
First-Order Logic Based Formalism for
Temporal Data Mining∗

Paul Cotofrei1 and Kilian Stoffel2
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Summary. In this article we define a formalism for a methodology that has as pur-
pose the discovery of knowledge, represented in the form of general Horn clauses,
inferred from databases with a temporal dimension. To obtain what we called tem-
poral rules, a discretisation phase that extracts events from raw data is applied
first, followed by an induction phase, which constructs classification trees from these
events. The theoretical framework we proposed, based on first-order temporal logic,
permits us to define the main notions (event, temporal rule, constraint) in a formal
way. The concept of consistent linear time structure allows us to introduce the no-
tions of general interpretation and of confidence. These notions open the possibility
to use statistical approaches in the design of algorithms for inferring higher order
temporal rules, denoted temporal meta-rules.

1 Introduction

Data mining is the process of discovering interesting knowledge, such as pat-
terns, associations, changes, anomalies and significant structures, in large
amounts of data stored in databases, data warehouses, or other data reposi-
tories. Due to the wide availability of huge amounts of data in digital form,
and the need for turning such data into useful information, data mining has
attracted a great deal of attention in information industry in recent years.

In many applications, the data of interest comprise multiple sequences that
evolve over time. Examples include financial market data, currency exchange
rates, network traffic data, signals from biomedical sources, etc. Although tra-
ditional time series techniques can sometimes produce accurate results, few
can provide easy understandable results. However, a drastically increasing
number of users with a limited statistical background would like to use these
tools. In the same time, we have a number of tools developed by researchers in
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the field of artificial intelligence, which produce understandable rules. How-
ever, they have to use ad-hoc, domain-specific techniques for transforming
the time series to a “learner-friendly” representation. These techniques fail to
take into account both the special problems and special heuristics applicable
to temporal data and therefore often results in unreadable concept description.

As a possible solution to overcome these problems, we proposed [9] a
methodology that integrates techniques developed both in the field of ma-
chine learning and in the field of statistics. The machine learning approach
is used to extract symbolic knowledge and the statistical approach is used to
perform numerical analysis of the raw data. The overall goal consists in de-
veloping a series of methods able to extract/generate temporal rules, having
the following characteristics:

• Contain explicitly a temporal (or at least a sequential) dimension.
• Capture the correlation between time series.
• Predict/forecast values/shapes/behavior of sequences (denoted events).

1.1 State of Art

The domain of temporal data mining focuses on the discovery of causal re-
lationships among events that may be ordered in time and may be causally
related. The contributions in this domain encompass the discovery of tempo-
ral rule, of sequences and of patterns. However, in many respects this is just
a terminological heterogeneity among researchers that are, nevertheless, ad-
dressing the same problem, albeit from different starting points and domains.

The main tasks concerning the information extraction from time series
database and on which the researchers concentrated their efforts over the
last years may be divided in several directions. Similarity/Pattern Querying
concerns the measure of similarity between two sequences or sub-sequences
respectively. Different methods were developed, such as window stitching [1]
or dynamic time warping based matching [24, 23]. Clustering/Classification
concentrates on optimal algorithms for clustering/classifying sub-sequences of
time series into groups/classes of similar sub-sequences. Different techniques
were proposed: Hidden Markov Models (HMM) [25], Dynamic Bayes Net-
works (DBNs) [13], Recurrent Neural Networks [14], supervised classification
using piecewise polynomial modelling [30] or agglomerative clustering based
on enhancing the time series with a line segment representation [22]. Pattern
finding/Prediction methods concern the search for periodicity patterns (fully
or partially periodic) in time series databases. For full periodicity search there
is a rich collection of statistic methods, like FFT [26]. For partial periodic-
ity search, different algorithms were developed, which explore properties re-
lated to partial periodicity such as the max-subpattern-hit-set property [16] or
point-wise periodicity [15]. Temporal Rules’ extraction approach concentrated
to the extraction of explicit rules from time series, like temporal association
rules [6] or cyclic association rules [31]. Adaptive methods for finding rules
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whose conditions refer to patterns in time series were described in [11, 37, 17]
and a general methodology for classification and extraction of temporal rules
was proposed in [9].

Although there is a rich bibliography concerning formalism for temporal
databases, there are very few articles on this topic for temporal data mining. In
[2, 5, 29] general frameworks for temporal mining are proposed, but usually
the researches on causal and temporal rules are more concentrated on the
methodological/algorithmic aspect, and less on the theoretical aspect. In this
article, we extend our methodology with an innovative formalism based on
first-order temporal logic, which permits an abstract view on temporal rules.
The formalism allows also the application of an inference phase in which
higher order temporal rules (called temporal meta-rules) are inferred from
local temporal rules, the lasts being extracted from different sequences of
data. Using this strategy, known in the literature as higher order mining [36],
we can guarantee the scalability (the capacity to handle huge databases) of
our methodological approach, by applying statistical and machine learning
tools.

It is important to mention that there are two distinct approaches concern-
ing the time structure in a framework for temporal data mining. The first
conceives the time as an ordered sequence of points and it is usually employed
in temporal database applications. The second is based on intervals and it is
predominant in AI applications [3, 8, 35, 19]. The difference induced at the
temporal logic level, by the two approaches, is expressed in the set of temporal
predicates: they are unary in the first case and binary for the second.

The rest of the paper is structured as follows. In the next section, the main
steps of the methodology (the discretisation phase and the inference phase) are
presented. The Section 3 contains an extensively description of the first-order
temporal logic formalism (definitions of the main terms – event, temporal
rules, confidence – and concepts – consistent linear time structure, general
interpretation). The Section 4 reviews the methodology for temporal rules
extraction, in the frame of the proposed formalism. The notion of temporal
meta-rules and the algorithms for inferring such high order rules are described
in Section 5. Finally, the last section summarizes our work and emphasize what
we consider an important and still open problem of our formalism.

2 The Methodology

The approaches concerning the information extraction from time series, de-
scribed above, have mainly two shortcomings, which we tried to overcome.

The first problem is the type of knowledge inferred by the systems, which
most often is difficult to be understood by a human user. In a wide range
of applications, (e.g. almost all decision making processes) it is unacceptable
to produce rules that are not understandable for an end user. Therefore, we
decided to develop inference methods that produce knowledge represented
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in the form of general Horn clauses, which are at least comprehensible for
a moderately sophisticated user. In the fourth approach, (Temporal Rules’
extraction), a similar representation is used. However, the rules inferred by
these systems have a more restricted form than the rules we propose.

The second problem consists in the number of time series investigated dur-
ing the inference process. Almost all methods mentioned above are based on
one-dimensional data, i.e. they are restricted to one time series. The methods
we propose are able to handle multi-dimensional data.

Two of the most important scientific communities which brought rele-
vant contributions to data analysis (the statisticians and database researchers)
chose two different ways: statisticians concentrated on the continuous aspect
of the data and the large majority of statistical models are continuous models,
whereas the database community concentrated much more on the discrete as-
pects, and in consequence, on discrete models. For our methodology, we adopt
a mixture of these two approaches, which represents a better description of the
reality of data and which generally allows us to benefit from the advantages
of both approaches.

The two main steps of the methodology for temporal rules extraction are
structured in the following way:

1. Transforming sequential raw data into sequences of events: Roughly speak-
ing, an event can be seen as a labelled sequence of points extracted from
the raw data and characterized by a finite set of predefined features.
The features describing the different events are extracted using statistical
methods.

2. Inferring temporal rules: We apply a first induction process, using sets of
events as training sets, to obtain several classification trees. Local tem-
poral rules are then extracted from these classification trees and a final
inference process will generate the set of temporal meta-rules.

2.1 Phase One

The procedure that creates a database of events from the initial raw data
can be divided into two steps: time series discretisation, which extracts the
discrete aspect, and global feature calculation, which captures the continuous
aspect.
Time series discretisation. During this step, the sequence of raw data is ”trans-
lated” into a sequence of discrete symbols. By an abuse of language, an event
means a subsequence having a particular shape. In the literature, different
methods were proposed for the problem of discretizing times series using a
finite alphabet (window’s clustering method [11], ideal prototype template
[22], scale-space filtering [18]). In window’s clustering method, all contiguous
subsequences of fixed length w are classified in clusters using a similarity mea-
sure and these clusters receive a name (a symbol or a string of symbols). If we
set w = 2 and classify not the sequences xixi+1, but the normalized sequence
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of the differences xi+1 − xi, using the quantile of the normal distribution,
we obtain the discretisation algorithm proposed by Keogh et al. [21]. But the
biggest weakness of these methods which use a fixed length window is the sen-
sibility to the noise. Therefore, the scale-space filtering method, which finds
the boundaries of the subsequences having a persistent behavior over multiple
degree of smoothing, seems to be more appropriate and must be considered
as a first compulsory pre-processing phase.
Global feature calculation. During this step, one extracts various features from
each sub-sequence as a whole. Typical global features include global maxima,
global minima, means and standard deviation of the values of the sequence
as well as the value of some specific point of the sequence, such as the value
of the first or of the last point. Of course, it is possible that specific events
will demand specific features, necessary for their description (e.g. the slope of
the best-fitting line or the second real Fourier coefficient). The optimal set of
global features is hard to be defined in advance, but as long as these features
are simple descriptive statistics, they can be easily added or removed form
the process.

Example 1. Consider a database containing daily price variations of a given
stock. After the application of the first phase we obtain an ordered sequence
of events. Each event has the form (name, v1, v2), where the name is one of
the strings {peak, flat, valley} – we are interested only in three kinds of shapes
- and v1, v2 represents the mean, respectively, the standard error – we chose
only two features as determinant for the event. The statistics are calculated
using daily prices, supposed to be subsequences of length w = 12.

2.2 Phase Two

During the second phase, we create a set of temporal rules inferred from the
database of events, obtained in phase one. Two important steps can be defined
here:

• Application of a first induction process, using the event database as train-
ing database, to obtain a set of classification trees. From each classification
tree, the corresponding set of temporal rules is extracted.

• Application of a second inference process using the previously inferred
temporal rules sets to obtain the final set of temporal meta-rules.

First induction process. There are different approaches for extracting rules
from a set of events. Association Rules [6], Inductive Logic Programming
[35], Classification Trees [20] are the most popular ones. For our methodol-
ogy we selected the classification tree approach. It is a powerful tool used to
predict memberships of cases or objects in the classes of a categorical depen-
dent variable from their measurements on one or more predictor variables (or
attributes). A classification tree is constructed by recursively partitioning a
learning sample of data in which the class and the values of the predictor
variables for each case are known. Each partition is represented by a node in
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the tree. A variety of classification tree programs has been developed and we
may mention QUEST [27], CART [4], FACT [28] and last, but not least, C4.5
[32]. Our option was the C4.5 like approach. The tree resulting by applying
the C4.5 algorithm is constructed to minimize the observed error rate, using
equal priors. This criterion seems to be satisfactory in the frame of sequential
data and has the advantage to not favor certain events. To successively create
the partitions, the C4.5 algorithm uses two forms of tests in each node: a stan-
dard test for discrete attributes, with one outcome (A = x) for each possible
value x of the attribute A, and a binary test, for continuous attributes, with
outcomes A ≤ z and A > z, where z is a threshold value. Finally, each path
from the root to a leave corresponds to a rule representing a conjunction of
tests outcomes (see the example from Fig. 1).

Fig. 1. Rule corresponding to a path from the root to the leave ”Class 1”, expressed
as a conjunction of three outcome tests implying each a different attribute

Before to apply the decision tree algorithm to a database of events, an
important problem has to be solved first: establishing the training set. An
n-tuple in the training set contains n− 1 values of the predictor variables (or
attributes) and one value of the categorical dependent variable, which repre-
sents the class. There are two different approaches on how the sequence that
represents the classification (the values of the categorical dependent variable)
is obtained. In a supervised methodology, an expert gives this sequence. The
situation becomes more difficult when there is no prior knowledge about the
possible classifications. Suppose that, following the example we gave, we are
interested in seeing if a given stock value depends on other stock values. As
the dependent variable (the stock price) is not categorical, it cannot represent
a valid classification used to create a classification tree. The solution is to use
the sequence of the names of events extracted from the continuous time series
as sequence of classes.

Let us suppose that we have k sequences representing the predictor vari-
ables q1, q2, . . . , qk. Each qij , i = 1, . . . , k, j = 1, . . . , n is the name of an
event (Remark: we consider a simplified case, with no feature as predictor
variable, but without influence on the following rationing). We have also a
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Fig. 2. Graphical representation of the first tuple and the list of corresponding
attributes

sequence qc = qc1, . . . , qcn representing the classification. The training set will
be constructed using a procedure depending on three parameters. The first,
t0, represents a time instant considered as present time. Practically, the first
tuple contains the class qct0 and there is no tuple in the training set containing
an event that starts after time t0. The second, tp, represents a time interval
and controls the further back in time class qc(t0−tp) included in the training
set. Consequently, the number of tuples in the training set is tp +1. The third
parameter, h, controls the influence of the past events qi(t−1), . . . , qi(t−h) on
the actual event qit. This parameter (history) reflects the idea that the class
qct depends not only on the events at time t, but also on the events oc-
curred before time t. Finally, each tuple contains k(h + 1) events (or values
for k(h+1) attributes, in the terminology of classification trees) and one class
value (see Fig. 2). The first tuple is qct0 , q1t0 , . . . , q1(t0−h), . . . , qk(t0−h) and
the last qc(t0−tp), q1(t0−tp), . . . , qk(t0−tp−h). To adopt this particular strategy
for the construction of the training set, we made an assumption: the events
qij , i = 1, . . . , k, j a fixed value, occur all at the same time instant. The same
assumption allows us to solve another implementation problem: the time in-
formation is not processed during the classification tree construction, (time is
not a predictor variable), but the temporal dimension must be captured by
the temporal rules. The solution we chose to encode the temporal information
is to create a map between the index of the attributes (or predictor variables)
and the order in time of the events. The k(h + 1) attributes are indexed as
{A0, A1, . . . , Ah, . . . , A2h, . . . Ak(h+1)−1}. As we can see in Fig. 2, in each tuple
the values of the attributes from the set {A0, Ah+1, . . . , A(k−1)(h+1)} repre-
sent events which occur at the same time moment as the class event, those of
the set {A1, Ah+2, . . . , A(k−1)(h+1)+1} represent events which occur one time
moment before the same class event, and so on. Let be {i0, . . . , im} the set of
indexes of the attributes that appear in the body of the rule (i.e. the rule has
the form

If (Ai0 = e0) and (Ai1 = e1) and . . . and (Aim = em) Then Class e,
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where eij are events from the sequences {q1, . . . , qk} and e is an event from
the sequence qc. If t represents the time instant when the event in the head
of the rule occurs, then an event from the rule’s body, corresponding to the
attribute Aij

, occurred at time t− īj , where īj means i modulo (h + 1).
Example 2. After the application of the first induction process, on the same

stock prices database, we may obtain a temporal rule of the form: If, during
two consecutive days, the shape of the stock price had a peak form, with a
mean less than a and a standard error greater than b, then, with a confidence
of c%, three days later the stock price variation will present a flat.

Second inference process. Different classification trees, constructed from
different training sets, generate finally different sets of temporal rules. The
process that tries to infer temporal meta-rules from these sets of local rules
is derived from the rules pruning strategy used by C4.5 system. Because this
strategy may be theoretically applied not only to the rules generated by C4.5
algorithm, but to all rules having the form of a general Horn clause, a mod-
elling process of our methodology, at an abstract level, looks not only feasible,
but also necessary. To obtain an abstract view of temporal rules we propose
a formalism based on first-order temporal logic. This formalism allows not
only to model the main concepts used by the algorithms applied during the
different steps of the methodology, but also to give a common frame to many
of temporal rules extraction techniques, mentioned in the literature.

3 Formalism of Temporal Rules

Time is ubiquitous in information systems, but the mode of representa-
tion/perception varies in function of the purpose of the analysis [7, 12]. Firstly,
there is a choice of a temporal ontology, which can be based either on time
points (instants) or on intervals (periods). Secondly, time may have a discrete
or a continuous structure. Finally, there is a choice of linear vs. nonlinear time
(e.g. acyclic graph). For our methodology, we chose a temporal domain rep-
resented by linearly ordered discrete instants. This is imposed by the discrete
representation of all databases.

Definition 1 A single-dimensional linearly ordered temporal domain is a
structure TP = (T, <), where T is a set of time instants and ”<” a linear
order on T.

Databases being first-order structures, the first-order logic represents a
natural formalism for their description. Consequently, the first-order tempo-
ral logic expresses the formalism of temporal databases. For the purposes
of our methodology we consider a restricted first-order temporal language L
which contains only constant symbols {c, d, ..}, n-ary (n ≥ 1) function sym-
bols {f, g, ..}, variable symbols {y1, y2, ...}, n-ary predicate symbols (n ≥ 1,
so no proposition symbols), the set of relational symbols {=, <,≤, >,≥}, the
logical connective {∧} and a temporal connective of the form Xk, k ∈ Z,
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where k strictly positive means next k times, k strictly negative means last k
times and k = 0 means now.

The syntax of L defines terms, atomic formulae and compound formulae.
The terms of L are defined inductively by the following rules:

T1. Each constant is a term.
T2. Each variable is a term.
T3. If t1, t2, . . . , tn are terms and f is an n-ary function symbol then f(t1, . . . , tn)

is a term.

The atomic formulae (or atoms) of L are defined by the following rules:

A1. If t1, . . . , tn are terms and P is an n-ary predicate symbol then P (t1, . . . , tn)
is an atom.

A2. If t1, t2 are terms and ρ is a relational symbol then t1ρ t2 is an atom (also
called relational atom).

Finally, the (compound) formulae of L are defined inductively as follow:

F1. Each atomic formula is a formula.
F2. If p, q are formulae then (p ∧ q), Xkp are formulae.

A Horn clause is a formula of the form B1 ∧ · · · ∧ Bm → Bm+1 where
each Bi is a positive (non-negated) atom. The atoms Bi, i = 1, . . . , m are
called implication clauses, whereas Bm+1 is known as the implicated clause.
Syntactically, we cannot express Horn clauses in our language L because the
logical connective → is not defined. However, to allow the description of rules,
which formally look like a Horn clause, we introduce a new logical connective,
7→, which practically will represent a rewrite of the connective ∧. Therefore,
a formula in L of the form p 7→ q is syntactically equivalent to the formula
p ∧ q. When and under what conditions we may use the new connective, is
explained in the next definitions.

Definition 2 An event (or temporal atom) is an atom formed by the predicate
symbol E followed by a bracketed n-tuple of terms (n ≥ 1) E(t1, t2, . . . , tn).
The first term of the tuple, t1, is a constant symbol representing the name of
the event and all others terms are expressed according to the rule T3 (ti =
f(ti1, . . . , tiki)). A short temporal atom (or the event’s head) is the atom E(t1).

For each constant symbol t used as an event name, two other constant sym-
bols, start t and stop t, are included in our language L. Consequently, for each
temporal atom E(t1, t2, . . . , tn), two temporal atoms, E(start t1, t2, . . . , tn)
and E(stop t1, t2, . . . , tn), are defined.

Definition 3 A constraint formula for the event E(t1, t2, . . . tn) is a conjunc-
tive compound formula, E(t1, t2, . . . tn)∧C1 ∧C2 ∧ · · · ∧Ck, where each Cj is
a relational atom. The first term of Cj is one of the terms ti, i = 1 . . . n and
the second term is a constant symbol.
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For a short temporal atom E(t1), the only constraint formula that is per-
mitted is E(t1) ∧ (t1 = c). We denote such constraint formula as short con-
straint formula.

Definition 4 A temporal rule is a formula of the form H1∧· · ·∧Hm 7→ Hm+1,
where Hm+1 is a short constraint formula and Hi are constraint formulae,
prefixed by the temporal connectives X−k, k ≥ 0. The maximum value of the
index k is called the time window of the temporal rule.

As a consequence of the Definition 4, a conjunction of constraint formulae
H1∧H2∧· · ·∧Hn, each formula prefixed by temporal connectives X−k, k ≥ 0,
may be rewritten as Hσ(1)∧ · · ·∧Hσ(n−1) 7→ Hσ(n), — σ being a permutation
of {1..n} — only if there is a short constraint formula Hσ(n) prefixed by X0.

Remark. The reason for which we did not permit the expression of the
implication connective in our language is related on the truth table for a
formula p → q: even if p is false, the formula is still true, which is unacceptable
for a temporal rationing of the form cause→ effect.

If we change in Definition 2 the conditions imposed to the terms ti, i = 1...n
to ”each term ti is a variable symbol”, we obtain the definition of a tempo-
ral atom template. We denote a such template as E(y1, . . . , yn). Following
the same rationing, a constraint formula template for E(y1, . . . , yn) is a con-
junctive compound formula, C1 ∧ C2 ∧ · · · ∧ Ck, where the first term of each
relational atom Cj is one of the variables yi, i = 1 . . . n. Consequently, a short
constraint formula template is the relational atom y1 = c. Finally, by replac-
ing in Definition 4 the notion ”constraint formula” with ”constraint formula
template” we obtain the definition of a temporal rule template. Practically,
the only formulae constructed in L are temporal atoms, constraint formulae,
temporal rules and the corresponding templates.

The semantics of L is provided by an interpretation I over a domain D
(in our formalism, D is always a linearly ordered domain). The interpretation
assigns an appropriate meaning over D to the (non-logical) symbols of L. More
precisely I assigns a meaning to the symbols of L as follows:

• for an n-ary predicate symbol P , n ≥ 1, the meaning I(P ) is a function
Dn → B, where B is the set {true, false},

• for an n-ary function symbol, f , n ≥ 1, the meaning I(f) is a function
Dn → D,

• for a constant symbol c the meaning I(c) is an element of D,
• for a variable symbol y the meaning I(y) is a element of D.

The interpretation I is extended to arbitrary terms as I(f(t1, . . . , tn)) =
I(f)(I(t1), . . . , I(tn)). For atomic formulae and compound formulae, we have:

• If t1, . . . , tn are terms and P is an n-ary predicate symbol then I(P (t1, . . . , tn))
= true iff I(P )(I(t1), . . . , I(tn)) = true.

• If t1, t2 are terms and ρ is a relational symbol then I(t1ρ t2) = true iff
I(t1)ρI(t2).
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• If p, q are formulae then I(p ∧ q) = true iff I(p) = true and I(q) = true.

Usually, the domain D is imposed during the discretisation phase, which is
a pre-processing phase used in almost all knowledge extraction methodologies.
Based on Definition 2, an event can be seen as a labelled (constant symbol t1)
sequence of points extracted from raw data and characterized by a finite set
of features (terms t2, · · · , tn). Let be De the set containing all the strings used
as event names. We will extend this set by adding, for each e ∈ De, the strings
start e and stop e. Finally, the domain D is the union De ∪Df , where De is
the extended set of strings and Df represents the union of all sub-domains
corresponding to chosen features.

To define a first-order linear temporal logic based on L, we need a structure
having a temporal dimension and capable to capture the relationship between
a time moment and the interpretation I at this moment.

Definition 5 Given L and a domain D, a (first order) linear time structure
is a triple M = (S, x, I), where S is a set of states, x : N → S is an infinite
sequence of states (s0, s1, . . . , sn, . . .) and I is a function that associates with
each state s an interpretation Is of all symbols from L.

In the framework of linear temporal logic, the set of symbols is divided into
two classes, the class of global symbols and the class of local symbols. In-
tuitively, a global symbol w has the same interpretation in each state, i.e.
Is(w) = Is′(w) = I(w), for all s, s′ ∈ S; the interpretation of a local symbol
may vary, depending on the state at which is evaluated. The formalism of
temporal rules assumes that all function symbols (including constants) and
all relational symbols are global, whereas the predicate symbols and variable
symbols are local. Consequently, as the temporal atoms, constraint formulae,
temporal rules and the corresponding templates are expressed using the pred-
icate symbol E or the variable symbols yi, the meaning of truth for these
formulae depend on the state at which are evaluated. Given a first order time
structure M and a formula p, we denote the instant i (or equivalently, the
state si) for which Isi(p) = true by i |= p, i.e. at time instant i the formula
p is true. Therefore, i |= E(t1, . . . , tn) means that at time i an event with the
name I(t1) and characterized by the global features I(t2), . . . , I(tn) occurs.
Using this definition, we can also define:

• i |= E(start t1, . . . , tn) iff i |= E(t1, . . . , tn) and (i− 1) |6= E(t1, . . . , tn),
• i |= E(stop t1, . . . , tn) iff i |= E(t1, . . . , tn) and (i + 1) |6= E(t1, . . . , tn)

Concerning the event template E(y1, . . . , yn), the interpretation of the variable
symbols yj at the state si, Isi(yj), is chosen such that i |= E(y1, . . . , yn) for
every time moment i. Because

• i |= p ∧ q if and only if i |= q and i |= q, and
• i |= Xkp if and only if i + k |= p,
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a constraint formula (template) is true at time i if and only if all relational
atoms are true at time i and i |= E(t1, . . . , tn), whereas a temporal rule
(template) is true at time i if and only if i |= Hm+1 and i |= (H1 ∧ · · · ∧Hm).

Now suppose that the following assumptions are true:

A. For each formula p in L, there is an algorithm that calculates the value of
the interpretation Is(p), for each state s, in a finite number of steps.

B. There are states (called incomplete states) that do not contain enough
information to calculate the interpretation for all formulae defined at these
states.

C. It is possible to establish a measure, (called general interpretation) about
the degree of truth of a compound formula along the entire sequence of
states (s0, s1, . . . , sn, . . .).

The first assumption express the calculability of the interpretation I. The
second assumption express the situation when only the body of a temporal rule
can be evaluated at time moment i, but not the head of the rule. Therefore, for
the state si, we cannot calculate the interpretation of the temporal rule and the
only solution is to estimate it using a general interpretation. This solution is
expressed by the third assumption. (Remark: The second assumption violates
the condition about the existence of an interpretation in each state si, as
defined in Definition 5. But it is well known that in data mining sometimes
data are incomplete or are missing. Therefore, we must modify this condition
as ”I is a function that associates with almost each state s an interpretation
Is of all symbols from L ”).

However, to ensure that this general interpretation is well defined, the
linear time structure must present some property of consistency. Practically,
this means that if we take any sufficiently large subset of time instants, the
conclusions we may infer from this subset are sufficiently close from those
inferred from the entire set of time instants. Therefore,

Definition 6 Given L and a linear time structure M, we say that M is
a consistent time structure for L if, for every atomic formula p, the limit

supp(p) = lim
n→∞

#A

n
exists, where A = {i ∈ {0, . . . , n}|i |= p} and # means

”cardinality”. The notation supp(p) denotes the support (of truth) of p.

Now we define the general interpretation for an n-ary predicate symbol P as:

Definition 7 Given L and a consistent linear time structure M for L, the
general interpretation IG for an n-ary predicate P is a function Dn → {true}×
[0, 1], such that, for each n-tuple of terms {t1, . . . , tn}, IG(P (t1, . . . , tn)) =
(true, supp(P (t1, . . . , tn)).

The general interpretation is naturally extended to constraint formulae, tem-
poral rules and the corresponding templates. There is another useful measure,
called confidence, but available only for temporal rules (templates). This mea-
sure is calculated as a limit ratio between the number of certain applications
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(time instants where both the body and the head of the rule are true) and
the number of potential applications (time instants where only the body of
the rule is true). The reason for this choice is related to the presence of in-
complete states, where the interpretation for the implicated clause cannot be
calculated.

Definition 8 The confidence of a temporal rule (template) H1 ∧ · · · ∧Hm 7→
Hm+1 is the limit lim

n→∞
#A

#B
, where A = {i ∈ {0, . . . , n}|i |= H1 ∧ · · · ∧Hm ∧

Hm+1} and B = {i ∈ {0, . . . , n}|i |= H1 ∧ · · · ∧Hm}.
For different reasons, (the user has not access to the entire sequence of states,
or the states he has access to are incomplete), the general interpretation can-
not be calculated. A solution is to estimate IG using a finite linear time struc-
ture, i.e. a model.

Definition 9 Given L and a consistent time structure M = (S, x, I), a
model for M is a structure M̃ = (T̃ , x̃) where T̃ is a finite temporal domain
{i1, . . . , in}, x̃ is the subsequence of states {xi1 , . . . , xin} (the restriction of x
to the temporal domain T̃ ) and for each ij , j = 1, . . . , n, the state xij

is a
complete state.

Now we may define the estimator for a general interpretation:

Definition 10 Given L and a model M̃ for M, an estimator of the general
interpretation for an n-ary predicate P, ĨG(P ), is a function Dn → {true} ×
[0, 1], assigning to each atomic formula p = P (t1, . . . , tn) the value true with

a support equal to the ratio
#A

#T̃
, where A = {i ∈ T̃ |i |= p}. The notation

supp(p, M̃) will denote the estimated support of p, given M̃.

Once again, the estimation of the confidence for a temporal rule (template)
is defined as:

Definition 11 Given a model M̃ = (T̃ , x̃) for M, the estimation of the con-
fidence for the temporal rule (template) H1 ∧ · · · ∧Hm 7→ Hm+1 is the ratio
#A

#B
, where A = {i ∈ T̃ |i |= H1 ∧ · · · ∧ Hm ∧ Hm+1} and B = {i ∈ T̃ |i |=

H1 ∧ · · · ∧Hm}.

4 Methodology Versus Formalism

As it was extensively presented in Sect. 2, the methodology for temporal
rules extraction may be structured in two phases. During the first phase one
transform sequential raw data into sequences of events. Practically, this means
to establish the set of events, identified by names, and the set of features,
common for all events.
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In the frame of our formalism, during this phase we establish the set of
temporal atoms which can be defined syntactically in L. For this we start
by defining the first-order temporal language L. Considering as raw data the
database described in Example 1, we include in L a 3-ary predicate symbol E,
three variable symbols yi, i = 1..3, two 12-ary function symbols f and g, two
sets of constant symbols – {d1, . . . , d6} and {c1, . . . , cn} – and the usual set
of relational symbols and logical(temporal) connectives. As we showed in the
above example and according to the syntactic rules of L, an event is defined
as E(di, f(cj1 , . . . , cj12), g(ck1 , . . . , ck12)), whereas an event template is defined
as E(y1, y2, y3). Also provided during this phase is the semantics of L. Firstly,
the domain D = De ∪Df (see Sect. 3) is defined. According to the results of
the discretisation algorithm applied on raw data from the cited example, the
domain De is defined as {peak, start peak, stop peak, flat, start flat, stop flat,
valley, start valley, stop valley}. During the step global features calculation,
two features – the mean and the standard error – were selected to capture
the continuous aspect of the events. Consequently, the domain Df = <+, as
the stock prices are positives real numbers and the features are statistical
functions.

Secondly, a linear time structure M , i.e. a triple (S, x, I) (see Def. 5) is
specified. The database of events, obtained after the first phase of the method-
ology, contains tuples with three values, (v1, v2, v3). For a tuple with a record-
ing index i, the first value expresses the name of the event – peak, flat, valley
– which occurs at time moment i and the two other values express the result
of the two features. Therefore, we define a state s as a triple (v1, v2, v3), the
set S as the set of all tuples from database and the sequence x as the ordered
sequence of tuples in database (see Table 1).

Table 1. The first nine states of the linear time structure M (example)

Index State Index State Index State

1 (peak, 10, 1.5) 4 (flat, 1, 0.5) 7 (valley, 15, 1.9)
2 (peak, 10, 1.5) 5 (flat, 1, 0.5) 8 (flat, 3, 1.1)
3 (peak, 14, 2.2) 6 (flat, 1, 0.5) 9 (peak, 12, 1.2)

At this stage the interpretation of all symbols (global and local symbols)
can be defined. For the global symbols (function symbols and relational sym-
bols), the interpretation is quite intuitive. Therefore, the meaning I(dj) is an
element of De, the meaning I(cj), j = 1..n, is a positive real number, whereas
the meaning I(f), respectively I(g), is the function f : D12

f → Df , f(x) = x,
respectively the function g : D12

f → Df , g(x) = se(x) – we used the standard
notations in statistics for the mean and standard error estimators.

The interpretation of a local symbol (the variable symbols yi and the
predicate symbol E) depends on the state at which is evaluated. According
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Table 2. The temporal atoms evaluated true at the first nine states of M (example)

State Temporal atom

1 E(peak, 10, 1.5), E(start peak, 10, 1.5)
2 E(peak, 10, 1.5), E(stop peak, 10, 1.5)
3 E(peak, 14, 2.2), E(start peak, 14, 2.2), E(stop peak, 14, 2.2)
4 E(flat, 1, 0.5), E(start flat, 1, 0.5)
5 E(flat, 1, 0.5)
6 E(flat, 1, 0.5), E(stop flat, 1, 0.5)
7 E(valley, 15, 1.9), E(start valley, 15, 1.9), E(stop valley, 15, 1.9)
8 E(flat, 3, 1.1), E(start flat, 3, 1.1), E(stop flat, 3, 1.1)
9 E(peak, 12, 1.2), E(start peak, 12, 1.2), E(stop peak, 12, 1.2)

to the assumption A (see Sect. 3), the function Isi
(E) defined on D3 with

values in B = {true, false} is provided by a finite algorithm. This algorithm
will receive at input at least the state si and will provide at output one of the
values from B. Therefore, the interpretation of E(t1, t2, t3) evaluated at si is
defined as:

Algorithm 1 Temporal atom evaluation

Consider the state si = (v1, v2, v3)
If (Isi(t1) = v1) and (Isi(t2) = v2) and (Isi(t3) = v3)

Then Isi(E(t1, t2, t3)) = true
Else Isi(E(t1, t2, t3)) = false

Finally, the interpretation of the variable symbol yj at the state si is given by
Isi(yj) = vj , j = 1..3, which satisfies the condition imposed to the interpreta-
tion of temporal atom template (see Sect. 3), which is IsiE(y1, y2, y3) = true
for each state si. Having well-defined the language L, the syntax and the se-
mantics of L, as well as the linear time structure M , we can construct the
temporal atoms evaluated as true at time moment i (see Table 2)

During the second phase of the methodology, we generate a set of temporal
rules inferred from the database of events, obtained in phase one. The first
induction process consists in creating classification trees, each based on a
different training set. In the frame of our formalism, choosing a training set
is equivalent to choose a model M̃ for the linear time structure M . All the
states from these models are complete states, because the algorithm which
construct the tree must know, for each time moment, the set of predictor
events and the corresponding dependent event. Once the classification tree
constructed, the test contained in each node becomes a relational atom and
the set of all relational atoms situated on a path from root to a leaf become a
constraint formula template. The variable symbols yi included in the template
are generated by the following rule:
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• if the attribute concerned by the test is related to the event name, it is
replaced by y1

• if the attribute concerned by the test is related to the feature mean (re-
spectively standard error), it is replaced by y2 (respectively y3).

The constraint formula template becomes a temporal rule template by adding
temporal connectives according to the procedure which links a temporal di-
mension to a rule generated by C4.5 algorithm. Finally, the confidence of
temporal rule template is calculated according to the Definition 11.

Remark : The values of the categorical dependent variable, or the classes,
may be obtained either in a supervised mode (e.g. given by an expert) or in an
unsupervised mode (e.g. the names of the events). In the last case, we may re-
strict the possible values to the set {start event1, stop event1, . . . , start eventn,
stop eventn}).

To exemplify the induction process, from training set to temporal rule
templates, consider the following model M̃ = {s1, . . . , s100}. According to
the procedure for training set selection (see Sect. 2), in a first step we must
indicate the sequences qi, i = 1..k, of predictor variables and the sequence qc

of class values. The information on sequences qi is extracted from the structure
of the states from the model M̃ : given the state si = (v1, v2, v3), 1 ≤ i ≤ 100,
we define qji = vj , j = 1..3. Therefore, q1 is the sequence of the event names,
q2 is the sequence of the mean values and q3 is the sequence of the standard
error values. As there is no predefined classification (unsupervised mode), the
sequence qc is defined as qci = q1i, i = 1..100. The next step consists in defining
the parameters t0, tp and h, which are set as t0 = 100, tp = 96 and h = 3
(the methodology for finding the optimal value of the parameter h is based
on the analysis of classification errors and is described in Cotofrei and Stoffel
[10]). Concerning the tuples from the training set, there is a minor difference
compared with the procedure from Sect. 2 – the sequence of class values (qc)

start_peakstart_peak stop_peakq

q

q

q
c

1

2

3

t = 4t  - 1t  - 2t  - 3

14

2.2

1010

1.51.5

start_flatstart_peakstop_peakstart_peak

1.5,   1.5,   2.2,   10,   10,   14, start_peak, stop_peak, start_peak, start_flat
A , A , A , A , A , A , A , A , A ,        Class

{

h = 3

1510 269 3711

Fig. 3. Graphical representation of the last tuple of the training set based on states
from Table 1 and defined by the parameters t0 = 100, tp = 96 and h = 3 (inclusive
the list of corresponding attributes)
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being the same as one of the sequence of predictor variables (q1), we can not
include in a tuple which contains the class value qct the predictor values q1t,
q2t and q3t. In other words, we can not accept that the same event occurred
at time t to be simultaneously on the left and on the right side of a temporal
rule. As we can see in Fig. 3, a tuple contains now k · h = 9 predictor values
instead of k(h+1) = 12, and there is no attribute having an index i such that
i modulo (h + 1) to be 0. Suppose now that one of the rule generated by C4.5
algorithm using the previous defined training set has the form

If (A3=start peak) and (A7 < 11) and (A1=start peak)Then Class start valley

By convention, the event in the head of the rule occurs always at time moment
t = 0, so an event from the body of the rule, corresponding to the attribute
Ai, occurs at time moment −(i modulo 4). By applying this observation and
the convention on how to use symbol variables in a temporal rule, we obtain
the following temporal rule template

X−3(y1 = start peak) ∧X−3(y2 < 11)
∧X−1(y1 = start peak) 7→ X0(y1 = start valley)

The induction process is repeatedly applied on different models M̃i of the
time structure M , which will generate in the end different sets of temporal
rule templates (see Table 3). It is possible to obtain the same template in two
different sets, but with different confidence, or templates with the same head,
but with different bodies.

The second inference process is designed to obtain temporal meta-rules,
which are temporal rule templates in accordance with the Definition 4, but
supposed to have a small variability of the estimated confidence among dif-
ferent models. Therefore, a temporal meta-rule may be applied with the same
confidence in any state, complete or incomplete. To obtain such temporal

Table 3. Different temporal rule templates extracted from two models M̃ using the
induction process (example)

Model Temporal Rule Templates

s1 . . . s100

X−3(y1 = start peak) ∧X−3(y2 < 11)∧
∧X−1(y1 = start peak) 7→ X0(y1 = start valley)

X−2(y1 = start peak) ∧X−2(y3 < 1.1)∧
∧X−1(y1 = stop flat) 7→ X0(y1 = start valley)

· · · · · · · · ·

s300 . . . s399

X−2(y1 = peak) ∧X−2(y3 < 1.1)∧
∧X−2(y2 ≥ 12.3) 7→ X0(y1 = start valley)

X−4(y1 = stop peak) ∧X−3(y1 = start flat) ∧X−3(y2 >= 3.2)∧
∧X−3(y3 < 0.4) ∧X−1(y1 = stop flat) 7→ X0(y1 = start peak)
· · · · · · · · ·
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rules, we apply strategies which cut irrelevant relational atoms, according
with some criterions, from the implication clauses of temporal rules templates
obtained during the first induction process. The process of inferring temporal
meta-rules is related to a new approach in data mining, called higher order
mining, i.e. mining from the results of previous mining runs. According to
this approach, the rules generated by the first induction process are first or-
der rules and those generated by the second inference process (i.e. temporal
meta-rules) are higher order rules. The formalism we proposed does not im-
pose what methodology to use to discover first order temporal rules. As long
as these rules satisfy the syntactic form described in Definition 4, the strat-
egy (including algorithms, criterions, statistical methods) developed to infer
temporal meta-rules might be applied.

5 Temporal Meta-Rules

Suppose that for a given model M̃ we dispose of a set of temporal rules tem-
plates, extracted from the corresponding classification tree. It is very likely
that some temporal rules templates contain implication clauses that are irrel-
evant, i.e. after their deletion, the general interpretation of the templates re-
main unchanged (Remark: in the following, by the notion ”implication clause”
we consider a relational atom prefixed by the temporal connective X−k). In
the frame of a consistent time structure M , it is obviously that we cannot
delete an implication clause from a temporal rule template (denoted TR) if
the resulting template (noted TR−) has a lower confidence. But for a given
model M̃ , we calculate an estimate (denoted co(TR, M̃)) of the true confi-
dence (denoted co(TR)). Because this estimator has a binomial distribution,
we may establish a confidence interval for co(TR) and, consequently, we ac-
cept to delete an implication clause from TR if and only if the lower confidence
limit of co(TR−, M̃) is greater than the lower confidence limit of co(TR, M̃).

The estimator co(TR, M̃) being the ratio #A/#B, (see Def. 11), a con-
fidence interval for this value is constructed using a normal distribution de-
pending on #A and #B (more precisely, the normal distribution has mean
π = #A/#B and variance σ2 = π(1−π)/#B). The lower limit of the interval
is Lα(A,B) = π − zασ, where zα is a quantile of the normal distribution for
a given confidence level α. The algorithm which generalize a single temporal
rule template TR, by deleting a single implication clause, is presented in the
following:

Algorithm 2 Generalization 1-delete

Step 1 Let TR = H1 ∧ · · · ∧ Hm 7→ Hm+1 be a temporal rule template. Let
ℵ = ∪{Cj}, where Cj are all the implication clauses that appear in the
body of the template. Rewrite TR, by an abuse of notation, as ℵ 7→ Hm+1.
If n = #ℵ, denote by C1, . . . , Cn the list of all implication clauses from ℵ.
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Step 2 For each i = 1, . . . , n do

ℵ− = ℵ − Ci, TR−i = ℵ− 7→ Hm+1

A = {i ∈ T̃ |i |= ℵ ∧Hm+1}, B = {i ∈ T̃ |i |= ℵ}
A−={i ∈ T̃ |i |= ℵ−∧Hm+1}, B−={i ∈ T̃ |i |= ℵ−}
co(TR, M̃) = #A/#B, co(TR−i , M̃) = #A−/#B−

If Lα(A, B) ≤ Lα(A−, B−) then store TR−i

Step 3 Keep only the generalized temporal rule template TR−i for which
Lα(A−, B−) is maximal.

The core of the algorithm is the Step 2, where the sets used to estimate
the confidence of the initial template, TR, and of the generalized template,
TR−, i.e. A,B, A− and B−, are calculated. The complexity of this algorithm
is linear in n. Using the criterion of lower confidence limit, (or LCL), we define
the temporal meta-rule inferred from TR as the temporal rule template with
a maximum set of implication clauses deleted from ℵ and having the max-
imum lower confidence limit greater than Lα(A, B). An algorithm designed
to find the largest subset of implication clauses that can be deleted will have
an exponential complexity. A possible solution is to use the Algorithm 2 in
successive steps until no more deletion is possible, but without having the
guarantee that we will get the global maximum.

As example, consider the first temporal rule template from Table 3 and
suppose that #A = 20 and #B = 40 (giving an estimate co(TR, M̃) = 0.5,
with L0.95(0.5) = 0.345). Looking at Table 4, we find two implication
clauses which could be deleted (the first and the second) with a maximum
Lα(A−, B−) given by the second clause. As a remark, by deleting the first
implication clause, the resulting template has an estimate of the confidence
(0.489) less than of the original template (0.5), but a lower confidence limit
0.349 greater than L0.95(0.5), which allows the deletion operation.

Table 4. Parameters calculated in Step 2 of the Algorithm 2 by deleting one impli-
cation clause from the template X−3(y1 = start peak) ∧X−3(y2 < 11) ∧X−1(y1 =
start peak) 7→ X0(y1 = start valley)

Deleted implication clause #A− #B− co(TR−i , M̃) Lα(A−, B−)

X−3(y1 = start peak) 24 49 0.489 0.349
X−3(y2 < 11) 30 50 0.60 0.464

X−1(y1 = start peak) 22 48 0.458 0.317

If we apply again the Algorithm 2 on the template

X−3(y1 = start peak) ∧X−1(y1 = start peak) 7→ X0(y1 = start valley)
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(denoted TR−), we find that no other implication clause can be deleted, i.e.
TR− is the temporal meta rule according to the criterion LCL inferred from
the temporal rule template

X−3(y1 = start peak) ∧X−3(y2 < 11)∧
X−1(y1 = start peak) 7→ X0(y1 = start valley).

Suppose now that we dispose of two models, M̃1 = (T̃1, x̃1) and M̃2 =
(T̃2, x̃2), and for each model we have a set of temporal rule templates with the
same implicated clause H (sets denoted S1, respectively S2). Let S be a subset
of the union S1 ∪ S2. If TRj ∈ S, j = 1, . . . , n, TRj = H1 ∧ · · · ∧Hmj

7→ H,
then consider the sets

Aj = {i ∈ T̃1 ∪ T̃2|i |= H1 ∧ . . . ∧Hmj ∧H},A = ∪Aj ,

Bj = {i ∈ T̃1 ∪ T̃2|i |= H1 ∧ . . . ∧Hmj
},B = ∪Bj ,

C = {i ∈ T̃1 ∪ T̃2|i |= H}.

The performance of the subset S can be summarized by the number of false
positives (time instants where the implication clauses of each template from
S are true, but not the clause H) and the number of false negatives (time
instants where the clause H is true, but none of the implication clauses of the
templates from S). Practically, the number of false positives is fp = #(B−A)
and the number of false negatives is fn = #(C−B). The worth of the subset S
of temporal rule templates is assessed using the Minimum Description Length
Principle (MDLP)[34, 33]. This provides a basis for offsetting the accuracy of
a theory (here, a subset of templates) against its complexity. The principle
is simple: a Sender and a Receiver have both the same models M̃1 and M̃2,
but the states from the models of the Receiver are incomplete states (the
interpretation of the implicated clause cannot be calculated). The sender must
communicate the missing information to the Receiver by transmitting a theory
together with the exceptions to this theory. He may choose either a simple
theory with a great number of exceptions or a complex theory with fewer
exceptions. The MLD Principle states that the best theory will minimize the
number of bits required to encode the total message consisting of the theory
together with its associated exceptions. This is a particular instantiation of
the MLDP, called two-part code version, which states that, among the set
of candidate hypotheses H, the best hypothesis to explain a set of data is
one which minimizes the sum of the length, in bits, of the description of the
hypothesis, and the length, in bits, of the description of the data encoded with
the help of the hypothesis (which usually amounts to specifying the errors the
hypothesis makes on the data). In the case where there are different hypotheses
for which the sum attains its minimum, we select those with a minimum
description length.

To encode a temporal rule template from S, we must specify its implication
clauses (the implicated clause being the same for all rules, there is no need
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to encoded it). Because the order of the implication clauses is not important,
the number of required bits is reduced by κ log2(m!), where m is the number
of implication clauses and κ is a constant depending on encoding procedure.
The number of bits required to encode the set S is the sum of encoding length
for each template from S reduced by κ log2(n!) (the order of the n templates
from S is not important). The exceptions are encoded by indicating the sets
false positive and false negative. If b = #B and N = #(T̃1 + T̃2) then the
number of bits required is κ log2

((
b

fp

))
+ κ log2

((
N−b
fn

))
, because we have(

b
fp

)
possibilities to choose the false positives among the cases covered by

the rules and
(

N−b
fn

)
possibilities to indicate the false negatives among the

uncovered cases. The total number of bits required to encode the message is
then equal to theory bits + exceptions bits.

Using the criterion of MDLP, we define as temporal meta-rules inferred
from a set of temporal rule templates (implying the same clause and extracted
from at least two different models), the subset S that minimizes the total
encoding length. An algorithm designed to extensively search this subset S
has an exponential complexity, but in practice (and especially when #(S1 +
S2) > 10) we may use different non-optimal strategies (hill-climbing, genetic
algorithms, simulated annealing), having a polynomial complexity.

For a practical implementation of an encoding procedure in the frame of
the formalism, one use a notion from the theory of probability, i.e. the entropy.
Given a finite set S, the entropy of S is defined as I(S) = −∑

v∈S freq(v) ·
log2(freq(v)), where freq(v) means the frequency of the element v in S. This
measure attains its maximum when all frequencies are equal. Consider now
a model M̃ , characterized by the states s1, . . . , sn, where each state si is
defined by a m-tuple (vi1 , . . . , vim). Based on these states consider the sets
Aj , j = 1..m, where Aj =

⋃
i=1..n{vij}. Let be a temporal rule template

inducted from the model M̃ and let be X−k(yj ρ c) an implication clause
from this template, with j ∈ {1 . . .m} and ρ a relational symbol. We define
the encoding length for X−k(yj ρ c) to be I(Aj). The encoding length of
a temporal rule template having k implication clauses is thence equal with
log2(k) plus the sum of encoding length for each clause, reduced by log2(k!)
(order is not important), but augmented with log2(m · hmax), where hmax is
the time window of the template. The last quantity expresses the encoding
length for the temporal dimension of the rule. Finally, the encoding length of
q temporal rule templates is log2(q) plus the sum of encoding length for each
template, reduced by log2(q!) (order is not important), whereas the encoding
length of the exceptions is given by log2

((
b

fp

))
+ log2

((
N−b
fn

))
.

As example, consider the set of temporal rule templates from Table 3
having as implicated clause X0(y1 = start valley). To facilitate the notation,
we denote with TR1, TR2 and TR3 the three concerned templates, written
in this order in the mentioned Table. Therefore S1 = {TR1, TR2}, S2 =
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{TR3} and states used to calculate the entropy of the sets Aj , j = 1..3 are
{s1, . . . , s100, s300, . . . , s399}. The encoding length for each subset S ⊆ S1 ∪S2

is calculated in the last column of the Table 5, value which is the sum of
the templates encoding length (second column) and the exceptions encoding
length (third column). As an observation, even if the set {TR1, TR2} has more
templates than the set {TR3}, the encoding length for the two templates
(14.34) is less than the encoding length of the last template (17.94). The
conclusion to be drawn looking at the last column of the Table 5 is that the
temporal meta rules, according to the MDLP criterion and inferred from the
set {TR1, TR2, TR3} (based on the states {s1, . . . , s100}, {s300, . . . , s399}) is
the subset S = {TR1, TR2}.

Table 5. The encoding length of different subsets of temporal rule templates hav-
ing as implicated clause X0(y1 = start valley), based on states {s1, . . . , s100} and
{s300, . . . , s399}

Subset S Templates length Exceptions length Total length

{TR1} 8.88 70.36 79.24
{TR2} 7.48 66.64 74.12
{TR3} 17.94 67.43 85.37

{TR1, TR2} 14.34 46.15 60.49
{TR1, TR3} 24.82 41.2 66.02
{TR2, TR3} 23.42 38.00 61.42

{TR1, TR2, TR3} 31.72 30.43 62.15

Because the two definitions of temporal meta-rules differ not only in cri-
terion (LCL, respectively MLDP), but also in the number of initial models
(one, respectively at least two), the second inference process is applied in two
steps. During the first step, temporal meta-rules are inferred from each set of
temporal rule templates based on a single model. During the second step, tem-
poral meta-rules are inferred from each set of temporal rules created during
the step one and having the same implicated clause (see Fig. 4).

There is another reason to apply firstly the LCL criterion: the resulted tem-
poral meta-rules are less redundant concerning the set of implication clauses
and so the encoding procedures, used by MLDP criterion, don’t need an ad-
justment against this effect.

6 Conclusions

In this article we constructed a theoretical framework for a methodology in-
troduced in [9], which has as finality the discovery of knowledge, represented
in the form of general Horn clauses, inferred from databases with a temporal
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Fig. 4. Graphical representation of the second inference process

dimension. To obtain what we called temporal rules, a discretisation phase
that extracts events from raw data is applied first, followed by an inductive
phase, which constructs classification trees from these events. The discrete
and continuous characteristics of an event, according to its definition, allow
us to use statistical tools as well as techniques from artificial intelligence on
the same data.

The theoretical framework we proposed, based on first-order temporal
logic, permits to define the main notions (event, temporal rule, constraint)
in a formal way. The concept of consistent linear time structure allows us to
introduce the notions of general interpretation, of support and of confidence,
the lasts two measure being the expression of the two similar concepts used
in data mining.

Also included in the proposed framework, the process of inferring tem-
poral meta-rules is related to a new approach in data mining, called higher
order mining, i.e. mining from the results of previous mining runs. According
to this approach, the rules generated by the first induction process are first
order rules and those generated by the second inference process (i.e tempo-
ral meta-rules) are higher order rules. Our formalism do not impose which
methodology must be used to discover first order rules. As long as these rules
may be expressed according to the Definition 4, the strategy (here includ-
ing algorithms, criterions, statistical methods), developed to infer temporal
meta-rules may be applied.

It is important to mention that the condition of the existence of the limit,
in the definition of consistent linear time structure, is a fundamental one: it
express the fact that the structure M represents a homogenous model and
therefore the conclusions (or inferences) based on a finite model M̃ for M are
consistent. However, at this moment, we do not know methods which may
certified that a given model is consistent. In our opinion, the only feasible
approach to this problem is the development of methods and procedure for
detecting the change points in the model and, in this direction, the analysis of
the evolution of temporal meta-rules seems a very promising starting point.
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