lemma 2.10 gives the lower bound for the spectrum on the intersections. But,
then N can get quite large as it is comparable to the number of open sets in
the open cover. Let us now state and prove the result.

Lemma 4.5 Let n > 1, k > 0 and rq > 0. Then there exists a positive
constant A(n, k, o) depending only on n, k and rq such that for any (M, g) €
M(n, k,ry) we have

X]jv’p(M) > A\, k, 1)

where N < ¢(n,p, k,10)Vol(M) and c(n,p, k, 7o) is a positive constant.

Proof: let py be given by Lemma 2.9 and let X a £-discretization of M.
Then the discretizing operator

D d*APTH(M) — 5*CPHH(U)
constructed in Section 3.1 satisfies (i)p and (i7)p. Let then
N = dim (6*CP*'(U)) + 1.

Consider moreover ¢i,...,¢y the N first eigenforms in d*APT!'(M). By
definition of N, there exist aq,...,ay such that Zfil a;D(¢;) = 0 and
Zi]\il a;¢; # 0. In particular, by (ii)p, we get

N N
d (Z ai@‘) Z%@‘
i=1 i=1

and thanks to the variational characterization of the spectrum

2

> A

2

4 = max M
8,00 =max {00 € 01 om\ 0} 2

Note that by Remark 2.8, we have N < |S,(Ux)| < cg(p’jr—pl)!Vol(M) where ¢y
and v depend only on n, p, k and ry. U

A Appendix

A.1 Whitney forms

Let (M™",g) be a compact connected n-dimensional Riemannian manifold
without boundary. Let U be a finite contractible open cover of M. Let
{¢;} be a partition of unity subordinated to Y. Let v be a bound on the
cardinality of the sets {j : U;NU; # 0}, I € S,(U), ¢ > 0.
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Definition A.1 For any I = {ig,...,i,} € So(U), we define the Whitney
form W € N1(M) by
q

WI — Z(_l)](pljd(plo VAR ngZ'JFI N d(pijJrl VAR d%‘q
7=0

Remark A.2 Note that W has support in U;. Moreover, we have dW; =
(¢ + Ddpiy A ... Ndyp,,, for I = {ig,...,iq}. In the sequel, we will write
ngI = ngZ'O VANPIPIAAN d(,Diq.

We can extend the definition of Whitney forms to g-cochains as follows.

Definition A.3 Let W : CY(U, AP) — APTI(M) the application defined by

The application W restricted to Cech cochains is the Whitney map intro-
duced by Whitney (see [32]) (up to a constant). The following lemma gener-
alizes the well-known fact that the Whitney map commutes with the exterior
differential and the coboundary.

Lemma A.4 For any c € C1(U, AP), we have
dW(e) = (¢ + )W (dc) + (—1)TW (dc).
Proof: we have

dW(c) = Y dW;Ac(l))

IeS,(U)

= Y dWrAce)+(-1)" Y WrAde(])

IeS,(U) IeSq(U)

= (¢+1) Z dor A e(I) + (—=1)TW (dc).

Let us now compute W (dc). We have
W(se) = Y. WiA (Ze(j, J\j)c(J\j))
JeSe41(U) jeJ

where €(j, J\ j) is £1 according to the signature of the permutation ordering
the set {j} U (J\j)in J. If we let I = J\ j, we can write

Wee) = > Y WhnAcl)

IGSQ(U) j:UjﬂU]#@
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so that it suffices to show that

> Win=de (A.1)

J:U;NU#0

to conclude the proof. Let us rewrite the expression as follows

Z Wi = Z pidepr — doj NWr. (A.2)

J:U;NU#£0 J:U;NU#£0

But as {¢;} is a partition of unity > ¢; =1land > dp; =0,
J:U;NU1 0 J:U; U0
hence (A.2) implies (A.1). O

Lemma A.5 There exists a positive constant k depending only on n, v and
on ||dp;llee such that for any Cech cochain ¢, [[W(c)||* < k|||

Proof: it follows from the definition of W and from a direct calculation. [

A.2 About the convexity of balls

Proof of Lemma 2.9: the main idea to prove this lemma is to smooth
g to obtain a more regular metric ¢ and then compare g to a Euclidean
metric €. We do not compare directly g with a Euclidean metric as we need
to control the difference between the several connections involved. So let
(M, g) € M(n, k,19). It follows from a result of Abresch (see [11], Theorem
1.12) that there exists a Riemannian metric g on M such that

(a) e7ig < g <eig
(b) [V = VI <4
(¢) |K;] < R&(n, k) and |VIRs| < k(n, k)

where & and k depend only on n and . In particular, (a) implies that, the
length of the curves, the distances and the volumes are comparable within a
ratio depending only on n. Moreover, if B denotes a ball for g and B a ball
for g, we get B(p, e’%r) C B(p,r) C B(p, eér). Another consequence of the
properties of g is the existence of 7y > 0 depending only on n, k, ¢ such that

inj(M, g) > To. (A.3)

Indeed, this is a direct consequence of Theorem 4.7 of Cheeger, Gromov and
Taylor in [12] and Croke’s Inequality. Then, a suitable candidate to be the
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diffeomorphism cited in the claim is the exponential map with respect to the
metric g. Let then

¢ = exp, : B(0,7) — B(p, 7o)

and ¢é the Euclidean metric on B(p, 7o) induced by ¢! and the normal coordi-
nates. As soon as esr < 7, we have B(p,r) C B(p, ) and then ¢~ (B(p, 1))
is well-defined. We are going to show now that there exists a positive con-
stant 0 < po(n, K, 7o) < e 57 such that for any B(q, p) € B(p, po) C B(p, 7o)
we have

0~ "(B(q, p)) is a Euclidean convex. (A.4)

This is equivalent to showing that the application
_ 1
f:(Bla:p), &) = R, x> Sd(g, )" (A.5)

is convex (w.r.t. €), in other words that the Hessian of f with respect to € is
non-negative i.e. Df(U,U) > 0 on B(q, p), for p and py well-chosen. Let us
recall the following definition of the Hessian

D*f(U,V)=U-df(V) - df (VyV)

where V is the Levi-Civita connection. Using this definition of the Hessian
for € and g, we get

Df(U,U) = Dif(U,U)+df (ViU — ViU)
= D2f(U,U) +df (VEU — VEU) + df (VLU — Vi U)(A.6)

Proposition 6.4.6. of Buser and Karcher in [6] says that

DLW.0) > p =g 0.)

where s,(p) = ﬁsin(\/ﬁo). So that Z’:Eg = /kcot(y/kp) and hence there

exists p1(k) > 0 such that for any 0 < p < py, j’:% > 1. Therefore, on

B(q, p) with p < p; we have
2
D f(U,U) > pg(U,U) (A.7)

and this shows also that for such p’s, B(q, p) is convex (w.r.t. g). Also as a
consequence of Proposition 6.4.6. of [6], we get

g(VIf,VIf) < p? (A.8)
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where V9 f is the gradient of f with respect to g.

Moreover, by construction of g and by (b) in the result of Abresch, we have
: 1
ViU - ViU, < o0 U). (A.9)

By construction of é and as the VIR; is uniformly bounded, Corollary 1 of
Kaul in [22] asserts the existence of an application h > 0 such that

VU — ViUl5(y) < h(d(p,y))3(U, U)

with A(0) = 0 and h depends only on bounds on K; and VIR;. Hence, there
exists R(n,k,rp) > 0 such that for any r < R, h(r) < ie_%. So that we
obtain on B(p,r) with r < R

ViU = ViU, < es|VHU = ViU; < —e7g(U,U) <

< % g(U,U). (A10)

A~ =

Finally, introduce (A.7), (A.8), (A.9) and (A.10) in (A.6) and let us define
po = min{e‘éfg,pl,e:%R} to obtain the following. We have B(p, py) C

B(pa 7:0)’ B(pa PO) - B(p7 R) and for any B(Qap) - B(p7 p0)7 P < 4 holds.
Hence on B(p, po) and for any B(q, p) C B(p, po) we have

D2F(U,0) 2 pg(U.U) = pg(U,0) = 39(U.0) = pg(U,0) 2 0 (A.11)

i.e. f is convex. To conclude the proof, we remark that

B(q, p) C B(p, d(p,q) + p) € B(p,es(d(p,q) + p)) C B(p, o)

so that ¢! restricted to B(p, eé(d(p, q) + p)) is a quasi-isometry with con-
stants of quasi-isometry depending only on n, k and d(p, q) + p. More pre-
cisely, (B(p, es (d(p, q) + p)), €) is quasi-isometric to (B(p, s (d(p, q) + p)), §)
with constants of quasi-isometry depending only on d(p,q) + p and &(n, k)
and by construction of § we can deduce that (B(q,p),g) is quasi-isometric
to (B(q, p), €) with constants of quasi-isometry depending only on n, x and
d(p,q) + p. This ends the proof of the lemma. [J

References

[1] J. Bemelmans, M. Min-Oo and E. A. Ruh, Smoothing Riemannian
metrics, Math. Z. 188 (1984), No 1, 69-74.

32



2]
3]
4]

[5]

19]

[10]

[11]

[12]

[13]

[14]

[15]

M. Berger, A Panoramic View of Riemannian Geometry, Springer-
Verlag, Berlin, 2003.

R. Brooks, The spectral geometry of a tower of coverings, J. Differen-
tial Geometry 23 (1986), 97-107.

M. Burger, Estimation de petites valeurs propres du laplacien d’un

revétement de variétés riemanniennes compactes, C. R. Acad. Sci
Paris Sr. I Math. 302 (1986), No 5, 191-194.

P. Buser, A note on the isoperimetric constant, Ann. Scient. ENS 15
(1982), 213-230.

P. Buser and H. Karcher, Gromouv’s almost flat manifolds, Astérisque
81, Société Mathématique de France, Paris, 1981.

S. Chanillo and F. Tréves, On the lowest eigenvalue of the Hodge
Laplacian, J. Differential Geom. 45 (1997), No 2, 273-287.

I. Chavel, Isoperimetric Inequalities. Differential Geometric and Ana-
lytic Perspectives, Cambridge Tracts in Math., Cambridge Univ. Press,
2001.

J. Cheeger, Finiteness theorems for Riemannian manifolds, Amer. J.
Math. 92 (1970), 61-74.

J. Cheeger and D. G. Ebin, Comparison Theorems in Riemannian Ge-
ometry, North-Holland Mathematical Library, Vol. 9, North-Holland
Publishing Co., Amsterdam, 1975.

J. Cheeger, K. Fukaya and M. Gromov, Nilpotent structures and in-
variant metrics on collapsed manifolds, J. Amer. Math. Soc. 5 (1992),
No 2, 327-372.

J. Cheeger, M. Gromov and M. Taylor, Finite propagation speed, ker-
nel estimates for functions of the Laplace operator, and the geometry
of complete Riemannian manifolds, J. Differential Geom., 17 (1982),
No 1, 15-53.

M. P. do Carmo, Riemannian Geometry, Birkhduser Boston Inc.,
Boston, 1992.

J. Dodziuk, Eigenvalues of the Laplacian on Forms, Proceedings of the
AMS 85 (1982), No 3, 437-443.

J. Dodziuk and J. McGowan, The spectrum of the Hodge Laplacian
for a degenerating family of hyperbolic three manifolds, Trans. Amer.
Math. Soc. 347 (1995), No 6, 1981-1995.

33



[16] J. Dodziuk and V. K. Patodi, Riemannian structures and triangula-
tions of manifolds, J. Indian Math. Soc. (N.S.) 40 (1976), No 1-4,
1-52.

[17] J. Eichhorn, The boundedness of connection coefficients and their
derivatives, Math. Nachr. 152 (1991), 145-158.

[18] S. I. Goldberg, Curvature and Homology, Pure and Applied Mathe-
matics, Vol. XI, Academic Press, New York, 1962.

[19] P. Guerini, Spectre du laplacien de Hodge-de Rham: estimées sur les
variétés convexes, Bull. London Math. Soc. 36 (2004), No 1, 838-94.

[20] M. Kanai, Rough isometries, and combinatorial approximations of ge-
ometries of non-compact Riemannian manifolds, J. Math. Soc. Japan
37 (1985), No 3, 391-413.

[21] H. Karcher, Riemannian comparison constructions, Global Differential
Geometry, MAA Stud. Math. 27, 170-222, Math. Assoc. America,
Washington, 1989.

[22] H. Kaul, Schranken fiir die Christoffelsymbole, Manuscripta Math. 19
(1976), No 3, 261-273.

[23] S. Kobayashi, On conjugate and cut loci, Global Differential Geometry,
MAA Stud. Math. 27, 140-169, Math. Assoc. America, Washington,
1989.

[24] T. Mantuano, Discretization of compact Riemannian manifolds ap-
plied to the spectrum of Laplacian, Ann. Global Anal. Geom. 27
(2005), 33-46.

[25] J. McGowan, The p-spectrum of the Laplacian on compact hyperbolic
three manifolds, Math. Ann. 297 (1993), No 4, 725-745.

[26] D. Mitrea and M. Mitrea, Finite energy solutions of Maxwell’s equa-
tions and constructive Hodge decompositions on nonsmooth Rieman-
nian manifolds, J. Funct. Anal. 190 (2002), No 2, 339-417.

[27] M. Mitrea, M. Taylor and A. Vasy, Lipschitz domains, domains with
corners, and the Hodge Laplacian, Comm. Partial Differential Equa-
tions 30 (2005), No 10-12, 1445-1462.

[28] S. Morita, Geometry of Differential Forms, Translations of Mathemat-
ical Monographs, American Mathematical Society, 2001.

[29] T. Sakai, Riemannian Geometry, American Math. Soc., 1997.

[30] M. E. Taylor, Partial Differential Equations I, Applied Mathematical
Sciences, 115, Springer-Verlag, New York, 1996.

34



[31] F. Tréves, Study of a model in the theory of complexes of pseudodif-
ferential operators, Ann. of Math. 104 (1976), No 2, 269-324.

[32] H. Whitney, Geometric Integration Theory, Princeton University
Press, 1957.

Tatiana Mantuano

Université de Neuchéatel

Institut de Mathématiques

rue Emile-Argand 11

2009 Neuchétel

Switzerland

e-mail: Tatiana.Mantuano@unine.ch

35



