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Abstract. In this article we define a formalism to discover knowledge
in the form of temporal rules, inferred from databases of events with a
temporal dimension. The theoretical framework is based on first-order
temporal logic and allows the definition of the main temporal data mining
notions (event, temporal rule, constraint) in a formal way. The concepts
of consistent linear time structure and general interpretation are funda-
mentals in the design of algorithms for inferring higher order temporal
rules, (called temporal meta-rules), from local sets of temporal rules.

1 Introduction

The domain of temporal data mining focuses on the discovery of causal relation-
ships among events that may be ordered in time and may be causally related.
The contributions in this domain encompass the discovery of temporal rules, of
sequences and of patterns. However, in many respects this is just a terminologi-
cal heterogeneity among researchers that are, nevertheless, addressing the same
problem, albeit from different starting points and domains.

The main tasks concerning the information extraction from time series data-
base and on which the researchers concentrated their efforts over the last years
may be divided in several domains. Similarity/Pattern Querying concerns the
measure of similarity between two sequences or sub-sequences respectively. Dif-
ferent methods were developed, such as window stitching [1] or dynamic time
warping based matching [12]. Clustering/Classification concentrates on optimal
algorithms for clustering/classifying sub-sequences of time series into groups
(classes) of similar sub-sequences. Different techniques were proposed, as Hidden
Markov Models (HMM) [13], Dynamic Bayes Networks (DBNs) [7] or Recurrent
Neural Networks [8]. Pattern finding/Prediction methods regard the search for
periodicity patterns (fully or partially periodic) in time series databases. For
full periodicity search there is a rich collection of statistic methods, like FFT
[14]. For partial periodicity search, different algorithms were developed, which
explore properties related to partial periodicity such as the max-subpattern-
hit-set property [10] or point-wise periodicity [9]. Temporal Rules’ extraction
approach concentrated to the extraction of explicit rules from time series, like
temporal association rules [4] or cyclic association rules [16]. Adaptive methods
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for finding rules whose conditions refer to patterns in time series were described
in [6, 11] and a general methodology for classification and extraction of temporal
rules was proposed in [5].

Although there is a rich bibliography concerning formalism for temporal
databases, there are very few articles on this topic for temporal data mining. In
[2, 3, 15] general frameworks for temporal mining are proposed, but usually the
researches on causal and temporal rules are more concentrated on the method-
ological/algorithmic aspect, and less on the theoretical aspect. In this article,
we provide an innovative formalism based on first-order temporal logic, which
permits an abstract view on temporal rules. The formalism allows also the appli-
cation of an inference phase in which higher order temporal rules (called temporal
meta-rules) are inferred from local temporal rules, the lasts being extracted from
different sequences of data. Using this strategy, known in the literature as higher
order mining [18], we can guarantee the scalability of our system (the capacity
to handle huge databases), by applying statistical and machine learning tools.

The rest of the paper is structured as follows. In the next section, the first-
order temporal logic formalism is extensively presented (definitions of the main
terms – event, temporal rules, confidence – and concepts – consistent linear
time structure, general interpretation). Section 3 contains a brief description of
a general methodology for temporal rules extraction, through the frame of the
proposed formalism. The notion of temporal meta-rules and the algorithms for
inferring such higher order rules are described in Section 4. Finally, the last
section summarizes our work and lists some possible future directions.

2 Formalism of Temporal Rules

Time is ubiquitous in information systems, but the mode of representation/per-
ception varies in function of the purpose of the analysis. It can be based either
on time points (instants) or on intervals (periods), may have a discrete or a
continuous structure and may be linear or nonlinear (e.g. acyclic graph). For
our methodology, we chose a temporal domain represented by linearly ordered
discrete instants.

Databases being first-order structures, the first-order logic represents a nat-
ural formalism for their description. Consequently, the first-order temporal logic
expresses the formalism of temporal databases. For the purposes of our method-
ology we consider a restricted first-order temporal language L which contains
only n-ary function symbols (n ≥ 0), n-ary predicate symbols (n > 1, so no
proposition symbols), the set of relational symbols {=, <,≤, >,≥}, a single log-
ical connective {∧} and a temporal connective of the form Xk, k ∈ Z, where k
strictly positive means next k times, k strictly negative means last k times and
k = 0 means now.

The syntax of L defines terms, atomic formulae and compound formulae. A
Horn clause is a formula of the form B1 ∧ · · · ∧Bm → Bm+1 where each Bi is a
positive (non-negated) atom. The atoms Bi, i = 1, . . . ,m are called implication
clauses, whereas Bm+1 is known as the implicated clause. Syntactically, we can-



not express Horn clauses in our language L because the logical connective → is
not defined. However, to allow the description of rules, which formally look like
a Horn clause, we introduce a new logical connective, 7→, which practically will
represent a rewrite of the connective ∧. Therefore, a formula in L of the form
p 7→ q is syntactically equivalent with the formula p ∧ q. When and under what
conditions we may use the new connective, is explained in the next definitions.

Definition 1 An event (or temporal atom) is an atom formed by the predicate
symbol E followed by a bracketed n-tuple of terms (n ≥ 1) E(t1, t2, . . . , tn). The
first term of the tuple, t1, is a constant representing the name of the event and
all others terms are function symbols. A short temporal atom (or the event’s
head) is the atom E(t1).

Definition 2 A constraint formula for the event E(t1, t2, . . . tn) is a conjunctive
compound formula, C1 ∧C2 ∧ · · · ∧Ck, where each Cj is a relation implying one
of the terms ti.

For a short temporal atom E(t1), the only constraint formula that is per-
mitted is t1 = c, where c is a constant. We denote such a constraint formula as
short constraint formula.

Definition 3 A temporal rule is a formula of the form H1 ∧ · · · ∧Hm 7→ Hm+1,
where Hm+1 is a short constraint formula and Hi are constraint formulae, pre-
fixed by the temporal connectives X−k, k ≥ 0. The maximum value of the index
k is called the time window of the temporal rule.

Remark. The reason for which we did not permit the expression of the implication
connective in our language is related to the truth table for a formula p → q:
even if p is false, the formula is still true, which is unacceptable for a temporal
rationing of the form cause→ effect.

Practically, the only atoms constructed in L are temporal atoms and the
only formulae constructed in L are constraint formulae and temporal rules. As
a consequence of the definition 3, a conjunction of relations C1 ∧ C2 ∧ · · · ∧ Cn,
each relation prefixed by temporal connectives X−k, k ≥ 0, may be rewritten as
Cσ(1) ∧ · · · ∧Cσ(n−1) 7→ Cσ(n), — σ being a permutation of {1..n} — if and only
if there is a short constraint formula Cσ(n) prefixed by X0.

The semantics of L is provided by an interpretation I over a domain D. The in-
terpretation assigns an appropriate meaning over D to the (non-logical) symbols
of L. Usually, the domain D is imposed during the discretisation phase, which is
a pre-processing phase used in almost all knowledge extraction methodologies.
Based on Definition 1, an event can be seen as a labelled (constant symbol t1)
sequence of points extracted from raw data and characterized by a finite set of
features (function symbols t2, · · · , tn). Consequently, the domain D is the union
De ∪Df , where the set De contains all the strings used as event names and the
set Df represents the union of all domains corresponding to chosen features.

To define a first-order linear temporal logic based on L, we need a structure
having a temporal dimension and capable to capture the relationship between a
time moment and the interpretation I at this moment.



Definition 4 Given L and a domain D, a (first order) linear time structure is a
triple M = (S, x,=), where S is a set of states, x : N → S is an infinite sequence
of states (s0, s1, . . . , sn, . . .) and = is a function that associates to each state s
an interpretation =(s) of all symbols defined at s.

In the framework of temporal data mining, the function = is a constant and it
is equal to the interpretation I. In fact, the meaning of the events, constraint
formulae and temporal rules is not changing over time. What is changing over
time is the value of the meaning. Given a first order time structure M, we denote
the instant i (or equivalently, the state si) for which I(P ) = true by i ⇒ P ,
i.e. at time instant i the formula P is true. Therefore, i ⇒ E(t1, . . . , tn) means
that at time i an event with the name t1 and characterized by the global features
t2, . . . , tn started. A constraint formula is true at time i if and only if all relations
are true at time i. A temporal rule is true at time i if and only if i ⇒ Hm+1

and i ⇒ (H1 ∧ · · · ∧Hm). (Remark : i ⇒ P ∧Q if and only if i ⇒ P and i ⇒ Q;
i ⇒ XkP if and only if i + k ⇒ P ).

Now suppose that the following assumptions are true:

A. For each formula P in L, there is an algorithm that calculates the value of
the interpretation I(P ) in a finite number of steps.

B. There are states (called incomplete states) that do not contain enough in-
formation to calculate the interpretation for all formulae defined at these
states.

C. It is possible to establish a measure, (called general interpretation) about the
degree of truth of a compound formula along the entire sequence of states
(s0, s1, . . . , sn, . . .).

The first assumption expresses the calculability of the interpretation I. The sec-
ond assumption expresses the situation when only the body of a temporal rule
can be evaluated at time moment i, but not the head of the rule. Therefore,
for the state si, we cannot calculate the interpretation of the temporal rule and
the only solution is to estimate it using a general interpretation. This solution
is expressed by the third assumption. (Remark: The second assumption violates
the condition about the existence of an interpretation in each state si, from def-
inition 4. But it is well known that in data mining sometimes data is incomplete
or is missing. Therefore, we must modify this condition as ”= is a function that
associates to almost each state s an interpretation =(s) of all symbols defined
at s ”).

However, to ensure that this general interpretation is well defined, the linear
time structure must present some property of consistency. Practically, this means
that if we take any sufficiently large subset of time instants, the conclusions we
may infer from this subset are sufficiently close from those inferred from the
entire set of time instants. Therefore,

Definition 5 Given L and a linear time structure M, we say that M is a con-
sistent time structure for L if, for every n-ary predicate symbol P, the limit



co(P ) = lim
n→∞

#A

n
exists, where A = {i ∈ {0, . . . , n}|i ⇒ P} and # means ”car-

dinality”. The notation co(P ) denotes the confidence of P

Now we define the general interpretation for an n-ary predicate symbol P as:

Definition 6 Given L and a consistent linear time structure M for L, the gen-
eral interpretation IG for an n-ary predicate P is a function Dn → true× [0, 1],
IG(P ) = (true, co(P )).

The general interpretation is naturally extended to constraint formulae, prefixed
or not by temporal connectives. There is only one exception: for temporal rules
the confidence is calculated as the limit of the ratio between the number of
certain applications (time instants where both the body and the head of the rule
are true) and the number of potential applications (time instants where only the
body of the rule is true). The reason for this choice is related to the presence of
incomplete states, where the interpretation for the implicated clause cannot be
calculated.

Definition 7 The confidence of a temporal rule H1 ∧ · · · ∧Hm 7→ Hm+1 is the

limit lim
n→∞

#A

#B
, where A = {i ∈ {0, . . . , n}|i ⇒ H1 ∧ · · · ∧ Hm ∧ Hm+1} and

B = {i ∈ {0, . . . , n}|i ⇒ H1 ∧ · · · ∧Hm}.

For different reasons, (the user has not access to the entire sequence of states,
or the states he has access to are incomplete), the general interpretation cannot
be calculated. A solution is to estimate IG using a finite linear time structure,
i.e. a model.

Definition 8 Given L and a consistent time structure M = (S, x,=), a model
for M is a structure M̃ = (T̃ , x̃) where T̃ is a finite temporal domain {i1, . . . , in},
x̃ is the subsequence of states {xi1 , . . . , xin} (the restriction of x to the temporal
domain T̃ ) and for each ij , j = 1, . . . , n, the state xij

is a complete state.

Now we may define the estimation for a general interpretation:

Definition 9 Given L and a model M̃ for M, an estimator of the general in-
terpretation for an n-ary predicate P, ĨG(P ), is a function Dn → true × [0, 1],

assigning to P the value true with a confidence equal to the ratio
#A

#T̃
, where

A = {i ∈ T̃ |i ⇒ P}. The notation co(P, M̃) will denote the estimated confidence
of P, given M̃.

The estimation of the confidence of a temporal rule, giving a model, is defined
as:

Definition 10 Given a model M̃ = (T̃ , x̃) for M, the estimation of the con-

fidence of the temporal rule H1 ∧ · · · ∧ Hm 7→ Hm+1 is the ratio
#A

#B
, where

A = {i ∈ T̃ |i ⇒ H1 ∧ · · · ∧Hm ∧Hm+1} and B = {i ∈ T̃ |i ⇒ H1 ∧ · · · ∧Hm}.



3 A General Methodology

A general methodology for temporal rules extraction may be structured in two
phases. The first, called discretisation phase, transforms sequential raw data
into sequences of events. Practically, this means to establish the set of events,
identified by names (constant symbol t1 ), and the set of features, common for all
events (function symbols t2, . . . , tn ). As example, consider a database containing
the daily price variations of a given stock. After the application of the first phase
we obtain an ordered sequence of events. Each event has the form (name, v1, v2),
where the name is one of the strings {peak, plateau, valley} and v1, v2 represents
the maximum variation, respectively, the standard error of the daily prices.

In the frame of our formalism, during this phase, we establish the set of
temporal atoms which can be defined syntactically in L. In the above example,
an event is defined as E(t1, t2, t3). Semantically, the domain De is defined as
{peak, plateau, valley} and the domain Df as <+ (the prices are positives real
numbers and the features are statistical functions). Furthermore, during this
phase, a linear time structure M is defined: at each time moment i, the state si

contains as information the set of events started at i (see Table 1).
The second phase, called inference phase, extracts temporal rules from the

ordered sequence of events. This phase is divided in two steps. The first step
consists in applying an induction process on a model M̃ to obtain temporal
rules. This step can be repeated for different models M̃i (see Table 2). Different
approaches – Association Rules, Inductive Logic Programming, Classification
Trees [5] – can be applied to extract rules from a database of events.

The second step consists in applying an inference process, using the pre-
viously inferred temporal rules, to obtain the final set of temporal meta-rules.
These rules are temporal rules in accordance with the Definition 3, but supposed
to have a small variability of the estimated confidence among different models.
Therefore, such a rule may be applied with the same confidence in any state,
complete or incomplete. The process of inferring temporal meta-rules is related
to a new approach in data mining, called higher order mining, i.e. mining from
the results of previous mining results. The formalism we proposed does not im-
pose what approach must be use to discover first order temporal rules (rules
generated by the induction process). As long as these rules may be expressed
according to the Definition 3, the strategy (including algorithms, criterions, sta-
tistical methods) developed to infer temporal meta-rules remains valid.

Table 1. The first six states of the linear time structure M (example)

State Events State Events State Events

s1 E(peak, 10, 1.5) s3 E(plateau, 3, 0.2) s5 E(valley, 15, 1.9)
s2 E(peak, 12, 1.2) s4 E(plateau, 1, 0.5) s6 E(peak, 6, 1.1)



Table 2. Two temporal rules extracted from two models M̃ using the induction process

Model Temporal Rule

s1 . . . s100 X−4(t1 = peak) ∧X−4(t2 < 11) ∧X−3(t1 = peak) 7→ X0(t1 = valley)
s300 . . . s399 X−2(t1 = peak) ∧X−2(t3 < 1.1) ∧X−1(t1 = plateau)∧ 7→ X0(t1 = valley)

4 Temporal Meta-rules

Suppose that we dispose of a set of temporal rules corresponding to a given
model M̃ . It is very likely that some temporal rules contain constraint formulae
that are irrelevant, i.e. by deleting these relations, the general interpretation of
the rules remain unchanged. In the frame of a consistent time structure M , it
is obvious that we cannot delete a relation from a temporal rule (noted TR) if
the resulting temporal rule (noted TR−) has a lower confidence. But for a given
model M̃ , we calculate an estimate of co(TR), which is co(TR, M̃). Because this
estimator has a binomial distribution, we may calculate a confidence interval for
co(TR) and, consequently, we accept to delete a relation from TR if and only
if the lower confidence limit of co(TR−, M̃) is greater than the lower confidence
limit of co(TR, M̃).

The estimator co(TR, M̃) being a ratio, #A/#B, a confidence interval for
this value is constructed using a normal distribution with mean π = #A/#B
and variance σ2 = π(1− π)/#B). The lower limit of the interval is Lα(A,B) =
π−zασ, where zα is the quantile of the standard normal distribution for a given
confidence level α (usually, 0.95). The following algorithm generalizes a single
temporal rule TR, by deleting one relation.

Algorithm 1 Generalization 1-delete

Step 1 Let TR = H1 ∧ · · · ∧ Hm 7→ Hm+1. Let ℵ = ∪Cj, where Cj are all relations
that appear in the constraint formulae of the implication clauses. Rewrite TR, by
an abuse of notation, as ℵ 7→ Hm+1. If n = #ℵ, denote by C1, . . . , Cn the list of
all relations from ℵ.

Step 2 For each i = 1, . . . , n do
ℵ− = ℵ − Ci, TR−i = ℵ− 7→ Hm+1

A = {i ∈ T̃ |i ⇒ ℵ ∧Hm+1}, B = {i ∈ T̃ |i ⇒ ℵ}
A−={i ∈ T̃ |i ⇒ ℵ−∧Hm+1}, B−={i ∈ T̃ |i ⇒ ℵ−}
co(TR, M̃) = #A/#B, co(TR−i , M̃) = #A−/#B−

If Lα(A, B) ≤ Lα(A−, B−) then store TR−i
Step 3 Keep the generalized temporal rule TR−i for which Lα(A−, B−) is maximal.

The complexity of this algorithm is linear in n. Using the criterion of lower
confidence limit, (or LCL), we define the temporal meta-rule inferred from TR
as the temporal rule with a maximum set of relations deleted from ℵ and hav-
ing the maximum lower confidence limit greater than Lα(A,B). An algorithm



Table 3. Parameters calculated in Step 2 of Algorithm 1 by deleting one relation

Deleted relation #A− #B− co(TR−i , M̃) Lα(A−, B−)

X−4(t1 = peak) 24 49 0.489 0.349
X−4(t2 < 11) 30 50 0.60 0.464

X−3(t1 = peak) 22 48 0.458 0.317

designed to find the largest subset of relations that can be deleted will have an
exponential complexity. A solution is to use Algorithm 1 in successive steps until
no more deletion is possible, but without having the guarantee to get the global
maximum.

As example, consider the first temporal rule of Table 1 and suppose that
#A = 20 and #B = 40 (giving an estimate co(TR, M̃) = 0.5, with L0.95(0.5) =
0.345). Looking at Table 3, we find two relations which could be deleted (the
first and the second) with a maximum Lα(A−, B−) given by the second relation.

Suppose now that we dispose of two models, M̃1 = (T̃1, x̃1) and M̃2 =
(T̃2, x̃2), and for each model we have a set of temporal rules with the same
implicated clause H (sets denoted S1, respectively S2). Let S be a subset of
the union S1 ∪ S2. If TRj ∈ S, j = 1, . . . , n, TRj = H1 ∧ · · · ∧ Hmj

7→ H,
then consider the sets Aj = {i ∈ T̃1 ∪ T̃2|i ⇒ H1 ∧ . . . ∧Hmj ∧H}, A = ∪Aj ,
Bj = {i ∈ T̃1 ∪ T̃2|i ⇒ H1 ∧ . . .∧Hmj

}, B = ∪Bj and C = {i ∈ T̃1 ∪ T̃2|i ⇒ H}.
The performance of the subset S can be summarized by the number of false posi-
tives (time instants where the implication clauses of each temporal rule from S are
true, but not the clause H) and the number of false negatives (time instants where
the clause H is true, but not at least one of the implication clauses of the tem-
poral rules from S). Practically, the number of false positives is fp = #(B−A)
and the number of false negatives is fn = #(C −B). The worth of the subset
S of temporal rules is assessed using the Minimum Description Length Principle
(MDLP)[17]. This provides a basis for offsetting the accuracy of a theory (here,
a subset of temporal rules) against its complexity. The principle is simple: a
Sender and a Receiver have both the same models M̃1 and M̃2, but the states of
the models of the Receiver are incomplete states (the interpretation of the impli-
cated clause cannot be calculated). The sender must communicate the missing
information to the Receiver by transmitting a theory together with the excep-
tions to this theory. He may choose either a simple theory with a great number of
exceptions or a complex theory with fewer exceptions. The MLD Principle states
that the best theory will minimize the number of bits required to encode the
total message consisting of the theory together with its associated exceptions.

To encode a temporal rule from S, we must specify its implication clauses
(the clause H is the same for all rules, so is no need to encoded it). Because
the order of the implication clauses is not important, the number of required
bits is reduced by κ log2(m!), where m is the number of implication clauses
and κ is a constant depending on the encoding procedure. The number of bits
required to encode the set S is the sum of encoding length for each temporal rule



from S reduced by κ log2(n!) (the order of the n temporal rules from S is not
important). The exceptions are encoded by indicating the sets false positive and
false negative. If b = #B and N = #(T̃1 + T̃2) then the number of bits required
is κ log2

((
b
fp

))
+ κ log2

((
N−b
fn

))
, because we have

(
b
fp

)
possibilities to choose

the false positives among the cases covered by the rules and
(

N−b
fn

)
possibilities

to indicate the false negatives among the uncovered cases. The total number of
bits required to encode the message is then equal to theory bits + exceptions
bits.

Using the criterion of MDLP, we define as temporal meta-rules inferred from
a set of temporal rules (implying the same clause and extracted from at least
two different models), the subset S that minimizes the total encoding length.
The algorithm that find this subset S has again an exponential complexity, but
in practice we may use different non-optimal strategies (hill-climbing, genetic
algorithms, simulated annealing), having a polynomial complexity.

Because the two definitions of temporal meta-rules differ not only in crite-
rion (LCL, respectively MLDP), but also in the number of initial models (one,
respectively at least two), the second inference process is applied in two steps.
During the first step, temporal meta-rules are inferred from each set of temporal
rules based on a single model. During the second step, temporal meta-rules are
inferred from each set of temporal rules created during the step one and having
the same implicated clause. There is another reason to apply firstly the LCL
criterion: the resulted temporal meta-rules are less redundant concerning the set
of implication clauses and so the encoding procedures, used by MLDP criterion,
don’t need an adjustment against this effect.

5 Conclusions

In this article we constructed a theoretical framework to discover knowledge,
represented in the form of general Horn clauses, inferred from databases with a
temporal dimension. This framework, based on first-order temporal logic, per-
mits to define the main notions (event, temporal rule, constraint) in a formal
way. The concept of consistent linear time structure allows us to introduce the
notions of general interpretation and of confidence.

Also included in the proposed framework, the process of inferring temporal
meta-rules is related to a new approach in data mining, called higher order
mining, i.e. mining from the results of previous mining runs. According to this
approach, the rules generated by the first induction process are first order rules
and those generated by the second inference process (i.e temporal meta-rules)
are higher order rules. Our formalism does not impose which methodology must
be used to discover first order rules. As long as these rules may be expressed
according to Definition 3, the strategy (here including algorithms, criterions,
statistical methods), developed to infer temporal meta-rules may be applied.

It is important to mention that the condition of the existence of the limit,
in the definition of a consistent linear time structure, is a fundamental one: it



expresses the fact that the structure M represents a homogenous model and
therefore the conclusions (or inferences) based on a finite model M̃ for M are
consistent. However, at this moment, we do not know any methods which may
certify that a given model is consistent. In our opinion, the only feasible approach
to this problem is the development of methods and procedures for detecting the
change points in the model. In this sense, the analysis of the evolution of temporal
meta-rules seems to ba a very promising starting point.
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